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ABSTRACT: We describe a novel proposal for inflationary magnetogenesis by identifying the
non-Abelian sector of Spectator Chromo Natural Inflation (SCNI) with the SU(2); sector of
the Standard Model. This mechanism relies on the recently discovered attractor of SCNI
in the strong backreaction regime, where the gauge fields do not decay on super-horizon
scales and their backreaction leads to a stable new trajectory for the rolling axion field.
The large super-horizon gauge fields are partly transformed after the electroweak phase
transition into electromagnetic fields. The strength and correlation length of the resulting
helical magnetic fields depend on the inflationary Hubble scale and the details of the SCNI
sector. For suitable parameter choices we show that the strength of the resulting magnetic
fields having correlation lengths around 1 Mpc are consistent with the required intergalactic
magnetic fields for explaining the spectra of high energy ~ rays from distant blazars.
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1 Introduction

The presence of magnetic fields is ubiquitous in our universe [1-7]. Particularly intriguing is
the evidence for extragalactic magnetic fields arising from the observations of distant blazars.
The non-detection of the secondary GeV photons in blazar observations points towards the
existence of extragalactic magnetic fields (EGMFs) between us (the observer) and the distant
blazars [8-15]. The strength of the magnetic field that is necessary to explain the blazar
observations depends on its correlation length, L. For L > 0.1 Mpc, the typical magnetic field
Bo.1Mpe, needs to be larger than 107 G, or 10717 G, depending on the assumptions made
about the dynamics of the electromagnetic cascade and secondary GeV ~-ray emission [12].
For L < 0.1 Mpc, the typical magnetic field B = By 1 MPCW can be even larger.
While there is no conclusive answer to the question of the origin of EGMFs, many
proposals have been put forth (see, e.g., refs. [16-20]). For simplicity, we can categorize
these proposals into those involving inflation and reheating [21-39], and those focusing on
early universe phase transitions (including QCD and electroweak) [40-48]. In this work we
focus on inflationary magnetogenesis, which encompasses a plethora of models and continues
to be a rich area of research. Since Maxwell’s action is conformally invariant, there can
be no significant magnetic field production during inflation, unless some way of breaking



conformal invariance is introduced. A simple way is to couple a U(1) gauge field, e.g., the
electromagnetic (EM) or hypercharge gauge boson of the Standard Model, to the rolling
inflaton or some other dynamical (pseudo)scalar field during inflation. Usual couplings include
the terms I(4)F,, F* or I(¢)F,, F*, where I(¢) is some function of the scalar field ¢. The
former is usually referred to as the Ratra model [22] and we will not discuss it further (see,
e.g., refs. 26, 49] for non-Gaussianities and the strong coupling problem in the Ratra model).

We focus on the axial coupling term [ (qﬁ)FWF ¥ which results in the production of
helical fields [50]. The importance of helical magnetic fields in the context of inflationary
magnetogenesis has been mainly based on the inverse cascade effect [51, 52]. During the inverse
cascade process, power is transferred from short- to long-wavelength modes, thereby slowing
down the decay, and at the same time increasing the correlation length [53]. The coupling
of axions to gauge fields during inflation has been extensively studied. The phenomenology
includes the amplification of parity violating gauge fields during slow-roll inflation [23, 54,
55] and their influence on the inflationary dynamics [56-59], as well as the generation of
metric fluctuations by a rolling auxiliary pseudo-scalar field during inflation [60-64]. The
produced gauge fields can backreact on the axion [65-75], possibly leading to significant non-
Gaussianity [76, 77]. The strength of the axion-gauge coupling must be constrained to keep
non-Gaussianity of the density fluctuations, chiral gravitational waves, and the production of
primordial black holes within observational limits [58, 59, 76, 78, 79]. The authors of ref. [33]
showed that a simple model of axion inflation coupled to the hypercharge field of the SM
leads to very fast preheating; almost the entirety of the energy density of the inflaton is
transferred to gauge fields within one e-fold after the end of inflation. The resulting gauge
field spectrum has a significant degree of helicity and its amplitude is large enough to lead to
present-day magnetic fields that are compatible with blazar observations. The parameters
chosen allowed for both instantaneous preheating and efficient magnetogenesis, while at the
same time not violating bounds from non-Gaussianity and primordial black hole production.

A seemingly straightforward extension of natural inflation [80] coupled to an Abelian
gauge field, is the coupling of the axion-inflaton to a non-Abelian field instead. The non-
trivial vacuum structure of the SU(2) sector [81, 82] and its interplay with the axion field
leads to a new inflationary attractor, in which the gauge field produces an extra source of
friction, allowing for slow-roll inflation even in steep potentials [83—-87]. This model goes
under the name Chromo-Natural Inflation (CNI). Similarly to the Abelian field case, the
tensor modes of the SU(2) sector experience an instability, which causes one polarization
to become exponentially amplified. The amplified SU(2) tensors seed gravitational waves,
which are also chiral. The original version of Chromo-Natural inflation (one involving a
cosine potential) has been shown to be incompatible with CMB observations [83], producing
either too large tensor-to-scalar ratio r or too small scalar spectral index ng;. By invoking
spontaneous breaking of the SU(2) symmetry, the resulting model of Higgsed Chromo-Natural
Inflation [88] produces primordial observables which are observationally allowed for certain
parts of parameter space, while evading the Lyth bound [89] and generating observable
gravitational waves at a lower inflationary scale. Furthermore, the resulting tensor spectral
tilt np generically violates the consistency relation » = —8np, where r is the tensor to scalar
ratio and nr is the spectral index of the tensor modes. Alternative ways to bring CNI in



agreement with CMB data include modifying the potential of the axion field [86, 90], delaying
the CNI phase such that gravitational waves production happens at higher frequencies than
CMB [91-93] and introducing non-minimal coupling to gravity [94, 95]. Finally, by integrating
out the axion field, a non-linear term is introduced involving the gauge field strength, which
leads to similar behavior and phenomenology [96-100].

An interesting extension of CNI was proposed in ref. [101], where the axion-SU(2)
action was treated as a spectator sector. This allows the model to generate the tensor
modes through the instability of the Chromo-Natural sector, while the scalar modes are
produced by a dominant inflaton sector. This decoupling of the inflationary energy scale from
the gravitational wave (GW) amplitude allows for very low scale inflation with observable
GWs [102]. This model has been dubbed “spectator chromo-natural inflation” (SCNI) and
has been shown to produce distinct GW spectra, depending on the shape of the axion
potential [103].

We recently explored the effects of backreaction on the SCNI model [104], where we
reported the emergence of a novel attractor, supported by the backreaction of super-horizon
gauge field modes on the rolling axion. This novel backreaction-supported attractor was
found numerically and further described using analytical arguments. Our results were
subsequently independently verified in ref. [105], where the possibility of primordial black
hole formation was pointed out. It is worth mentioning that pushing any nonlinear model to
the strong backreaction regime can raise perturbativity issues. Ref. [106] recently showed
that perturbativity bounds on the parameter space are similar to those arising from the onset
of the strong backreaction regime. That being said, computing perturbativity bounds inside
the strong backreaction regime requires using the full numerical solution of the equations of
motion. So as not to deviate from the main point of the current paper, that of inflationary
magnetogenesis, we leave the full analysis of perturbativity constraints for future work.

