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ABSTRACT

On the framework of relativistic force-free magnetohydrodynamic (MHD) turbulence, we explore the
fundamental properties of strong and weak turbulent cascades using high-resolution numerical simulations in
the presence of a uniform background magnetic field. We find that (1) power spectra and scale-dependent
anisotropies both for the strong and weak turbulence resemble those observed in the non-relativistic MHD
turbulence; (2) intermittency of magnetic fields in strong turbulence is stronger than that in the weak
one; (3) generated Alfvén modes show similar energy spectra and scale-dependent anisotropies to those of
non-relativistic case; (4) generated fast modes present a power spectrum similar to that of Alfvén modes,
with a strong (for strong turbulence) or weak (for weak turbulence) scale-dependent anisotropy, which are
significantly different from non-relativistic turbulence; (5) applications of our numerical results to neutron star
magnetospheres show that the strong (or moderately weak) turbulent cascade can explain the X-ray radiation of
the Vela pulsar. Our study is of great significance for understanding energy transfer, magnetic field evolution,
and particle acceleration mechanisms in extreme astrophysical environments.

Keywords: magnetohydrodynamics (MHD) — relativistic processes — turbulence

1. INTRODUCTION

Magnetohydrodynamic (MHD) Turbulence plays an
important role in many key astrophysical processes.
The standard nonrelativistic MHD (NRMHD) turbulence,
relevant to diffusive interstellar media, turbulent
reconnection, and the transport of cosmic rays, has been
extensively studied from both theoretical (Goldreich &
Sridhar 1995; hereafter GS95) and numerical perspectives
(Cho & Vishniac 2000; Maron & Goldreich 2001; Cho &
Lazarian 2002). Under the condition of a critical balance
assumption (the Alfvénic wave propagation timescales
equal to the eddy turnover times), GS95 predicted that
the strong Alfvénic turbulence has a Kolmogorov energy
spectrum of E(k,) o k15/3 (Kolmogorov 1941), and a
scale-dependent anisotropy of k; o k>, where k; and k,
are parallel and perpendicular wavenumbers with regard
to the local mean magnetic field direction, respectively.
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These theoretical predictions were numerically verified by
Cho & Vishniac (2000). Subsequently, compressible MHD
turbulence was further decomposed numerically by Cho &
Lazarian (2002, 2003) into three plasma modes, i.e., Alfvén,
fast, and slow modes. For the weak Aflvénic turbulence
(here, the so-called “weak” means that nonlinear energy
cascade timescale is longer than the wave period), it was
demonstrated that the turbulence spectra adhere to a scaling
law of E(k,) « kf (Galtier et al. 2000; Kuznetsov 2001;
Perez & Boldyrev 2008). However, there are still many open
issues (see Schekochihin 2022 for more details), such as
the imbalance problem between the velocity field and the
magnetic field (i.e., the residual energy problem; Boldyrev
et al. 2012; Chandran et al. 2015), the characteristics of
MHD turbulence at the sub-viscous scale (Cho et al. 2003),
physical nature of intermittent dimensions (Meyrand et al.
2015), the weak-to-strong transition of MHD turbulence
(Meyrand et al. 2016; Zhao et al. 2024), and the anisotropy
of weak turbulence (e.g., Galtier et al. 2000; Beresnyak &
Lazarian 2019).

The relativistic MHD (RMHD) turbulence is relevant to
relativistic astrophysical sources such as the magnetospheres
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of pulsars, gamma-ray bursts, black hole accretion disks, and
jets. At present, there is still no theoretical prediction of the
fully RMHD turbulence. Numerically, simulations of the
RMHD turbulence (Zrake & MacFadyen 2012; Takamoto
& Lazarian 2017) showed that the power spectrum is
compatible with a Kolmogorov spectrum: E(k) o< k™/3. In
particular, they observed the anisotropic scaling of kj oc k934
and k%7 in weakly (Zrake & MacFadyen 2012) and strongly
(Poynting flux dominated; Takamoto & Lazarian 2017)
magnetized RMHD, respectively, the former of which is
steeper than the relation of k| o k2> in NRMHD turbulence
(GS95). Additionally, Zrake & MacFadyen (2012) found
a similar intermittency behavior with the nonrelativistic
case predicted by She & Leveque (1994) in longitudinal
velocity fluctuation and a stronger intermittency behavior in
the transverse component. Unlike the NRMHD turbulence,
RMHD turbulence shows a strong coupling between the fast
and Alfvén modes (Takamoto & Lazarian 2016), resulting
in the spectrum of fast mode being the same as that of
Alfvén mode. We noted that the above results are from the
velocity field in the case of strong turbulence. Currently,
we do not know whether the characteristics of the turbulent
magnetic field are similar to those of velocity fields, and
the specific properties of weak turbulence remain unknown.
Besides, some key differences between RMHD and
NRMHD turbulence lie in the former being constrained
by high magnetization, the speed limit of light, and
energy-momentum coupling, resulting in suppression of
slow waves, limited generation of fast waves, magnetic
energy dominance, enhanced resistive dissipation, and
more challenging numerical implementation. The latter
exhibits greater diversity in the kinetic and magnetic
energy balance, the contributions of compressible modes,
and dissipation mechanisms.

