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Figure 1. (a) Evolution of magnetic energy, EM from Run B. (b) Non-
dimensional values of horizontally averaged (averaged over the xy plane)
density (broken line), 〈ρ〉xy/〈ρ(z = 0)〉xy, mean squared velocity (blue

), 〈U2〉xy/c2

s , magnetic energy (∗), Eh
M/(B0

eq)2, and kinetic helicity (red,

�) H h
K/kfu

2
rms as a function of the height z at dynamo saturation, i.e. at

t/τ td = 0.1 from Run B. For clarity, the density, the mean squared velocity,
and the kinetic helicity are scaled by a factor of 1/2, 600 and 10, respectively.

not driven by radiative convection, as in the simulations of Stein &
Nordlund (2012) but by forced isothermal turbulent flows.

3.2 Formation of an intense bipolar structure

Due to periodic boundary conditions in the x and y directions, the
two polarities, while moving away from each other, approach each
other across the far end of the periodic domain, come close to each

other and form a curious bipolar structure, reminiscent of the so-
called δ spots (see review by Fisher et al. 2000). The z component
of the magnetic field is close to three times B0

eq. This is shown in a
series of snapshots in Fig. 3, where we have shifted the coordinate
system relative to the one in Fig. 2 so as to have the bipolar structure
in the middle of the top surface. As we are using periodic boundary
conditions along the horizontal directions, we are free to make such a
shift. To illustrate this, we show in Fig. 4 the magnetic field at the top
of our computational domain in a box that is extended periodically
to three times its original size in both the x and y directions.

3.3 Recurrent spot activity

This spot-like structure survives up to t/τ td ≈ 0.45, after which it
turns into a bipolar band whose evolution is shown in a series of
snapshots in Fig. 5. At about t/τ td ≈ 1.2 the band dissolves and
the field at the top surface is close to zero. And a little while later
the band-like structure reappears at a different position on the top
surface and with time evolves to a spot-like structure similar to the
one shown in Fig. 3; compare the last snapshot shown in Fig. 5 with
that of Fig. 3.

3.4 How generic are the observed magnetic structures?

To summarize, in this simulation, Run B, the normal magnetic field
at the top surface shows three principal qualitative features: (a) flux
emergence, (b) formation of bipolar structures (spots and bands),
and (c) a recurrent but not exactly periodic appearance of the bipolar
structures. How typical are these qualitative behaviours with respect
to variation of various parameters of our simulation? This question
is addressed in the following manner: (a) we run a simulation, Run
O-02, with the same parameters of Run B but with a different frac-
tional helicity, σ = 0.2. For this run, the helical dynamo instability
is excited at a slower rate and the magnetic flux emergence at the
top surface happens at a later time, nevertheless the same qualita-
tive feature of bipolar magnetic structures are observed. (b) Keeping
the value of fractional helicity, σ max = 1, to be constant, we vary
the height of the dynamo region, z0/Hρ from −1 (Run B) to −2
(Run C), 0 (Run O-1), and 2 (Run A). The flux emergence happens
at different times; for higher z0 the flux emergence is faster. Other
than this quantitative change, there is no qualitative change to our
results. (c) We run a simulation Run E with the same parameters
as Run C, but with bigger resolution (3843) and higher Reynolds
number and obtain the same qualitative behaviour. In another simu-
lation, Run D, we keep all the parameters the same as Run E, except
for the forcing wavenumber, k̃f = 60, and obtain the same qualita-
tive behaviour. (d) Finally, we note that gravity plays a crucial role.
In simulations without gravity (g = 0) or even g/c2

s k1 = 1/2 (Run
B/2), no sharp magnetic structures are seen. Instead the magnetic
field at the top has the same length-scales as the dynamo-generated

Figure 2. Vertical magnetic field at the top surface at different times (from t/τ td = 0.30 to 0.33) from Run B. The magnetic field is normalized by B0
eq.
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Bipolar structure from dynamos 765

Figure 3. Same as Fig. 2, but at later times (from t/τ td = 0.35 to 0.38) and the frame is re-centred, as illustrated in Fig. 4 below.

Figure 4. Vertical magnetic field at the top surface at t/τ td = 0.34 from
Run B. The domain has been extended periodically along both the x and y
directions. The solid lines draw the box used in Fig. 2 and the dashed lines
draw the box used in Fig. 3. The magnetic field is normalized by B0

eq.

magnetic field at the bottom part of the domain, as demonstrated
in Fig. 6. It is also clear from our results that the bipolar magnetic
structures are strongly influenced by the periodicity of our domain.
Is it possible to obtain similar structures, but at different length-
scales (relative to the box size) and in a larger domain? By running
a simulation with double the box size (Lx = Ly = Lz = 4π), we
have found that the characteristic length-scales of the bipolar struc-
tures scaled by the box-size remains the same. This is because in
our periodic geometry, the scale of the large-scale dynamo is always
the largest possible one that fits into the domain. In future work, it
is therefore important to relax this constraint arising from periodic
boundary conditions using, for example, spherical geometry.