In the current work, we consider the model of spectator chromo-natural inflation, where
we identify the SU(2) field as the weak sector of the Standard Model.! This can be thought
of as the natural counterpart to natural inflation magnetogenesis, where the axion is coupled
to the U(1) hypercharge sector. Even if the two models are similar in spirit, their analysis
differs significantly due to the structure of the SCNI attractor and the richer structure of
the fluctuations. The basic premise is the tachyonic generation of tensor modes of the SU(2)
sector, equivalently weak bosons of the SM, during inflation. After the EW phase transition,
the weak and hypercharge sectors mix and a component of the weak bosons is “transformed”
into EM fields, which will also be helical to a large degree. After the generation of these
EM fields, the electric part will be damped by the primordial plasma, while the magnetic
part may undergo inverse cascading, thereby leading to the current length scales and field
strengths of magnetic fields across the universe today [52, 108]. Furthermore, since we are
interested in the evolution of the tensor modes from their generation during inflation until
the electroweak phase transition (EWPT), we revisited SCNI by focusing on the end of
inflation, which has been largely neglected in the literature so far. We thus point out the
(rather generic) possibility of a second phase of inflation, where the chromo-natural sector

'A proposal to realize Chromo-Natural inflation using the Higgs as the inflaton [107] may lead to similar
phenomenology, but is beyond the scope of this work.



dominates. In order to avoid that, one must either add extra couplings to drain the energy
from the chromo-natural sector or adjust (tune) the initial value of the axion field, such that
the spectator axion reaches its minimum before or at most shortly after the end of inflation.

An interesting point regarding inflationary magnetogenesis arises from the baryon isocur-
vature perturbations, which were computed in detail in ref. [109]. Due to the unknown
details of the EWPT, the computation of the baryon number (and correspondingly the spatial
variations of the baryon number) will necessarily include uncertainties (see, e.g., ref. [110]).
While ref. [109] provides serious challenges on inflationary magnetogenesis, we leave a detailed
evaluation of the baryon isocurvature perturbations in our model (and possible effects of
BSM-generated alterations to the nature of the EWPT) for future work.

This work is organized as follows. In section 2, we review the spectator chromo-natural
inflation model, its background dynamics and perturbations. Further we demonstrate that,
when the SU(2) sector of the model is associated with the Standard Model weak bosons,
the system inevitably enters the strong backreaction regime and converges to the recently
discovered backreaction-supported attractor. In section 3 we investigate the dynamics of
the background quantities and perturbations at the end of inflation. We show that, when
by the end of inflation the axion field does not reach the minimum of its potential, the
system enters a second inflationary phase dominated by the axion-SU(2) sector. Further in
section 4, we study the evolution of perturbations after inflation and discuss the magnetic
field generation. We conclude in section 5.

2 Model and attractor behavior

In this section we introduce the model and background evolution of the system. We further
discuss the backreaction constraints and indicate their immediate importance when the SU(2)
sector of the model is associated with the Standard Model weak bosons. We provide a brief
review of perturbations in axion-SU(2) inflation and their backreaction on the background
evolution, along with the subsequent convergence of axion field and the gauge field vacuum
expectation value (VEV) to the new dynamical attractor.

2.1 Background evolution

The action for spectator axion-SU(2) inflation is given by [101]

1 A -
(03 ~UG) = g F B + G )

M? 1 1

S = /d495\/j9 (;R - 5(8@2 — Vi) - B

(2.1)

where g = det g,.,, R is the space-time Ricci scalar, ¢(t) is the inflaton field, x(t) is the axion,

A is the coupling constant between the gauge and axion sectors, f is the axion decay constant,
and My, is the reduced Planck mass. The field strength of the SU(2) gauge field is

Ff, = 0, AL — 0,A% — ge®™ AL AC, (2.2)

with ¢ being the gauge field coupling. FoH = ¢kvro | por / (2\/—det g, ) is a dual of the gauge

field strength and 8 is the antisymmetric tensor normalized as €123 = 1.



We use an axion potential of the form

U(x) = p? (1 + cos 35) , (2.3)

where 1 is a constant that sets the energy scale of the axion potential. Without loss of
generality, we restrict the axion field to be in the interval y € [0,7f]. In the SCNI model,
the inflationary sector is responsible for the generation of the observed density fluctuations.
Instead of modelling the inflationary dynamics as a quasi de-Sitter expansion, we choose to
impose concrete inflationary potentials, V' (¢), which are specified in section 3.

We work with the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric

ds? = —dt? + a(t)?6;;da’da’ (2.4)

where i, j represent the spatial indices and a(t) is the scale factor. For SCNI the isotropic
gauge field configuration at the background level is an attractor [111] and is given by [81, 82]

AT =0, A% =5%(t)Q(t). (2.5)

For the action (2.1) and the isotropic gauge field configuration (2.5) the background
system of equations for the inflaton field, the axion, and the gauge field vacuum expectation
value is given by

i L (v o), -
BMyH* = q;2+V(¢)+X;+U(x)+§ (Q+HQ)2+292Q4, (2.7)

Q+3HQ+(H+2H?) Q+24°Q° = ngXQz, (2:8)
U0 =5 @ (Q+HQ). (29)
G+3Hp+Vy(¢) =0, (2.10)

where an overdot denotes a derivative with respect to cosmic time ¢, H = a/a is the Hubble
parameter, Vy(¢) = 0V (¢)/0¢ and U, (x) = 0U(x)/0x.

A viable inflationary model requires f, u < My with the energy scale of inflation being
well below the cut-off of the effective theory f/A > H. Furthermore, the existence of
the chromo-natural attractor solution [85] restricts the parameter space to A = \Q/f >
min(v/2,v/3H/gQ). When the above conditions are satisfied, the chromo-natural inflation
model in the slow-roll approximation approaches the attractor [83, 85]

2H? f Uy

;XZQQQ-FQQ, Q:_HQ+397)\@~ (2'11)

Moreover, to ensure that scalar perturbations are controlled by the inflaton field, we
impose the spectator condition that the energy densities of the axion field and gauge sector
are subdominant to that of the inflaton, i.e.,

Py > PQrs PQps Px: (2.12)



where the corresponding energy densities are given by

= %éQ +V(9), po, = %(Q +HQ)?, pg, = ggQQ“, Py = %Xz +U(x). (2.13)

The stability of scalar perturbations of the gauge sector requires gQ/H > v/2. We impose
these criteria to be satisfied for the part of inflation that corresponds to CMB scales.?
Finally, we assume that the inflaton field ¢, along with the spectator sector comprised of

the axion y and the VEV of the gauge field @, are slowly rolling during inflation, i.e., their
slow-roll parameters are smaller than unity. The first slow-roll parameter ey is defined as

€Eg = — = €4+ €Qy + €0y + €y, (2.14)

H?
with the contributions

. o  _(Q+HQ?  _ gQ' X
®ToMZHT P T U MZH® 9P T MIH® YT 2MAH?