In a highly magnetized and Poynting flux-dominated
environment, the relativistic force-free MHD is a limit
applicable to relativistic astrophysical sources, where
the energy density of matter is negligible compared to
electromagnetic energy density. Exploring the properties
of force-free MHD turbulence is crucial for understanding
various astrophysical sources and processes such as pulsar
and black hole magnetospheres (Goldreich & Julian
1969; Blandford & Znajek 1977; Duncan & Thompson
1992; Komissarov 2002), gamma-ray bursts (Thompson
1994; Lyutikov & Blandford 2003), turbulent magnetic
reconnection (Ripperda et al. 2021; Liang et al. 2023;
Zhang et al. 2023; Liang et al. 2025), particle transport and
acceleration (Zhang & Xiang 2021; Gao & Zhang 2024,
2025; Xiao et al. 2025). In the context of extreme relativistic
MHD in the force-free approximation, Thompson & Blaes
(1998, hereafter TB98) theoretically predicted that the
strong force-free Alfvénic turbulence exhibits a Kolmogorov
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spectrum and a Goldreich-Sridhar type anisotropy, which
closely resembles its nonrelativistic counterpart (GS95), and
the weak force-free Alfvénic turbulence displays an energy
spectrum characterized by E(k) o k™2, similarly akin to the
nonrelativistic case (Galtier et al. 2000; Kuznetsov 2001).

For the strong force-free Alfvénic turbulence, Cho (2005,
hereafter Cho05) was the first to numerically confirm
the theoretical predictions of TB98, albeit with low
numerical resolution (see also Cho & Lazarian 2014 for
strong imbalanced force-free Alfvénic turbulence). As
far as we know, there is still no direct numerical testing
of TB98’s predictions in the case of weak force-free
Alfvénic turbulence. Slightly similar to this context, recent
simulations by Ripperda et al. (2021) show that nonlinear
interactions between two overlapping, perpendicularly
polarized Alfvén waves result in significant dissipative
structures of current sheets that have an energy spectral
characteristic of weak turbulence, namely E(k, ) o k2.

Interestingly, we note that Li et al. (2019) investigated
Alfvén wave dissipation in force-free electrodynamic
simulations of relativistic magnetospheres of magnetars,
characterizing the driving mode by the initial wave amplitude
b/By, where By and b are the mean and disturbance
magnetic field strength, respectively. Although they claimed
a spectrum of E(k,) o k7> (see Fig. 4 of their paper), it
looks like a steeper spectral index than —2 to the naked eye.
Substituting their initial wave amplitudes b/By = [0.5, 3]
and driving wavenumber k, = k; into the critically balanced
condition y = bk, /Bok) (see the following Eq. (3)) used
in our work, we obtain y = [0.5,3], corresponding to the
transition regime of weak-strong turbulence. Theoretically,
the expected spectral exponents, however, should be —2 and
—5/3 respectively in the case of y < 1 and y > 1. We
speculate that the steeper spectral index shown in Li et al.
(2019) might correspond to not fully developed turbulence.

Given the above mentioned open issues related to RMHD
turbulence, this work is to elucidate the fundamental
properties of strong and weak force-free MHD turbulence
via high-resolution simulations, focusing on the energy
spectrum, anisotropy, and intermittency of RMHD
turbulence, as well as the characteristics of plasma modes.
Applying our numerical results to the magnetospheres of
neutron stars, we also discuss the properties of RMHD
turbulence cascade to understand the energy transfer and
acceleration mechanisms in neutron stars. This paper is
structured as follows. We describe the numerical methods
and outline our initial simulation setup in Section 2.
Numerical results are presented in Section 3. We discuss
applications of our results in Section 4, using the Vela pulsar
as an example. Sections 5 and 6 provide the discussion and
summary, respectively.
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2. NUMERICAL METHODS

Following Cho05, we numerically solve the system of
RMHD equations (see Egs. (1) to (6) of Cho05), using a
MUSCL-type scheme with HLL fluxes (Harten et al. 1983)
and monotonized central limiter (Kurganov et al. 2001). The
second-order accurate flux-interpolated constrained transport
scheme is adopted to maintain the condition of V-B = 0 (T6th
2000). Meanwhile, we keep the force-free MHD conditions
of
and B*-E?>0.

