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In the book of HaadLocal Quantum PhysicéSpringer Verlag, Berlin, 1992
about local quantum field theory the main results are obtained by the older methods
of C*- and W*-algebra theory. A great advance, especially in the theory of
W* -algebras, is due to Tomita’'s discovery of the theory of modular Hilbert alge-
bras [Quasi-standard von Neumann algebrd2reprint (1967)]. Because of the
abstract nature of the underlying concepts, this theory bedammept for some
sporadic resuljsa technique for quantum field theory only in the beginning of the
nineties. In this review the results obtained up to this point will be collected and
some problems for the future will be discussed at the end. In the first section the
technical tools will be presented. Then in the second section two concepts, the
half-sided translations and the half-sided modular inclusions, will be explained.
These concepts have revolutionized the handling of quantum field theory. Ex-
amples for which the modular groups are explicitly known are presented in the
third section. One of the important results of the new theory is the proof of the PCT
theorem in the theory of local observables. Questions connected with the proof are
discussed in Sec. IV. Section V deals with the structure of local algebras and with
guestions connected with symmetry groups. In Sec. VI a theory of tensor product
decompositions will be presented. In the last section problems that are closely
connected with the modular theory and that should be treated in the future will be
discussed. ©2000 American Institute of Physids$s0022-2488)0)00906-3
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PRELIMINARY REMARKS

The original version of this review has been twice as long and contained all necessary proofs.
On request of the editors | had to shorten it. Therefore, most of the proofs have only been sketched
or dropped completely. Readers interested in details can get the entire script from the server of
local quantumphysics:
http://www.lpg.uni-goettingen.de/papers/99/04/99042900.html

I. INTRODUCTION

In this section we start with some statements of general interest, and add the main concepts
and notations to be used in this note.

I.1. Some general remarks

Shortly after the invention of quantum mechanics, several scientists tried to generalize this
theory to systems of infinite many degrees of freed¢8ee, e.g., P.A.M. Dirat,Jordan and
Wigner? Heisenberg and Paul) In many of these attempts the authors wanted to incorporate the
principle of special relativity at the same time. The combination of these two aspects is called
relativistic quantum field theory, for which the term QFT will be used as short form in this note.

Downloaded 25 Oct 2012 to 136.167.2.214. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



3606 J. Math. Phys., Vol. 41, No. 6, June 2000 H. J. Borchers

Nonrelativistic quantum field theory and QFT are usually used in different branches of phys-
ics. The area of application for the first is quantum statistical mechanics, solid state physics, and
liquids. The latter theory is mainly used for elementary particle physics. Quantum electrodynamics
and the standard model are two theories where the concepts of QFT are used. These examples do
not imply that the concepts of one form of the field theory cannot be useful for the other. The
investigation of Bros and Buchhdlon the relativistic KMS condition is such a case.

QFT has several different facets:

1. Lagrangian quantum field theory together with perturbation theory.

2. L.S.Z. theory, which is useful for scattering problefns.

3. Wightman’s quantum field theohand its derivative, the Euclidean field theory.

4. The theory of local observables in the sense of Araki, Haag, and K&stler.

The Lagrangean QFT is closest to physical intuition. But it has the disadvantage that the expres-
sions which appear in this theory have only a formal meaning. Up to now there is no convincing
scheme which puts the formal expressions onto a solid and consistent mathematical basis. The
existing perturbation and renormalization theory does not, in most cases, indicate anything about
the quality of the approximation. Therefore, only comparison with experiment can indicate the
quality of the Lagrange function and the approximation. Not in all cases is one as lucky as in
quantum electrodynamics, where the agreement between calculations and experiment is excellent.
If, as it is the case in the standard model, the Lagrange function depends on too many parameters,
then some sceptics are not satisfied, since some experimentalists say: “With three parameters one
can fit an elephant and with a fourth parameter one can make him wiggle his tail.” Probably the
right mathematics has still to be invented in order to make Lagrangean QFT acceptable for
everyone.

Before and during World War Il perturbation and renormalization theory consisted largely of
formal manipulations. This led R. Jost to the sarcastic remark: “In the thirties, under the demor-
alizing influence of quantum theoretic perturbation theory, the mathematics required of a theoret-
ical physicist was reduced to a rudimentary knowledge of the Latin and Greek alphabets.” In the
fifties there have been several attempts to put QFT on an axiomatic basis. This was possible since
new mathematics had been developed, for instance the theory of distribigens e.g.,
Schwart2'!9 and the theory ofC* -algebras(see, e.g., Naimatk). The theory of distributions is
needed for the LSZand the Wightmahapproach, and the theory 6 -algebras for the concept
of local observables. While the LSZ and the Wightman formalisms are still close to the ideas of
Lagrangein QFT, a new road was taken in the theory of local observables.