(2.15)

2.2 Standard Model axion-SU(2) sector and backreaction

To study magnetogenesis from axion-SU(2) dynamics during inflation, we associate the
Standard Model weak bosons with the SU(2) sector of the model.? Using the SM restricts
the gauge coupling to be ¢ = O(0.1), where we leave room for possible changes of the
renormalization group flow to large energies due to unknown physics. As we will see, large
gauge field couplings immediately push the system towards the strong backreaction regime.

It is convenient to introduce the parameters mg and &,

9Q A

mgQ =
which control the amplification of the gauge field fluctuations around horizon crossing and
the subsequent sourcing of gravitational waves. When mg is approximately constant, the
backreaction is small and can be neglected when [112]

2472 1 \?
2) . (2.17)

Taking the smallest allowed value of mg = V/2 to ensure the stability of scalar perturbations
and evaluating the right-hand side of eq. (2.17) we get g < 0.53. It thus follows that gauge-field
couplings g 2 O(0.1) inevitably push the system into the strong backreaction regime.

2In this work, we focus on the study of tensor perturbations and leave a detailed analysis of scalar

perturbations for future work.
3The axion coupled to the SM weak bosons has a mass of m, = p?/f > 10'* GeV (see table 1), which
makes its effects in accelerator experiments unobservably small.



2.3 Perturbations and the backreaction-supported attractor

The backreaction in chromo-natural inflation is caused by the tachyonic amplification of
gauge field modes, which in turn backreact on the background dynamics and change it.

We choose the decomposition for field fluctuations following ref. [113]

¢ = ¢+ 00,
X =X+ 0X,
Wy =a(Ya + 9.Y),
Wi =al(Q +6Q) bai + 0; (Mg + 0aM) + €iac (Ue + 0:U) + tia] , (2.18)

goo = —a® (1 —2¢)
g0 = a” (Bi + 0;B),
gij = a* [(1 + 2v) 85 + 20,0, E + 0;E; + 0, F; + hyj]

where a = 1,2,3 is the SU(2) index (not to be confused with the scale factor a(t)) and
i = 1,2,3 is the index for spacial coordinates. Furthermore, t;, and h;; are the transverse
and traceless tensor modes of gauge field and metric perturbations, respectively. Transverse
vector modes are Y, M,, U,, B;, E; and scalar modes 6¢, oy, Y, 6Q, M, o, B4

We focus on the tensor modes of the gauge field t;, C W and the metric h;; C 0g;;
and expand them into a helicity basis in Fourier space:

zka: 7
tij(X,T):/ o) 3/2 ZHUV k)t (T, k),

B (2.19)
— zkx o
hl](x 7—) _/ 27T 3/2 Z Hzgy k)v
where the polarization tensors satisfy [114]
i (B) = € s (k)ejx(R), (2:20)
and ¢; + are helicity vectors with the properties
ke E:(), kxé E:?Lke /2,
ok f( ) g _)ﬂ:( )4 g i(_»)_’ (2.21)
€(k) - €,(k) =0y, €4(k) =€r(—k)=€x(k).

We denote right- and left-handed modes (+) as (R, L) and canonically normalize pertur-
bations as

2 1
 tip=—Thy. 2.22
Mpla¢R,L LR J3a R.L (2.22)

hrr =

4The scalar perturbation should not be confused with the magnetic field strength B.



The equations of motion for perturbations up to O(e) are given by
2 k? 2
OfrL + Howp L + <a2 -2 ) YR,L

k
= —2H /e, 0iTr 1 + 2H" /e, (mQ F aH) Tr L, (2.23)
2

k k
OTrr +HOTr + <a2 +2H? (’me F E(mQ + f))) Tr,L

k
=2H,/eq0vR,1 + 2H? (\/EQB (mQ F aH) + ‘/EQE> YR,L- (2.24)

The exponential growth of the tensor modes backreacts on the background equations of
motion [101, 102, 112, 115, 116]. To take into account the contribution from backreaction,
the background equations of motion can be written as

Q+3HQ + (H + 2H2) Q+2¢°Q° - ngxQZ + T8 =0, (2.25)
X+ 3Hx + Uy (x) + S?AQQ (Q + HQ) + T35 = 0. (2.26)

The backreaction terms ’Té)R and 7§<R contain the integrals over the mode functions and
are defined as®

o _ 9 [k ( _k> 2
7;31:{ - 3@2 (277')3 €H a ’TR’ ’ (227)
A od [ &k )
o= st a | oy (@M — k) Tl (2.28)

The effect of homogeneous backreaction during axion-SU(2) dynamics was recently
explored in ref. [104]. When the backreaction becomes strong, the solution converges to
the new dynamical attractor with negative values of the gauge field VEV and decreased
velocity of the axion field, given by [104]

1

A 2H? 39X s 2 23
-Xx~—, U,=—-"FHQ’+ - (4H°Q + 2¢9°Q" ), 2.29
PETee T al ) (229)
where the parameter @ is the ratio of the backreaction integrals
_Ten 2 Hf
Ter  9A9Q

and @ is the VEV of the gauge field on the new attractor. The new solution (2.29) resembles
the chromo-natural attractor solution (2.11), with an opposite sign for the VEV @, smaller
axion velocity, and a modified dependence of @ on U,,.

Ref. [104] approximated inflation as having a constant Hubble parameter. Therefore, once
the axion-SU(2) system converged to the new backreaction-supported attractor, it remained
there indefinitely. In the current work we aim to trace the evolution of the gauge field

5For homogeneous backreaction the effect from spatial gradients of inflation and axion fields are neglected.



Run ¢ I Xi/f Qi mQ, H; Nmin Mmax model
Al 0.1 535x107* 09757 1.26x107% 237 53x107% 1 11 Const H
A2 0.1 476x107* 0.96m 1.26x107* 237 53x107% 1 11 Const H
B 01 5.80x107* 0.9827 1.26x107* 236 53x10% 1 8  Quadratic
Cl 0.1 535x107* 0975w 1.26x107% 237 53x10% 1 11 a-attractor
C2 0.1 530x107* 09747 1.26x107* 237 53x10% 1 11 a-attractor
C3 0.1 525x107* 09737 1.26x107% 237 53x10% 1 11 a-attractor
D 0.65 1.60x107* 09757 1.35x107° 1.65 53x10% —2 8 a-attractor
E 065 1.57x107% 09737 1.35x107° 1.65 53x10% —2 8 q-attractor
F 01 379x107% 097 126x107% 237 53x10% 1 8 a-attractor
G 0.1 124x1073 09887 3.04x107* 571 53x107% 1 a-attractor
H 01 525x107* 09747 1.25x107* 234 53x107% 1 11 a-attractor

Table 1. Parameters for the runs discussed in the paper. For all these runs A = 2000. The value of f =
0.09 for runs with ¢ = 0.1 and f = 0.009 for runs with g = 0.65. Here H; represents the value of Hubble
parameter at the start of the simulations. All dimensionful quantities are measured in units of Mp;.

perturbations from the end of inflation until the EWPT, in order to investigate the generation
and evolution of magnetic fields. In the next section, we go beyond the results of ref. [104],
by including the time dependence of the Hubble parameter in order to probe the dynamics of
the gauge field perturbations and the background mode through the end of inflation.