E-B=0, (D

met at every time step, where B and E are the magnetic and
electric field, respectively. Our simulations take place on the
periodic cube of size 27, with a high resolution of 10243. The
magnetic field is composed of a uniform background field
and a fluctuating field, B = By + b (setting By = 1 in this
work), while the electric field consists only of a fluctuating
term. We fix the initial pressure py = 0.1 and density py =
1.0, leading to the initial plasma parameter By = 2po/ B% =
0.2.

The force-free MHD turbulence admits two normal
waves, Alfvén and fast waves (see also TB98; Komissarov
2002). By analytically exploring nonlinear interactions
between these plasma waves, TB98 predicted that two
counter-propagating Alfvén waves can generate either
Alfvén or fast waves through wave-wave interactions, A* +
A - A+ A and AY+ A~ — F. In addition, an incoming
Alfvén wave and an incoming fast wave can generate either
an Alfvén or a fast outgoing wave (A + F — A/F). If two
incident fast waves interact, a fast wave will be generated
(F+F — F), without involving Alfvén waves. In this paper,
we consider the Alfvénic turbulence interactions between A*
and A~. Atthe beginning of the simulation, we excite Alfvén
modes in the wavenumber range of (see also Cho05)

1<k >2 and 4<k, >6. )

To explore the properties of strong and weak force-free
MHD turbulence, we conduct three group high-resolution
simulations: one strong turbulence of y ~ 1.0, and two
weak cases of y ~ 0.5 and y ~ 0.25, through regulating the
amplitude of magnetic field disturbance b/ By in the critically

balanced condition
_ bk,

When y ~ 1.0, the resulting turbulence is strong (see
GS95 for more discussion about non-relativistic Alfvénic
turbulence); when y < 1.0, the turbulence is weak (see TB98
for more discussions about weak force-free MHD turbulence;
see also Galtier et al. (2000) for the non-relativistic case).

3)

3. NUMERICAL RESULTS

3.1. Comparison with Earlier Results
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Figure 1. Comparison of magnetic field power spectrum with

different numerical resolutions at r ~ 5.86 for y ~ 1.0.

Figure 1 compares the magnetic field power spectrum for
numerical resolutions of 10243 to that of 512 (same as the
result of Cho05) at t+ ~ 5.86, where turbulence has fully
developed (see Fig. 2 for more details). We can clearly
observe that the spectra are compatible with a Kolmogorov
spectrum of E(k) o k3. Compared with the 5123
simulation (consistent with that of Cho05), we find that the
10243 simulation presents an extended inertial (power-law)
range. When simulating a weak force-free MHD turbulence
(the focus of the current work), we realize that it is difficult to
measure an inertial range with a low-resolution simulation.
As seen in the following Figs. 2 and 4, weak turbulence
exhibits a larger dissipation scale than strong turbulence,
that is, the former has a narrower inertial range than the
latter. In particular, a high-resolution simulation is necessary
to explore the spatial structure (which can be revealed by
anisotropy and intermittency) of relativistic force-free MHD
turbulence.

3.2. Evolution Processes of the force-free MHD Turbulence

‘We show the time-dependent magnetic field power spectra
for y ~ 1.0, 0.5, and 0.25 in panels (a), (b), and (c)
of Fig. 2, respectively. As is seen, the magnetic energy
spectra over time have a similar evolution trend in these three
cases: (1) at ¢+ = 0, large-scale (small k) Fourier modes
are excited only (not shown here), due to the fact that we
initially drive the Alfvén waves at large scale (see Eq. (2));
(2) as time evolves, energy cascades down to small-scale
(large k) modes, in the form of a steeper power law; (3) at
the later stage of evolution, the energy spectrum remains a
constant slope: —5/3 for strong turbulence (see panel (a) for
x ~ 1.0), and -2 for weak turbulence (see panels (b) and
(c) for y < 1.0). From Fig. 2, it is evident that turbulence
fully develops at approximately ¢+ ~ 5.0, 45, and 100 for
x ~ 1.0, 0.5, and 0.25, respectively, which indicates that
strong turbulence develops significantly more rapidly than
weak turbulence. Additionally, as the value of y decreases,
the time required for weak turbulence to be fully developed
increases. This trend of faster development for strong
turbulence is consistent with that observed in NRMHD
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-11
107 10t 10

k

Figure 2. The time-dependent evolution of magnetic field power
spectrum for the cases of y ~ 1.0 (panel (a)), 0.5 (panel (b)) and
0.25 (panel (c)).

turbulence (e.g., Galtier et al. 2000; Cho & Lazarian
2004). Subsequent analysis of all turbulence properties will
be conducted based on times ¢ ~ 9.0, 50, and 120 for y ~ 1.0,
0.5, and 0.25, respectively.