3.5 Sharp bipolar structures

A particularly interesting aspect of these simulations is the forma-
tion of bipolar magnetic structures with sharp edges, examples of
which are Fig. 3 or Fig. 5. To document the characteristic length-
scale appearing in magnetic structures, we plot in Fig. 7 the angle-
averaged Fourier spectrum of Bz at the top surface at different times
corresponding to the snapshots in Fig. 5. The plot demonstrates that,
to represent the sharp structures, e.g. in the last snapshot in Fig. 5,
Fourier modes up to kx/k1 = 10 and ky/k1 = 10 are necessary. This
also underscores the necessity of having a large-scale separation

(kf/k1 = 30) to see these magnetic structures. Furthermore, we find
that at large k, the spectra can be approximated by a k−2 power law.

To take a closer look at the bipolar structure, we show in Fig. 8 the
spot-like structure from Run A plotted together with the magnetic
field lines in a three-dimensional representation. The magnetic field
lines of opposite orientation approach each other with height and
merge into a single sharp spot-like structure. This magnetic structure
leaves a clear signature on the velocity field as we demonstrate in
Fig. 9 by plotting the contours of the vertical component of W
overlaid with the horizontal components of velocity as arrows from
Run A.

3.6 Can NEMPI describe our numerical results?

Let us now try to understand the flux emergence and the formation
of bipolar structure. This falls in the general class of pattern forma-
tion in turbulent systems. A theoretical technique to describe this
general class of problems is the mean-field theory where we average
over the turbulent state to derive a set of mean-field equations. The
problem of pattern formation then becomes a problem of studying
the instabilities using the mean-field equations. A well-known ex-
ample, pioneered by Krause, Rädler & Steenbeck (1971) and Krause
& Rädler (1980) is that of dynamo theory where the mean-field the-
ory is applied to the induction equation (see e.g. Brandenburg &
Subramanian 2005, for a review). A recent example of an applica-
tion of this method to understand magneto-rotational instability in
the presence of small-scale turbulence is by Väisälä et al. (2014).

For the present problem, we need to average the momentum
equation over the statistics of turbulence. As a result of such an
averaging, a new term (describing the turbulent contributions) will
be added to the large-scale magnetic pressure term (Kleeorin et al.
1990; Kleeorin & Rogachevskii 1994; Rogachevskii & Kleeorin
2007). It has been shown that the effective magnetic pressure that
is the sum of non-turbulent and turbulent (new term) contributions,
can be negative in the presence of a background magnetic field
which, in this problem, will be provided by the dynamo.

From symmetry arguments, such a term can be constructed us-
ing the background magnetic field and gravity. In the two extreme
cases: one in which the gravity and the background magnetic field
are perpendicular to each other (Brandenburg et al. 2012; Käpylä
et al. 2012a), and the second in which gravity and the background
magnetic field are parallel to each other (Brandenburg et al. 2014;
Losada et al. 2014), the analysis of the instability simplifies. Un-
fortunately, the problem is more complicated in the present case
where all the three components of magnetic field are present. In
that case, a systematic determination of the new transport coeffi-
cients in the effective magnetic pressure, using direct numerical
simulations (DNS), has not yet been performed. Nevertheless there
are two signatures of NEMPI that we look for. First, we know the
effective magnetic pressure is negative only when the background
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766 D. Mitra et al.

Figure 5. Evolution of the vertical magnetic field at the top surface. Snapshots at different times (from t/τ td = 0.45 to t/τ td = 1.67) are plotted.

Figure 6. Contour plot of Bz/B
0
eq from Run B/2 at two different heights.

magnetic field is neither too large nor too small, within 0.1–1 when
normalized by the equipartition magnetic field (Brandenburg et al.
2012). We find that this condition is satisfied near the top surface
when the first flux emergence occurs, as shown in Fig. 10(a), but
not at later stages as shown in Fig. 10(b). What is then the mech-
anism behind the disappearance and reappearance of the magnetic
flux at the top surface? A clue to this puzzle is the fact that within
mean-field theory the dynamo operating in the lower layers of the
computational domain can be interpreted as an α2 dynamo, where
α ∝ −τto 〈w · u〉xy , where w = W − W and u = U − U are fluc-
tuations. An α2 dynamo for which α varies within the domain can
give rise to dynamo waves (Baryshnikova & Shukurov 1987; Stefani
& Gerbeth 2005; Mitra et al. 2010), and indeed such dynamo waves
are seen in our simulations as shown in the space–time diagram in
Fig. 11.