3 Gauge-axion dynamics until the end of inflation

In this section we study the generation and evolution of tensor perturbations and model
their evolution through the end of inflation. To depart from the approximation of a constant
Hubble rate during inflation, we ran several simulations for different inflationary background
models, specifically using quadratic and a-attractor potentials. The a-attractor potential
is in agreement with CMB data and carries significant theoretical motivation [117, 118],
whereas the quadratic potential can be thought of as an approximation of a more complicated
potential, valid near the end of inflation, where the inflaton behaves as a massive scalar field.
We provide the details of the parameters used for the different inflationary background models
in section 3.1. The simulation parameters are summarized in table 1. The initial values of u
and x/f were chosen to ensure that the initial Hubble parameter is the same and that the
axion field y approaches one of the minima of its potential at f7/2 before the end of inflation,
except for run F. If x does not reach the minimum of its potential before the end of inflation,
the system will enter a second inflationary phase dominated by the axion-SU(2) sector, as we
demonstrate later. This has been largely neglected in the spectator CNI literature so far and
provides an important constraint on the viable parameter space of these models.

3.1 Background inflaton models

To probe the end of inflation, we use quadratic and a-attractor inflationary models for the
background evolution. The details of the models are provided below. For the quadratic



model, the potential of the scalar field has the usual form

1
unad = §m2¢2' (31)
To achieve roughly sixty e-folds of inflation, we choose ¢; = 15.56 Mp;. The relevant mass
scale is chosen as m = 8.4 x 1077 Mp;. These values lead to H; = 5.33 x 107% Mp; at the
initial time, which we take to coincide with the beginning of inflation.
In the case of a-attractors, the potential for the scalar field is given by,

Vavattr(#) = aM ((tanh (86/2))*)" , (3.2)

where 3 = \/2/3a. In our simulations, we chose a = 1, M = 8.7 x 10~ Mp}, n = 3/2, and
the initial value of the scalar field, ¢y, = 6.7 Mp, to achieve around sixty e-folds of inflation.
In this case, H; = 5.32 x 107% Mp, at the beginning of inflation.

3.2 Dynamics during inflation and second inflationary phase

To realize the SU(2) sector as the Standard Model SUy,(2) sector, we consider gauge field
couplings ¢ = O(0.1). In our simulation, we examine two cases: g = 0.1 (runs Al, A2,
B, and C1-3) and g = 0.65 (runs D and E). The backreaction bound given in eq. (2.17)
suggests that the value of mq should be less than 1.3 for the g = 0.65 case and less than 2.4
for the g = 0.1 case to avoid backreaction of the tensor perturbations of the SU(2) gauge
fields on its background evolution. It is important to note that, even if the value of mg
is below the backreaction bound initially, backreaction may still become important at a
later epoch during inflation (see the run u3 in ref. [104]). We also consider mg > /2 to
avoid instability of the scalar perturbations of the SU(2) sector. Therefore, for the case of
g = 0.65, backreaction will be significant from the beginning since m¢g > V2 already lies
within the backreaction regime. However, for the case of ¢ = 0.1, by properly choosing a
value of m¢ smaller than 2.6, backreaction will not be important initially, but can become
significant at a later stage in the evolution.

For the numerical simulations, we use the PENCIL CODE [119] and solve the background
equations (2.6), (2.7), (2.10), (2.25)—(2.28) with perturbation equations (2.23)—(2.24). The
simulations are performed in cosmic time. Similarly as in ref. [104], we set the initial conditions
for the real and imaginary parts of the perturbation variables as

1, i |k,
Try = ——=e*/ali 9,Tp = —\/iezk/“iHi, 3.3
RL= 7oF TR, L a2 (3.3)

(similarly for ¢ g 1) with a; = 1. The contributions from quantum vacuum fluctuations of T 1,
in the calculation of the backreaction integrals in eqs. (2.27) and (2.28) are discarded by setting
|Tg,1|* to zero when |Tg 1|? < 1/2k. In our simulations, we have ny points of k in the range

Nmin < In(k/a;H;) < npax. (3.4)

The ny, points are chosen such that they are distributed uniformly in In k and ng = 2048 for
all our simulations. The values of Ny, and ny,ax are provided in table 1 for each run.
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We show the background evolution of the gauge field VEV @ and axion field x/f in
the upper left and right panels of figure 1, respectively. We set (m — x/f) < 0.1 initially, so
that the axion and gauge field VEV relax to their respective minima (before or) close to the
end of inflation. The solid orange and dashed blue curves correspond to the quadratic and
a-attractor inflationary models, respectively. For g = 0.1 and mg ~ 2.37, the backreaction
of the perturbations is significant, which forces () to settle into the negative attractor
solution (2.29)—(2.30) and reduces the velocity of the x field, as discussed in refs. [104, 105].
As x approaches a minimum of its potential, ) tends to zero and remains there, transitioning
from a chromo-natural attractor into the trivial vacuum of the theory. The transition to
zero is occurring smoothly for all the runs considered; see figure 1 with solid orange curve
(run B, quadratic inflation), dashed blue (run C1, a-attractors), dot-dashed green (run Al,
const H), and dot-dashed purple (run A2, const H). For the “const H” runs, the Hubble
parameter is constant during inflation, but we choose a different initial value for the axion
field in each run; see table 1. The initial parameters are such that the end of inflation
occurs at N = 61.4 for the quadratic model and N = 58.2 for the a-attractor model. The
end of inflation is defined as the time when the first slow-roll parameter ez (2.14) reaches
unity. In the lower panels of figure 1, we show the time evolution of ez (bottom left panel)
and mg& (bottom right panel), defined by eq. (2.16). During inflation, when the Hubble
parameter is approximately constant, we see that mg{ ~ —1 and the system stays at the
backreaction-supported attractor with @ < 0; see appendix D of ref. [104]. When the axion
relaxes into a minimum of its potential, mg¢ vanishes.

Tensor perturbations of the gauge field will eventually seed magnetic fields. Hence,
it is crucial to investigate the dynamics of perturbations as ) approaches zero. We show
the evolution of gauge field perturbations T ;, in figure 2 for three different values of the
comoving wave number k. Before the transition of ) — 0, the evolution of T for the
super-horizon modes is such that 2k T(z) remains (roughly) constant in time,® where
x ~ k/(aH). This is derived through the equation for Tx

2
O2Tr 1 + (1 + x2mQ§> Trr ~0; (3.5)

see appendix D of ref. [104] for more details. At the backreaction-supported attractor
mgé& ~ —1, and by considering the super-horizon regime where x ~ k/aH < 1, we see
that T/, o< 1/ and thus the combination xTg,;, remains constant as long as the system
follows the backreaction-supported attractor. We can define the (almost) constant value
of TRy, during the attractor through

V2k xTr = ¢ (k) (3.6)

where the constant c; is different for each wave number k.