3.3. Properties of fully developed turbulence
3.3.1. Probability Distribution Function

Based on fully developed turbulence, we analyze the
probability distribution function (PDF) of the magnetic field
for the three cases, as shown in Fig. 3, providing the
values of the statistical moments of each order. Although
the analysis of the low-order statistical moments (u and o)
can hardly distinguish the statistical characteristics between
the strong and weak relativistic force-free MHD turbulence,
the high-order statistical moments (skewness & and kurtosis
{) have significant differences for y ~ 1.0 and y < 1.0.
The values of & and £ in weak turbulence are much smaller
than those in strong turbulence, which indicates that the
probability distributions for y ~ 1.0 have more elongated
non-Gaussian tails (a clear signature of intermittency) and
flatter distributions than those for y < 1.0. As a result, our
results reveal that relativistic weak turbulence is obviously
different from relativistic strong turbulence. This trend of
stronger intermittency in strong turbulence is consistent
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Figure 3. The probability distribution function of the magnetic
field for y ~ 1.0 (red), 0.5 (blue), and 0.25 (orange). Gaussian
fitting results with the mean value p and standard deviation o
are plotted as dashed lines in the corresponding colors. ¢ and
{ represent higher-order statistical measurements — skewness and
kurtosis, respectively.

Figure 4. The overall (panel (a)), perpendicular (panel (b)) and
parallel (panel (c)) power spectra of the magnetic field.

with findings in NRMHD turbulence (e.g., Miiller &
Biskamp 2000).

3.3.2. Spectra
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Figure 5. Scale-dependent anisotropy of the magnetic field. The
coordinates £, and ¢ represent the perpendicular and parallel scales
of the eddies along the local magnetic field, respectively. The
colored lines are the corresponding linear fitting.

Figure 4(a) shows the power spectra of the magnetic at
x ~ 10, 0.5, and 0.25 for fully developed turbulence.
We can observe that: for strong turbulence (y ~ 1.0), the
power spectrum presents a power-law relationship of E(k) o«
k=373, in agreement with the earlier theoretical predictions for
the non-relativistic (GS95) and relativistic (TB98) Alfvénic
turbulence; for weak turbulence (y ~ 0.5 and 0.25), the
power spectra show a power-law relationship of E(k) o k2,
consistent with the theoretical results for the non-relativistic
(Galtier et al. 2000) and relativistic (TB98) cases.

To investigate the energy cascade properties in the
relativistic strong and weak force-free MHD turbulence,
we show the parallel (panel (b)) and perpendicular (panel
(c)) magnetic field power spectra with respect to the local
magnetic field in Fig. 4. We see that the perpendicular
power spectra present the same power law as the overall
spectra (see Fig. 4(a)), with Ep(k,) o kf/ 3 and k? in
weak and strong turbulence, respectively. Differently, the
parallel power spectra Ej(kj) show steeper power laws than
Ey(ky), with Ep(ky) o k7, k4 and k' for x ~ 1.0, 0.5
and 0.25, respectively. Therefore, the perpendicular cascade
dominates the energy transfer of wave-wave interaction. In
particular, for y < 1, Ep(k)) remains very small in a wide
wavenumber range, suggesting the negligible energy cascade
in the direction parallel to the local magnetic field. Note that
the amplitude of the perpendicular power spectra Ej(k, ) peak
at k; ~ 4, and the parallel ones Ej (k) maximize at kj ~ 1,
which are associated with the wavenumber range that we set
Alfvénic wave initial driving (see Eq. (2)).

3.3.3. Anisotropy

To investigate the anisotropy and intermittency (see
Section 3.3.4) of the relativistic force-free MHD turbulence,
we here define the multi-order structure function as
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SF,(R) = (| F(X + R) — F(X) I"), )
for any fluctuation quantity F, where (...) represents a spatial
average of the system over the three-dimensional position
vector X. R = RyR; + R, R, is the spatial separation, where
I'\A’H and R, are unit vectors parallel and perpendicular to the
local mean magnetic field (see Cho & Lazarian 2002 and Cho
& Vishniac 2000 for detailed discussions), respectively.

For the strong and weak turbulence, we first calculate the
second-order structure function of the magnetic field and
velocity (setting p = 2 in Eq. (4)). By analyzing the
relation between perpendicular sizes of eddies (~ 1/k,) and
the parallel ones (~ 1/k;), we then obtain a scale-dependent
anisotropic scaling of ¢ o é’i/ 3 on small scales, as shown
in Fig. 5. This numerical finding indicates that: 1) there is
a similar anisotropic relationship between relativistic strong
and weak turbulence; 2) relativistic turbulence has a similar
anisotropic scaling with non-relativistic turbulence (GS95;
Cho & Lazarian 2002).