The second signature of NEMPI is its ability to generate large-
scale flows; since NEMPI creates regions of negative effective mag-
netic pressure, it is often accompanied by a converging flow at
the surface and a downward flow on and immediately below the

Figure 7. Angle integrated power spectrum of Bz at the top surface of our
computational box from Run B in log–log scale. The three black lines show
the early times t/τ td = 0.45 (∗), 0.83 (no symbol), and 1.09 (
), while the
three red lines show the later times t/τ td = 1.22 (�), 1.33 (�), 1.67(×). The
dashed lines has slope equal to −2.

location of flux concentration.3 In our simulations, due to the pres-
ence of strong turbulent fluctuations, we have not been able to detect

3 In general converging flows are typically observed in simulations of strat-
ified convection. Such flows can be quite effective in concentrating vertical
magnetic flux. The crucial input coming from the concept of NEMPI is
that the converging flows themselves are generated by NEMPI due to the
presence of weak background magnetic field.
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Figure 8. Magnetic field structure for Run A at time t/τ td ≈ 1.2. The z

component of the magnetic field, Bz is plotted at z/Hρ = 3. The height
up to which dynamo operates, z0/Hρ = 2, is also shown as a frame. Here
magnetic field, Bz is not normalized, but in units of

√〈ρ(z = 0)〉xycs. In
the same units B0

eq ≈ 0.1.

Figure 9. Contours of the vertical component of vorticity and the horizontal
component of velocity (as arrows) from Run A at the plane z/Hρ = 3; the
magnetic structure at the same plane at the same time, shown in Fig. 8, can
be clearly identified.

any such coherent flow, although some evidence in support of such
a flow has been found in the Fourier filtered velocity field as shown
in Fig. 12. Interestingly, similar downflows are also seen in recent
simulations by Rempel & Cheung (2014), who inject a 10 kG flux
tube at the bottom of a solar convection simulation and let it rise
to the surface. Although the emergence process itself is associated
with upflows, their results show downflows at the late stages of the
flux concentration process. In such simulations that attempt to be
realistic, it is not possible to attribute the observed downflows to
one single mechanism. By contrast, in our simple setup it is likely
that NEMPI is indeed the mechanism responsible for generating the
downward flow.

Figure 10. (a) Log-linear plot of horizontally averaged magnetic energy
Eh

M(z) normalized by the equipartition value of magnetic energy at height
z, Beq(z) ≡ 〈ρU2〉xy, as a function of the height z at different times
t/τ td = 0.28(∗), 0.30(
), 0.32(�), and 0.34(∗). The two dashed lines shows
that range of values over which NEMPI can operate effectively. (b) The
same plot, but this time corresponding to the snapshots plotted in Fig. 5;
t/τ td = 0.86(∗), 1.(
), 1.2(�), and 1.33(�).

4 C O N C L U S I O N

To conclude, in this paper, we have shown that it is possible to gen-
erate intense structures of vertical magnetic field at the top surface
of DNS of a density-stratified turbulent dynamo. Furthermore, a
rich dynamic behaviour of the magnetic field is observed: bipolar
spot-like structures appear, then morph into bipolar band-like struc-
tures which disappear and reappear at a different place and at a later
stage evolve into spot-like structures. Such structures are similar to
δ spots (see e.g. Fisher et al. 2000) and tend to show anticlockwise
rotation, which is consistent with the fact that the kinetic helicity in
our simulations is positive.

The characteristic length and time-scales of the magnetic field
formed at the top surface are much smaller than the characteristic
length-scale (and time-scale) of the dynamo-generated magnetic
field. The necessary conditions are strong stratification, presence of
turbulence, and large-scale separation, which is at least 30 in the
DNS we present here. Clearly, there is a mechanism at work here
that can concentrate a weak large-scale magnetic field to strong
magnetic field of smaller scale. Could this mechanism be NEMPI?
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Figure 11. (a) Space–time diagram of Bh
x /Beq showing dynamo waves

propagating vertically outward. (b) Bh
x (z)/Beq(z) (∗) and Bh

x (z)/Beq(z) (
)
as a function of time at z/Hρ = 3.

At present, we cannot provide a definitive answer to this question,
although we do show that the necessary conditions for NEMPI to
operate are satisfied during the first emergence of flux at the top
surface.

How relevant are our result in understanding the formation of
active regions and sunspots? Unlike the works by e.g. Stein &
Nordlund (2012) or Rempel & Cheung (2014), our simulations do
not include radiative hydrodynamic convection; turbulence is gener-
ated by external forcing. This should not necessarily be considered
a shortcoming of our simulations as the aim of our work has been
to present the simplest model that can show formation of bipolar
structures from a large-scale dynamo. This is the first time bipolar
structures are found to appear in simulations where the magnetic
field is not imposed – as is the case in Stein & Nordlund (2012),
Warnecke et al. (2013), or Rempel & Cheung (2014) – but it is self-
consistently generated from a dynamo in strongly stratified forced
turbulence.

The most remarkable feature of these simulations is that a mini-
malistic setup consisting solely of stratification and helically forced
turbulence can generate such diverse spatiotemporal behaviour.
Could a mean-field model consisting of both dynamo equations and
equations describing NEMPI capture such behaviour? This question
will be the subject of future investigations.
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