Before transitioning to the next section and discussing the evolution of perturbations
around the end of inflation, we demonstrate the possibility of a second inflationary phase. If
the x field is initialized such that its initial value is far from the one corresponding to the

5The evolving Hubble scale near the end of inflation leads to a mgé¢ deviating slightly from —1 and thus
xTr being almost constant but not exactly so.
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Figure 1. The evolution of gauge field VEV @Q (top left), axion field x/f (top right), the first
slow-roll parameter ey (bottom left) and the combination mg¢ (bottom right) with respect to the
number of e-folds N for different simulations. The solid orange curve corresponds to (run B, quadratic
inflation) and the dashed blue to (run C1, a-attractors). The dot-dashed green (run Al, const H)
and dot-dashed purple (run A2, const H) curves relate to scenarios where H remains constant during
inflation but with different initial values of x/f: smaller for run A2 and bigger for run Al. The solid
and dashed grey grid lines correspond to the end of inflation for runs C1 and B, respectively. The
color coding is the same for the whole panel. The parameters for each run are shown in table 1.
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Figure 2. The evolution of tensor perturbations of gauge field T ; with respect to the number of
e-folds N for there different k-values for run (C1, a-attractors). The grey vertical lines represent the
end of inflation. The two grey line segments designate a constant value and a function proportional to
2. The values of k shown in the legend are normalized by M.
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Figure 3. The upper panels show the evolution of energy densities of the inflaton field ps (dashed
blue curve), axion field p, (solid cyan curve), and SU(2) gauge field (dotted dark blue curve for pg,
and dot-dashed green for pg,) for the a-attractor potential and runs C1 (left panel) and F (right
panel). For the run C1 the axion reaches a minimum of its potential before the end of inflation. For
run F we chose a smaller initial value of the axion field such that a minimum of axion potential is
not reached. The latter case leads to the second phase of inflation, dominated by the chromo-natural
sector. The lower panels show the evolution of the first slow-roll parameter €y, along with the different
contributions defined in eq. (2.14).

minimum of its potential (x/f = m), the axion field will not reach its minimum by the end of
inflation and the total energy density of the y field will remain dominated by its potential
energy. Since the energy density of the inflaton field decreases after the end of inflation, the
total energy density of the universe will eventually be dominated by the almost constant
potential energy of the y field. At this point, the system will enter a second inflationary era,
dominated by the potential energy of the axion, similarly to chromo-natural inflation.”

Figure 3 shows the evolution of the energy densities of the inflaton field py (dashed blue
curves), axion field p, (solid cyan curves), and the electric pg, (dotted dark blue curves)
and magnetic pg, (dot-dashed green curves) components of the background energy density
of the SU(2) field, defined in equation (2.13). Here we use the a-attractor potential and
runs C1 (left panel) and F (right panel) from table 1. In the lower part of this figure, we
show the evolution of the first slow-roll parameter, ep, along with the different contributions
as defined in eq. (2.14) for these runs.

"Interestingly though, at least initially, the first slow-roll parameter e is strongly affected by the oscillating
field ¢ and thus exhibits itself oscillations on top of an average value of ey < 1. When these die out, we expect
this second inflationary stage to be identical to “standard” chromo-natural inflation.
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For run C1, the initial value of the x field is 0.9757 f, and the axion reaches a minimum
of its potential before the end of inflation, as indicated by the dotted blue curves in figure 1.
For run F, we chose a smaller initial value of the x field (further away from the minimum
and higher up the potential), x/f = 0.97. For this run, the x does not reach a minimum
of its potential by the end of inflation and the total energy density of the x field remains
dominated by its potential energy. Around N = 62, the total energy budget of the universe
becomes dominated by the potential energy of the x field, ushering a second inflationary
stage, as shown by the evolution of ey for run F. For the remainder of this work, we choose
initial parameters for the background axion and gauge field that preclude the existence of
a prolonged secondary inflationary stage.

3.3 Evolution of gauge field modes with vanishing VEV

In this section we examine the evolution of the gauge field modes T when the gauge field
VEV @ approaches zero. When mg& becomes zero, eq. (3.5) in terms of conformal time
defined as dr = dt/a reduces to,

O*Tr + kTR = 0. (3.7)
The general solution of the above equation is
Tgr = dy sin kT + dy cos k7. (3.8)

By matching this solution to the solution with v2kxTr = ¢1(k) at the transition of Q
from the backreaction-supported attractor to zero (assuming this is fast enough) in the
superhorizon limit (—k7 < 1), we obtain the following expression for Tx

k) a2 H? k
Tp ~ 01(\/273%];2 sinb(r = 7r) +

where ar denotes the value of the scale factor at the time when @ transitions from the

cosk(t —7r)|, (3.9)

backreaction-supported attractor to zero during inflation, and 70 = —1/(arH).

Let us pause momentarily to discuss this transition. Figure 2 clearly shows two distinct
types of behavior for the gauge field modes Tx. For mg§ ~ —1, Tr o 1/z and for mg& ~ 0,
Tr ~ const. By using these two simple power-law behaviors, we can define a “knee” in the
corresponding plot of Tx, which for figure 2 occurs roughly at N = 45 e-folds. We define the
scale-factor at this time as ap. The analysis presented here uses the assumption that this
transition is instantaneous. As we see in figure 1, the transition of mg¢ from —1 to 0 can
take a few e-folds. However, the introduction of ap allows us to understand the behavior
without unnecessarily complex calculations. Furthermore, in the estimation of the late-time
magnetic field that appears in the next section, we use the value of Tr at the end of inflation,
as extracted from our full numerical simulation. Therefore we keep the transition scale-factor
ar as a useful notation, keeping in mind the limitations of this approximation.

In the superhorizon limit (k7 < 1) the cosine part of eq. (3.9) gives the dominant
contribution and the mode function can be approximated as

- Cl(k:) CLTH
V2k k

Tr (3.10)
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The energy density of Tg after Q — 0 (equivalently mg — 0) is written in terms of
conformal time as

1 Bk 1

P =i | (2r)32 (’aTTR\Q + k2|T12~2|) : (3.11)

By substituting T from eq. (3.9) into this expression, we get

Ty = i <aaT)4H4/ ?21:)]§|01(k)|2 (1 n (afH)2> . (3.12)

From the above expression, we conclude that the energy density of Tr decays as 1/a* after Q

becomes zero, as expected for a radiation degree of freedom in an expanding universe.
When Q — 0 before the end of inflation, there is a period during inflation where Ty is
almost constant until the transition to @ = 0 occurs at ap. Figure 1 shows that @ approaches
zero between 40 to 50 e-folds for run C1 (the dashed blue curve). Consequently, v/2k 27Tx
starts decreasing as x decreases, as shown in figure 2. However, if we initially choose a smaller
value of x/f and a smaller p value to maintain the same value of m(, the transition of @ to
zero happens later compared to run C1. We demonstrate this in appendix A. Therefore, for
fixed mqg and g values, the largest possible value of T at the end of inflation is achieved
when the transition of @) to zero happens very close to the end of inflation. In this case,
2k 2T r will remain constant until the end of inflation. In section 4 we further investigate
the implications for magnetogenesis when @) vanishes at different times during inflation.

4 Post inflationary gauge field evolution and magnetic field generation

In this section, we study the evolution of gauge field perturbations after the end of inflation.
For the evolution after inflation, we assume that reheating occurs instantaneously, after
which the universe transitions into a radiation-dominated era. This can be accomplished for
example through tachyonic preheating of the inflaton sector. An intriguing possibility is the
identification of the inflaton as a pseudo-scalar field (axion) and the natural addition of a ¢FF
coupling of the axion-inflaton to U(1) gauge fields. Since it has been shown [33, 120] that
Chern-Simons couplings to U(1) fields can preheat the universe after inflation instantaneously,
while leaving the inflationary history largely unaffected (for a proper choice of parameters),
this presents a unifying picture of our model, where two axions are coupled to different gauge
sectors and one (the inflaton) dominates the energy density and thus drives inflation.