3.3.4. Intermittency

Intermittency is a manifestation of the deviation of
the turbulent energy cascade from a uniform distribution,
characterized by

SF,(R) = R"") 5)

the scaling exponent of the multi-order structure function,
where Y(p) is the absolute scaling exponent related to the
order of the structure function p (normalized by the scaling
exponent of the third-order structure function). Considering
the incompressible hydrodynamic turbulence is self-similar
within the inertial range, the absolute scaling exponent and
the order of structure function exhibit a linear relationship
of Y(p) = p/3 (Kolmogorov 1941), called the Kolmogorov
model. When the relation between Y(p) and p deviates
from this Kolmogorov model, it indicates the occurrence
of the intermittency phenomenon. As well known, She &
Leveque (1994) and Miiller & Biskamp (2000) proposed
classical nonlinear relations of Y(p) = g +2[1 = (2/3)"3]
to characterize the 1D vortex filament for incompressible
non-relativistic hydroturbulence (referred to as SL model)
and Y(p) = £ +1—(1/3)P* to characterize the 2D sheet-like
structure for incompressible MHD turbulence (referred to as
MB model), respectively.

Based on the extended self-similarity hypothesis (Benzi
et al. (1993) suggested that the power-law scaling can extend
from the inertial range to the dissipative region), we adopt
the scale exponent Y(p) between the third-order and p-order
structure functions to differentiate the level of intermittency
(see the inset of Fig. 6(a) for details and Wang et al. (2024)
for application to observations). Fig. 6 shows the scaling
exponent for the magnetic field as a function of the order in
the cases of strong and weak turbulence, including the total
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Figure 6. Intermittency of magnetic fields for y ~ 1.0 (panel (a)), 0.5 (panel (b)) and 0.25 (panel (c)), shown as the scaling exponent Y vs. the
order of structure function p, including the total Y(p), parallel Y(p) and perpendicular Y, (p) components. Our numerical results, with error
bars estimated from the standard deviation, compare with the theoretical predictions of the Kolmogorov, SL, and MB models. The inset in
panel (a) shows the multi-order structure function SF,(R) (from p = 1 to 8) vs. SF3(R) under the extended self-similarity hypothesis, and the

colored dashed lines show the corresponding linear fitting.

Y(p), parallel Y|(p) and perpendicular Y, (p) components.
As we can see, for the strong turbulence, the distribution of
Y(p) aligns closely with the MB model (panel (a)), which
indicates the occurrence of stronger intermittency with the
2D sheet-like structure of magnetic fields. For the weak
turbulence (see panels (b) and (c)), the distribution of Y(p)
is close to the SL model (with slightly weaker intermittency
than strong turbulence), indicating the occurrence of the
1D vortex filament of magnetic fields'. It may be due
to the strong turbulence enhancing magnetic fluctuations,
leading to the localization of the energy cascade. For all
X, the separated distributions of Y(p) and Y, (p) indicates
the anisotropy of the intermittency, with Y, (p) stronger
intermittency than Y|(p) and Y(p). It demonstrates that
the dominated cascades in the perpendicular direction with
respect to the local magnetic field enhance the behavior of
intermittency.

3.3.5. Spectra and Anisotropies of Generated Alfvén and Fast
Modes

In this section, we investigate the properties of the
generated Alfvén and fast modes due to Alfvén-Alfvén wave
interactions. The magnetic field power spectra of Alfvén
modes are shown in Fig. 7(a), which remain a similar
power-law relationship with the overall spectra for the strong
and weak turbulence (see Fig. 4(a) for details). For the strong
turbulence (y ~ 1.0), we have E5(k) o« k™/3, consistent
with the numerical results of the NRMHD turbulence (Cho &
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Figure 7. The power spectra of the magnetic field for the Alfvén
(panel (a)) and fast (panel (b)) modes.

Lazarian 2002, 2003). For the weak turbulence (y ~ 0.5 and
0.25), we have E5(k) o< k=2, consistent with the prediction of
Galtier et al. (2000) in the non-relativistic case. The magnetic
field power spectra of fast modes exhibit similar spectra to
Alfvén modes but peak at much smaller k, as shown in
Fig. 7(b), which is because they result from the nonlinear
interactions of Alfvén modes. Notably, there is a low ratio of
fast to Alfvén magnetic energy: (1) for y ~ 1.0, our results
are similar to that of Cho05, which found that the ratio is
roughly 0.13-0.15; (2) for y ~ 0.5 and 0.25, we find that the
ratio is much smaller than that for y ~ 1.0, and the smaller y
the smaller ratio.
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Figure 8. Scale-dependent anisotropy of magnetic field for the
Alfvén (panel (a)) and fast (panel (b)) modes. The coordinates €,
and ¢ represent the perpendicular and parallel scales of the eddies
along the local magnetic field, respectively. The colored lines are
the corresponding linear fitting.