As discussed in the previous section, when () approaches zero, the solution for Tx is
given by eq. (3.9). This solution indicates that T remains almost constant when a particular
wavelength is much larger than the size of the Hubble horizon and begins oscillating once
the mode re-enters the horizon. In the superhorizon limit, the constant value of Tr is given
by eq. (3.10), which can also be expressed as

_cl(k)aracH
R V2k ae k .

Here, a. denotes the value of the scale factor at the end of inflation, and ar/a. accounts

(4.1)

for the suppression in the value of T, depending on how early () reaches zero before the
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end of inflation. As mg¢ remains zero, the evolution of Tx after inflation follows eq. (3.7).
Therefore, in the post-inflationary era, Tr can be written as an oscillatory function of
conformal time for modes larger than the Hubble size, while its energy density decays like
radiation, as described by eq. (3.12).

Having determined the evolution of the gauge field modes after inflation, we are ready to
consider their evolution through the electroweak phase transition.

4.1 Magnetogenesis

At the electroweak era, a component of the SU(2) field transforms into the electromagnetic
field. The relation between the electromagnetic field A,, the SU(2) field W, and the
hypercharge field B, is given by

A, = Wg’ sin Oy + B, cos Oy, (4.2)

where Oy is the weak mixing angle (Weinberg angle). Neglecting the contribution of B,
and using sinfy ~ 0.5, we get

Ay~ 0.5W3. (4.3)

Without loss of generality we associate the perturbations as W9 = 0, SW? = at;3.
Assuming that tensor perturbations of the SU(2) gauge field give the dominating contribution
after inflation, from egs. (2.18), (2.19) and (2.22) we arrive at

1
Al = (1T + |TrP). (4.4)

In terms of the vector potential, A;, the magnetic energy spectrum is given by (see eq. (17)

in ref. [121)),
1 kP

Ap(k) = ———|4;]% 4.5

(k) = Gz g A (45)

Here, Ap represents the magnetic energy spectrum per logarithmic wave number interval

and is defined such that the magnetic energy density is pp = (B?/2) = [dInk Ag(k).

Using egs. (3.9) and (4.4), we arrive at the following expression for the magnetic energy

spectrum at the EW epoch

1 k1

Ap(k) = @r2di1 (\TLP + \TR\2> ~

1 atH? (aT

4
L 22
R ) g’cl, sin® k(7 — 7). (4.6)

ac
Here H, represents the value of the Hubble parameter at the end of inflation. For subhorizon
modes (kT > 1), the typical value of sin? k(7 — 7.) can be approximated by 1/2. Furthermore,
by normalizing Ag(k) with the total energy density of the universe at the end of inflation,

Pe = 3‘H€2M§1’

Ap(k) o' 1 a§H§<aT>4|C o L (M 2<aT)4,C ER
Pe SHZM2%a216(2m)2 a* \a.) " 482m)2 \ My ) \ac/) " '

we can write
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Figure 4. The left panel of this figure shows the magnetic field amplitude B at the present epoch
given by eq. (4.8) with respect to the wave number and coherent length. We use the a-attractor
potential and runs C1 (solid cyan curve), C2 (dot-dashed black) and C3 (dotted green) from table 1.
The dashed blue curve corresponds to run C1 with ar/a. = 1, which implies that V2k 2Tg for all
the super-Hubble modes remains constant until the end of inflation. The evolution of @ and x/f for
these runs is shown in figure 6 in appendix A and as a dashed blue curve in figure 1 for run C1. The
right panel shows the corresponding gravitational wave spectral energy density fraction with the same
color coding and its vacuum contribution (estimated using eq. (4.14)) in the grey curve.

The above expression implies that the magnetic energy spectrum is proportional to |c;|?.
Using the value of the radiation energy density at the present epoch to be ~ (3 uG)?, the
magnetic field strength at its peak wave number becomes

/ — H, ar 2

We use equation (4.8) to compute the magnetic field strength at the present epoch, using
the value of (ar/ac)?|c1| obtained from the simulation at the end of inflation, as discussed
earlier. The resulting amplitude with respect to the wave number k£ and the corresponding
length scale are shown in the left panel of figure 4 for runs C1-C3. The peak value of
the obtained magnetic field strength is 5.3 x 1071 G, 7.4 x 107 G, and 1.6 x 10712 G for
the runs C1 (solid cyan curve), C2 (dot-dashed black curve), and C3 (dotted green curve),
respectively. The dashed blue curve represents the case where we used ar = a, in eq. (4.8)
for run C1 and the corresponding magnetic field strength is 1.3 x 1071° G. This occurs when
the initial value of x is fine-tuned, so that @@ — 0 very close to the end of inflation. As can
be inferred from table 1, such fine-tuning requires choosing the initial value of x/f at the
0.1% level. Since this is not necessary for the viability of our model, we do not attempt
to provide this exact value. Therefore, to obtain the magnetic field strength shown in the
dashed blue curve, we use the value of |c1| from run C1 at N = 30, where z|Tg| is in the
regime where it is almost constant in time.

The magnetic energy spectra peak at a length scale of approximately 0.4 Mpc for these
cases with amplitudes that satisfy the lower bound from blazar observations, as shown in
figure 5 with black stars. The red star on the figure represents the case with the larger
value of mq. In that situation the backreaction effects become important earlier and the
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Figure 5. Bounds on intergalactic magnetic fields adapted from reference [122]. The light blue-shaded
region shows the lower bound inferred from blazar observations [12], the red-shaded upper bound
shows Planck Collaboration analyses [123] and the light-grey shaded upper bound are conservative
limits from radio data [124] and theoretical estimates [18]. By black stars we illustrate the magnetic
field amplitudes from figure 4 and the red and blue stars refer to corresponding peaks of the red-dashed
and blue curves in figure 7.

system transitions to the backreaction-supported attractor shortly after the start of inflation,
moving the peak of magnetic energy spectra to larger scales, as discussed in appendix B
(see the corresponding red-dashed curve in figure 7). For smaller mg values, this transition
happens later, pushing the magnetic field peak value to smaller scales, as represented by
the blue star and corresponding to the blue curve in figure 7. The resulting amplitude of
the magnetic field depends on the initial value of parameter mg as well on how close to the
end of inflation the gauge field VEV converges to zero. From figure 5 it follows that the
magnetic fields produced during spectator chromo-natural inflation can potentially explain
the presence of the magnetic fields in the intergalactic medium.
In figure 4, the wave number k at the present epoch is computed as

k=e WNem N (4.9)

where N, and Ny = In(k/H) represent the total number of e-folds during inflation and the
number of e-folds at which the wave number k exits the Hubble horizon during inflation,
respectively, and kg represents the present-day value of the wave number corresponding to
the Hubble size at the end of inflation and is given by

" H 1/2
kg =—H=23x102Mpc™' | ——— ] . 4.10
"= % Pe{ T0-6M, (4.10)
In the above expression, we assumed an adiabatic evolution of the universe,
13 106.75\3 Ty (10750, "
de (90) 0 596 x 1072 ( 90s ) 0 L) (411)
ap Grs T, 3.94 g, 2.73K H

where g,s and gos denote the effective degrees of freedom in the entropy at the end of inflation
and the present epoch, respectively. We estimate the reheating temperature, 7)., by assuming
instantaneous reheating using 3H 2Mgl = (7%/30)g,T2.
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Furthermore, we calculate the gravitational wave spectral energy density fraction, Qqwh?
defined as

R Qaw (k) = 7h29md7>t°t( ) [1 (l“)Q + 161 . (4.12)
128 2\ k 9

Here, h%Qyaq =~ 2.47 x 107° represents the current radiation density fraction, and keq ~ 1.3 X

10~2Mpc~! is the wave number corresponding to the Hubble horizon at matter-radiation

equality. The parameter h is defined such that Hy = 100 hkms~! Mpc™!, where Hj is the

Hubble parameter at the present epoch. To express Qaw in terms of frequency, f instead

of wave number, k, we use f ~ 1.5 x 10715(k/1 Mpc~!) Hz. In the expression (4.12) Pit(k)

is the total power spectrum of sourced gravitational waves by the tensor perturbations of
the SU(2)-gauge field, defined as

2M2 Z)\ﬁ< ) lim 1)

PtOt(kf) i
pl s=L,.R faH—0

(4.13)

for the sourced contribution from the tensor perturbations of the SU(2)-gauge field. The
vacuum contribution of tensor the metric perturbations is

2H?

P (k) = (4.14)
p

We show the gravitational wave spectral energy density fraction and its comparison to
vacuum contribution in the right panel of figure 4. We can see that oscillations in Tr produce
oscillations in Qqwh?, but for the runs C1-C3, the amplitude of gravitational waves is small
and unobservable in the upcoming surveys. For larger values of mg, the amplification is
significant. We show this in appendix B.

4.2 Comparison with magnetogenesis from axion-U(1) inflation

It is important to compare the underlying physics of magnetogenesis from axion-U(1) in-
flation [23, 33, 36, 125] to our current work. In the case of axion-U(1) inflation, one of the
gauge field modes is amplified due to the coupling between the axion and U(1). The strength
of this amplification depends on the velocity of the axion, and the axion-gauge coupling — a
faster-rolling axion results in more rapid growth of the gauge field. As the axion’s velocity
becomes maximal near and after the end of inflation, the gauge field modes with wavelength
comparable to the horizon at this time experience maximum amplification. In practice, the
most efficient amplification of gauge fields occurs during preheating, where it was shown
in ref. [33] that the inflaton can transfer the entirety of its energy density to gauge fields,
leading to a magnetic field strength B? ~ ME)IH 2. Consequently, a spectrum is obtained that
peaks around the Hubble horizon scale near the end of inflation with large amplitude.
These fields are largely helical® and undergo an inverse cascade, leading to typical length
scales on the order of parsecs, with a strength of around 1073 G [33]. The wave number
modes corresponding to present-day length scales of approximately 1 Mpc leave the horizon

8The gauge fields would be exponentially close to being totally helical, but non-rescattering during preheating
alleviates part of the helicity [33].
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about 10 e-folds into inflation. However, their amplitude continues to decay even after
crossing the horizon, resulting in a very small magnetic field at the end of inflation, leading
to tiny magnetic field strength at those scales.

In contrast, the dynamics in the case of inflation with a (spectator) axion-SU(2) sector
is quite different due to the existence of the backreaction-supported attractor. Since the
magnetic field arises from a component of the SU(2) gauge field’s tensor perturbations,
the magnetic field spectrum is related to the tensor perturbation spectrum. The tensor
perturbation spectrum peaks roughly at a scale corresponding to the Hubble horizon scale
around the epoch when @ transitions from the initial spectator chromo-natural attractor
to the backreaction-supported attractor. As an example, in the case of runs C1-C3, this
transition occurs around 10 e-folds from the start of inflation; see figure 1. Therefore the
modes which exit the Hubble horizon around this time experience maximum amplification.
The backreaction from these perturbations becomes important and the system transitions
to the backreaction-supported attractor. During this stage, mg{ ~ —1, which leads to a
constant amplitude of v/2k 2Tk during the super-horizon evolution, with roughly no decay
until @) reaches zero. Modes that exit the horizon during the backreaction-supported attractor
phase do not undergo much amplification due to the small value of mg. Referring again
to runs C1-C3, backreaction becomes significant after around 10 e-folds, and the modes
that exit around this time, or earlier, correspond to a length scale of the order of 1 Mpc at
the present epoch. This is why the magnetic field spectrum shown in the figure 4 peaks at
megaparsec scales. Simply put, the Abelian case relies on extremely efficient energy transfer
to gauge fields, albeit at small scales, whereas the non-Abelian case relies on the non-decay of
gauge fields during the backreaction-supported attractor, allowing for much larger correlation
lengths, albeit with weaker field strength.

It is instructive to compare the dynamics of the backreaction-supported attractor with
the Anber-Sorbo solution [57], which describes the homogeneous backreaction regime in
axion-U(1) inflation and has recently been shown to be unstable [73]. While in both U(1)
and SU(2) cases the backreaction is treated similarly through a homogeneous Hartree-type
approximation, the dynamics differ significantly due to the presence of a non-zero VEV in
the non-Abelian case. The Anber-Sorbo solution for the U(1) case hinges on the continuous
production of gauge field modes with ever increasing comoving wave number and thus a
change in their growth rate can destabilize it. Conversely, in the SU(2) case, the primary
contribution to the backreaction integrals arises only from a fixed range of comoving wave
numbers, which allows for a stable solution. We refer the interested reader to appendix D of
ref. [104] for a detailed discussion on this comparison. Though the backreaction-supported
attractor in the non-Abelian case breaks down close to the end of inflation, where the solution
smoothly converges to zero, it provides an excellent approximation during inflation.

4.3 Magnetic mass effects

Non-Abelian gauge bosons in a high-temperature plasma, as the one present in the early
universe, can acquire an additional mass, dubbed “magnetic mass”. In the previous discussion,
we did not consider effects coming from a magnetic mass, which is typically considered to
be of the form Mg o g>T [126], where T is the temperature of the universe and g is the
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gauge-field coupling. The effect of the additional mass term can be estimated using [127]

02T + (K + a*miag

) Tr ~0. (4.15)

However, a field with a mass proportional to the temperature behaves like radiation, meaning
that the magnetic field scaling shown in section 4 is still valid. Since in the radiation-
dominated era a < 7 and T x vV H %, leading to azm?nag = const, the magnetic mass will
modify the oscillation frequency of perturbations, leaving the amplitude unchanged (except
possible effects from the time-varying initial creation of the thermal plasma).

An interesting analogy of the EWPT is that of a superconductor. We can imagine the
super-horizon gauge fields before the EWPT as a magnetic field permeating a superconductor
with a temperature larger than the superconducting phase transition. If one lower the
temperature, when the solid turns into a superconductor, the previously homogeneous
magnetic field will break into filaments surrounded by current vortices. Similar formation of
magnetic structures, including flux tubes, filaments and vortices, also occurs when magnetic
fields interact with a plasma. It is intriguing to further explore the details of the magnetic
field evolution through the EWPT. While it is computationally challenging, progress in
simulating structures in the full electroweak theory has been made (see e.g. [128]) and such
a simulation is necessary to probe whether magnetic fields produced in this model will
acquire spatial patterns when the Higgs relaxes to its VEV and the SU(2) fields get partially
transformed into electromagnetic fields.