In addition, we also explore the scale-dependent
anisotropy of Alfvén and fast modes on small scales in Fig.
8. For the strong turbulence (y ~ 1), Alfvén and fast modes
present the scale-dependent anisotropic relation of ¢ o fi/ 3,
As the turbulent cascade weakens (decreasing the y value),
their scale-dependent anisotropies become weaker and close
to ¢ o fi/ 4 implying that the eddy distortions depend more
weakly on the spatial scale (see also Fig. 6 of Cho0O5 for a
contour map).

4. APPLICATION TO THE MAGNETOSPHERES OF
NEUTRON STARS

In this section, we apply the relativistic force-free
Alfvénic turbulence to the magnetospheres of neutron
stars to understand their energy transfer and acceleration
mechanisms. The Alfvén waves injected into the
magnetosphere of a neutron star either damp near the surface
of the neutron star or escape from the closed magnetic field
line region, thereby driving relativistic outflows. Waves
trapped near the surface of a star can undergo turbulent
cascades. Taking Vela pulsar as an example, we estimate the
Alfvén wave luminosity La, rotational energy loss rate Ly,
and total cascade luminosity L, via the following formulae
(see TB9S)

8/3

5B
L~ o.z(—*) B2R:c, (6)

B,
Lg ~ 0.1Ls(QR4/c)?, (7)

1 (6B, \* (k. Z(V()R*) -

Loy ~ — - B2R%c, 8
cas 6(3*)(](” - x5 C (3

where B, and 0B, are the magnetic field strength and its
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disturbance at the star surface (with the radius R,, the spin
frequency Q = 2x/P, and the spin period P), respectively.
Consider the Alfvén radius Rn equal to the outer scale
of turbulence, where the Alfvén wave frequency is vy =
kyva/(2m) related to the parallel wavenumber k; and the
Alfvén velocity v, . Inserting the scale-dependent anisotropic
relation of & o ki/ 3 confirmed numerically (see Fig. 5) and

k=

luminosity of

K+ kﬁ ~ k, into Eq. (8), we can obtain the cascade

(€))

1 (6B,
B,

4
cas m _) k4/3BiRiC'

Adopting some typical parameter values of Vela pulsar:
B, ~ 102 G, R, ~ 10 km, Ry ~ 100R, = 10° km,
k, ~ 1/Rp and P ~ 0.1 s (Goldreich & Julian 1969;
Manchester et al. 2005; Lattimer & Prakash 2007; Carli
et al. 2024), we show the relation of luminosities with the
amplitude of magnetic field disturbance in Fig. 9(a). As seen,
the different luminosities increase with 0B, /By, indicating
that the stronger the turbulence is, the higher the luminosities.
The Alfvén luminosity La and the spin-down luminosity Ly
are greater than the typical luminosity of Vela (10%¢ erg s7!)
observed at X-ray bands. For the strong (y ~ 1.0) and
weak (y ~ 0.5, and 0.25) turbulence, we have the cascade
luminosities of Les = 48, 4.9, 0.412 x 10% erg s7'. In
the case of strong (or moderately weak y ~ 0.5) turbulence,
we thus expect that the turbulent cascade via accelerating
particles can reproduce the radiative luminosity of the Vela
pulsar.

As for the strong and weak turbulence, we plot the relation
that we found between the cascade luminosity and the
wavenumber in Fig. 9(b) (see also Eq. (9)). As shown, the
cascade luminosity decreases with the spatial scale (~ 1/k).
In the case of weak turbulence (such as y ~ 0.25), the
turbulent cascade can only provide the expected luminosity
(> 103 erg s”!) close to the neutron star surface, i.e.,
inner magnetosphere, where the produced emission may be
attenuated due to electromagnetic cascade processes and
cannot reach to observers. Therefore, we expect that the
strong (or moderately weak y ~ 0.5) turbulent cascade can
explain the X-ray radiation of the Vela pulsar. Nevertheless,
we would like to mention to the interested reader that
the turbulent correlation scale is of great significance to
determine the specific luminosity of the turbulent cascade.
Besides, it needs to consider the geometry of the open
magnetic field lines of the neutron stars. Our current work
offers a limited perspective on the application of relativistic
force-free MHD turbulence.

5. DISCUSSION

Under the condition of relativistic force-free MHD
turbulence, the Alfvén-Alfvén wave interactions are the



471

472

473

474

475

476

477

478

479

480

481

482

483

484

485

486

487

488

489

490

491

492

493

494

8 Gao, ZHANG & CHO

1045

(a) *
108 4
104 ",.,ﬂ—*"'*
g o
S 10% —
g -
A — //
2 o
£ —
2 1035
€ Typical luminosity
5 1033 of Vela pulsar
- La (Alfvén wave luminosity)
103t —-= Lsg (Rotational energy loss rate)
102 —— Lcas (Total cascade luminosity)
---- Vela X-ray (103° erg/s)
10-3 102 10T
6B./B.
1039
1038
v
S 1037
2
2
o L
3 10%
—=- x~1.0
10% — x~0.5
X~0.25
---- Vela X-ray (103° erg/s)
10-° 10-8 1077
k [em™1]
Figure 9. Luminosity vs. the amplitude of magnetic field

disturbance (panel (a)) and the wavenumber (panel (b)). The
symbols plotted by the red, blue, and orange stars correspond to
x ~ 1.0 (6B, /B, = 0.23), 0.5 (0.13), and 0.25 (0.07), respectively.
The vertically shaded band in panel (b) represents the outer scale of
Loyer = (1.0 £0.2) R4.