5 Summary and discussion

We have explored the consequences of spectator chromo natural inflation (SCNI), where the
non-Abelian gauge field is identified with the SU(2)y, sector of the Standard Model. This
fixes the gauge coupling to be large g = O(0.1), bringing the backreaction contribution
from tensor perturbations to be comparable to other terms in the background equations of
motion. The system necessarily flows into the recently discovered backreaction-supported
attractor that appears in this regime [104].

In our previous work [104], we studied the evolution of the SCNI sector during inflation
under the assumption of a constant Hubble parameter and discovered a new type of dynamical
attractor, supported by the backreaction of gauge field fluctuations on the background
trajectory. Here, we relaxed this assumption and analyzed the dynamics of the axion-gauge
field system until the end of inflation, using quadratic and alpha-attractor potentials to
model the background evolution of the inflaton. We stressed an important point, which
was overlooked so far in the literature. In these models there is a possibility for a second
inflationary stage, after the inflaton rolls to its potential minimum, driven by the energy
density of the axion field of the SCNI sector. To avoid this case, we focused on cases where
the initial value of the axion field is chosen such that it reaches the minimum of its potential
before the end of inflation. When the axion field approaches a minimum of its potential, the
gauge field VEV smoothly transitions to zero, and the tensor perturbations of the gauge
fields begin to red-shift as expected for gauge fields in an FRW spacetime. During the
EWPT, part of the tensor perturbations of the SU(2) gauge field get transformed into the
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electromagnetic part of the broken SU(2)p,x U(1)y sector. The electric component of the
fields will be quickly damped (typically within one Hubble time) due to the large conductivity
of the Universe. However, the magnetic component will remain frozen, providing a viable
origin for the presence of magnetic fields in the intergalactic medium. The obtained magnetic
field at the present epoch depends on the axion-SU(2) model parameters. For one set of
parameter choices presented here, we found that the magnetic fields have a strength of
5 x 107 G with a coherence length of approximately 0.4 Mpc at the present epoch. This
is above the lower bound on the strength of the magnetic field in the intergalactic medium
inferred from GeV observations of blazars.

Given the intriguing dynamics and important phenomenology of this model, several
avenues for future work arise. So far, we have analyzed the dynamics of the axion-SU(2)
system using the linear evolution equations for the gauge field modes. It was recently
shown [106] that accounting for gauge field self-interactions and axion-gauge field non-linear
couplings leads to bounds on the parameters of the model, so that a perturbative description
of the theory is valid. Interestingly, these bounds on the parameter space of the theory are
comparable to the edge of the strong backreaction regime. It is thus necessary to perform
a full numerical computation to accurately determine the exact perturbativity bounds and
their competition with the strong backreaction regime. Moreover, our analysis neglects
spatially dependent backreaction effects, that have been shown to have a strong impact on
the overall dynamics close to the end of inflation in the Abelian case [74]. Performing lattice
simulations would be a natural next step to explore the non-linearities in axion-SU(2) gauge
field dynamics. Finally, the detailed evolution of the produced SU(2) gauge fields through
the EWPT and the possibility of the creation of magnetic field filaments, akin to the case
of a superconductor, is beyond the scope of our present calculation. Further analysis of
these exciting aspects is left for future work.
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Figure 6. The evolution of the @ (left panel) and x/f (right panel) for the runs C1 (solid blue
curves), C2 (dashed black curves), and C3 (dotted green curves).

A Different initial values of x/f and p

In this section we show the evolution of the axion-SU(2) system for different initial values of
x/f and p, while keeping the initial values of mq constant for a fixed value of g. In figure 6 we
illustrate the evolution of ) and x/f for runs C1 (solid blue curves), C2 (dashed black curves)
and C3 (dotted green curves). The initial parameters for these runs are provided in table 1.

From figure 6, we conclude that by choosing a smaller initial value of x/f with the same
initial value of mg, the transition of @) to zero occurs later. This behavior impacts the value
of tensor perturbations T at the end of inflation, leading to a larger T if the transition
happens later. Consequently, the resulting magnetic field value at the present epoch will
also be larger, as demonstrated in figure 4.

B Gravitational waves and magnetic fields for higher gauge field couplings

The amplitude of GWs, computed in section 4.1, is approximately equal to their vacuum
contribution. This happens because gauge field amplification is not sufficient to source metric
tensor perturbations. However, for larger values of mg, the amplification becomes higher,
leading to a sourced contribution of GWs that exceeds the vacuum value. In figure 7 we
demonstrate the amplification of gravitational waves for higher values of mg. In this figure,
we compare the results of run C1 from figure 4 (black dotted curves, with mg = 2.37) to
run G (dashed red curves, with mg = 5.71) and run H (solid blue curves, with mg = 2.34)
from table 1. The top left panel shows the magnetic field strength and the top right the
corresponding amplification of gravitational waves. The background evolution of @) and
x/f is illustrated in the bottom left and right panels, respectively. For higher values of
mq the backreaction effects become important earlier, forcing the system into the new
backreaction-supported attractor very close to the start of our simulation. This leads to the
amplification of tensor perturbations on larger scales, with the resulting peak of magnetic
energy spectra at a length scale of order 10 Mpc. This shifts the peak of GWs signal towards
smaller frequencies. We avoid taking higher values of mg, keeping in mind the constraints
from bounds on perturbativity. We note that this scenario with mg = 5.71 is already well
within the backreaction regime and may conflict with perturbativity bounds. Here, we aim
to demonstrate how the amplification of GWs might still be achieved. However, a thorough
study of such scenarios would require lattice simulations of the axion-SU(2) system.
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Figure 7. In this figure, we show the obtained magnetic field strength at the present epoch and
the GW density fraction Qgwh? in the top panels for the run G (dashed red curves), run C1 (black
dotted curves) and run H (solid blue curves). The value of mg is 5.71 for run G, 2.37 for run C1 and
for 2.34 run H. Bottom panels show the background evolution of @ and x/f.
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Figure 8. In this figure, we show the evolution of the @ and x/f for the run D (solid blue curves),
and E (dotted black curves). These runs are for the case g = 0.65.

It is worth noting that larger values of mg can be also achieved by choosing larger
gauge field couplings. For bigger couplings, the dynamics is similar to the case with ¢ = 0.1
considered in the paper, meaning that our computation is still valid for the case g = 0.65.
The difference is that for g = 0.65 the backreaction of tensor perturbations on the background
evolution is significant right from the beginning of inflation, even for the smallest allowed value
of mg. Figure 8 shows two runs with g = 0.65 and different initial values of x/f = 0.9757
(run D) and 0.9737 (run E), with the value of ;1 chosen such that the initial value of mg
stays the same. As demonstrated in figure 8, the dynamics is similar to the evolution in
figures 1 and 7, but @ transits to the backreaction-supported attractor solution at the very

early stages of inflation.
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