dominant wave-wave interactions (see TB98). Therefore,
we only explored the turbulent cascade between two Alfvén
waves. However, the fast-fast and Alfvén-fast wave
interactions driving may be important as well. For instance,
the former plays a crucial role in particle acceleration
and magnetic field amplification in environments such as
supernova remnants (Yan & Lazarian 2004) and intracluster
media (Brunetti & Lazarian 2007). The latter is essential for
magnetic reconnection and plasma heating in the solar wind
(Verdini et al. 2018; Shoda et al. 2019). We plan to explore
these turbulence properties in future work.

Although we only provided the numerical results for the
plasma parameters § = 0.2 in this work, we would like
to mention to the interested reader that the influence of 8
on turbulence properties is negligible in the case of strong
turbulence (given the computational resource overhead, we
did not test for the weak turbulence). The main reason
why force-free MHD turbulence is insensitive to S lies in
its fundamental condition that magnetic tension completely
dominates dynamics and the gas pressure effect is ignored
(TB9S).

To better characterize anisotropy in weak turbulence, we
combine the second-order structure function and the power
spectrum. The former shows that weak turbulence exhibits
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a scale-dependent anisotropy approximately kj o ki/ 3 at
small scales (see Fig. 5, similar to the results of Ng &
Bhattacharjee (2007)), and the latter exhibits the theoretically
expected relation of ky =~ const on large scales. This
paper focuses here on the small-scale results from the
structure function, as it has a limited number of samples
on large scales, leading to significant statistical errors,
which is a limitation of the two-point correlation function.
The second-order power spectrum, transformed from the
position space to the wavenumber space, may also affect
quantitative spatial anisotropy, particularly at small scales
where sampling is sparse and statistical reliability is lower
(see Fig. 3, the non-Gaussian distribution of the magnetic
field PDF indicates that the second-order power spectrum and
structure function cannot fully describe anisotropy when the
“inertial” range is too short, as shown in Fig. 4). Future
studies incorporating higher-order statistics, such as the
bispectrum and trispectrum, may yield more self-consistent
physical insight.

By analyzing the relation of y vs. k, in the weak
turbulence, we found that y increases in a way of y o
ki/ % in the inertial range, which are similar to the previous
simulation results (Ng & Bhattacharjee 2007; Ripperda et al.
2021). As described in Section 3.2, the evolution timescale of
weak turbulence to fully developed turbulence is much longer
than that of the strong one; that is, the weaker the turbulence,
the longer the interaction timescale (see Galtier et al. (2000)
for a theoretical prediction). This can probably be attributed
to two primary reasons. One can be attributed to the strength
of nonlinear interaction. The nonlinear interaction in weak
turbulence is weaker than that in the strong one; that is, the
weaker the nonlinear effect, the slower the inter-wave energy
exchange. Another one is related to the energy transfer
mechanism. In weak turbulence, energy transfers mainly
by four-wave resonant interactions (see TB98; Saur et al.
2002; accompanied by a weak nonlinear process), reducing
the transformation rate (Galtier et al. 2000). While in strong
turbulence, energy transfers effectively without a stringent
resonant condition.

We carried out simulations of RMHD turbulence in
the force-free approximation, a pivotal adoption that
defines the theoretical model, numerical approach, and
applicable astrophysical domains for RMHD turbulence.
Besides the differences in physical assumptions and
numerical implementation, a fundamental distinction
between force-free and fully relativistic MHD lies in
their energy transfer and dissipation mechanisms: the
former cascades energy primarily via Alfvén/fast mode
interactions within the electromagnetic field, while
the latter involves multi-channel conversions between
magnetic, kinetic, and thermal energy, leading to richer
dissipation processes. The force-free model accurately
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captures MHD turbulence properties in magnetically
dominated environments. Still, its applicability is limited
in high-gas-pressure scenarios, where full relativistic MHD
is required (e.g., Zrake & MacFadyen 2012). Here, we
mention that the force-free approximation has its intrinsic
limitations. It cannot describe how energy is dissipated
on kinetic scales due to the neglect of matter inertia (see
Section 3 in TB98). It still requires a sufficient number of
charge carriers to maintain the current density and ensure
that E - B = 0. If the density of the background plasma
is too low to provide the current required for cascading,
“charge starvation” will occur. In this context, a strong
parallel electric field accelerates particles, compromising the
force-free approximation, which can no longer be sustained
(see Section 7 in TB98).

Our decaying turbulence simulation is initialized by
exciting Alfvén wave perturbations (see Eq. (2)) rather
than driving an external force. The decay time is
estimated by Tecay ~ Tw/x> ~ 4/x* with the wave-crossing
time 7, ~ {j/c ~ 2n/1.5, approximately corresponding
to 4, 16, and 64 in units of the code for y = 1.0,
0.5, and 0.25, respectively. As seen in Fig. 2, most
of the magnetic energy remains concentrated near the
initial wavenumber with an approximately constant
length scale. We analyzed the decay of magnetic
energy over time using the fluctuating magnetic energy
b%, as the total magnetic energy is dominated by the
uniform background field By in our high-magnetization
setup. The measured decay exponent of »> is about 0.3,
slightly smaller than the exponent of ~0.4 for the total
fluctuating energy 5> + V2. It may be due to the current
simulations primarily capturing the phase of a fully
developed turbulent cascade rather than the late-time
self-similar phase governed by decay dynamics. This
observation aligns with theories suggesting a complex
transitional phase precedes pure power-law decay, where
energy cascades from initial (exciting Alfvén wave) scale
into the inertial range (e.g., Miiller & Grappin 2005).
Furthermore, in force-free MHD, where energy cascades
solely within the electromagnetic field, the absence of
direct plasma inertial and thermal dissipation channels
naturally results in a slower magnetic energy decay that
is significantly different from NRMHD turbulence (e.g.,
Cho et al. 2002).

Although we did not quantify magnetic helicity or
its fluctuations in this paper, significant local magnetic
helicity fluctuations could still exist despite a globally
E - B = 0. Recent work by Hosking & Schekochihin
(2021, 2023) has established that the Hosking integral,
which characterizes magnetic helicity fluctuations in
subvolumes, serves as a key conserved quantity in
decaying turbulence with zero net magnetic helicity,
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governing the decay process. Therefore, applying the
Hosking integral framework to our force-free MHD
turbulence simulations represents an interesting topic for
future research.

The study of RMHD turbulence is crucial for
understanding energy transfer, magnetic field evolution, and
particle acceleration in extreme astrophysical environments,
such as the magnetospheres of neutron stars and the accretion
disks of black holes. The turbulent cascade luminosity is
associated with the turbulent magnetic field amplitude and
the spatial scales, which can help understand pulsar radio
emission, X-ray flares, and even electromagnetic precursors
to gravitational wave events.  Future research should
combine high-resolution simulations with multi-messenger
observations (e.g., IXPE, FAST) to refine turbulence models.
Investigating RMHD turbulence is expected to unveil new
energy cascade paradigms under extreme magnetic fields,
potentially leading to a unified framework for understanding
magnetic field evolution in compact objects and the
formation of gravitational wave sources.

6. SUMMARY

In this work, we first simulated strong and weak relativistic
force-free MHD turbulence at a high numerical resolution
of 10243, exploring fundamental turbulence properties such
as the energy spectrum, anisotropy, intermittency, and
characteristics of the generated Alfvén and fast modes.
We then applied our numerical results to neutron star
magnetospheres to understand their energy transfer and
acceleration mechanisms. Our results are summarized as
follows:

1. We find that the power spectra of the magnetic field
follow power-law relationships of E(k) o« k™3 for
strong turbulence and E(k) o k=2 for weak turbulence,
which align with previous theoretical and numerical
studies in the NRMHD turbulence.

2. The energy cascade perpendicular to the local
magnetic field direction dominates the energy transfer
process of the relativistic force-free MHD turbulence.
The strong turbulence exhibits a scale-dependent
anisotropic scaling of ¢ o t’i/ 3, which also holds for
the weak turbulence on small scales.

3. Strong turbulence exhibits elongated non-Gaussian
tails of the magnetic field PDF, corresponding
to a stronger intermittency closer to the MB
model, while weak turbulence without significant
tails shows a weaker intermittency closer to the
SL model. Their intermittencies are mainly
dominated by the structure perpendicular to the
local magnetic field direction.
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4. The Alfvén and fast modes exhibit an energy spectrum
of E(k) o« k™%, where @ = 5/3 and 2 for strong and
weak turbulence, respectively, and a scale-dependent
anisotropic relation of ¢ o ¢*, where y ~ 2/3 and 3/4
for strong and weak turbulence, respectively.

5. The turbulent cascade luminosity increases with the
wavenumber in the way of a power-law relationship
of Les o k*3, and the strong (or moderately weak
x ~ 0.5) turbulent cascade can explain the X-ray
radiation of the Vela pulsar.
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