Since von NeumartA®? it is known that in quantum mechanics one can replace the un-
bounded physical observables by bounded functions of them. This has the advantage that, for
many problems of a general nature, the annoying operator domain questions disappear. In 1947,
Segal* proposed to use this method also for QFT. This idea has been taken up by R. Haag, and
it developed between 1959 and 1984 into the theory of local observables.

The increase of knowledge in functional analysis led also to partial progress in Lagrangean
QFT. With new techniques those theories which are superrenormalizable, could be rigorously
handled. Glimm and Jaffesee, e.g., Ref. 2&ave been the main promotors of this subject. The
number of scientists who have contributed to this field is enormous, and it is impossible to
mention them all.

Reviewing the past, the situation is as follows: The analyticity properties of the Wightman
functions allow one to choose the time coordinates to be purely imaginary. The functions obtained
in this way are called Schwinger functions. These(aga) analytic for noncoinciding points and,
in the case of Bose fields, symmetric in all variables. With help of the Hahn—Banach theorem one
can extend these functions to the coincidence points as symmetric distributions. It was the idea of
Symanzik® to identify these symmetric functions with the vacuum expectation value of a com-
mutative and hence classical field. He also assumed that the representation of this field is on a
Hilbert space with positive metric. In so doing the Schwinger functions can be considered as the
moments of a positive measure on the space of tempered distribdtior&nce many approxi-
mation theorems exist for positive measures, one can, in favorable situations, first approximate the
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dynamics on a lattice in a box and take the continuum limit and the limit for the box tending to the
whole space.

Unfortunately, the positivity of the Hilbert space for the Wightman theory does not imply that
the Schwinger functions define a positive linear functiof@l the symmetrized test function
algebra. The positivity of the Wightman functional implies only the restricted Osterwalder—
Schrader positivit§??! (see, also, Glas&). This is the positivity condition for nonoverlapping
functions. If one uses the Osterwalder—Schrader condition also for overlapping functions, then one
calls it extended positivity. If a theory fulfills extended Osterwalder—Schrader positivity and
Euclidean covariance at the same time, then, by a result of Yngvasbe,Schwinger functions
define a positive functional.

It is well known that broken time revers@dhich is the case in naturé not compatible with
a positive measure for describing the Schwinger functions. A generalization would be to work
with a signedcompleX measure. Borchers and Yngvadbhave derived necessary and sufficient
conditions implying that the Schwinger functions are moments of a complex measure. These
conditions are closely related to the existence of the Wilson—Zimmerm&tiecomposition of
products of field operators. The restricted Osterwalder—Schrader positivity still has to hold. In my
opinion one has to learn to draw conclusions from this condition before one can handle conver-
gence problems for signed measures. It is not known whether or not the Wilson—Zimmermann
product expansion holds for every Lagrangean QFT. If this is not the case, one has to generalize
the measure theory on Montel spacde test function spag@s one has generalized the measure
theory onR" to distributions, except, one must find a completely different method to handle
Lagrangean QFT.

In the theory of local observables the theories of von NeumanrCdnrdigebras are the main
tools for the investigation. In 1967 the theory of von Neumann algebras made a big step forward
in Tomita’s discovery of the theory of modular von Neumann algebras. In this paper | will focus
my attention on results obtained by this new theory. In the theory of local observables, abbreviated
QFTLO, many results have been obtained with the standard theory of von Neumann algebras.
Most of them are described in the book of R. Hiag.

This article is structured into several sections. Each of them is centered around one concept or
idea. The order of these sections does not follow some logical concept, but is done in such a
manner that the number of references to succeeding sections is minimized. Each section is split
into subsections. This is done in order to facilitate the search for special topics. The last section is
reserved to open problems.

I.2. Assumptions of the theory of local observables

The investigations of this paper are based on the following assumptions:

In the theory of local observables one associates to every bounded open t2gion
Minkowski spaceR? a C*-algebraA(®). For any unbounded open $Btthe C* -algebraA(G)
is defined as th€* inductive limit of the A(O) with OCG. These algebras are subject to the
following conditions:
(1) They fulfill isotony, i.e., ifO,C O, then A(O;) CA(O,).
(2) They fulfill locality, i.e., if ©; and O, are spacelike separated regions then the corresponding
algebras commute, i.e.,

Ae A(04), BeA(O,) implies [A, B]=0.

(3) They fulffill translational covariance, i.e., the translation groufdfcts as automorphisms on
A(RY). For everyae RY there exists an automorphisay e Aut A(RY) with

a , A(0)=A(O+a).
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A representationr of A(IRY) is called a particle representation if:
(i) 7 is a nondegenerate representation on a Hilbert space
(ii) There exists a strongly continuous unitary representation of the translation arelfa),
such that:

(@) The spectrum ofJ(a) is contained in the forward light-cone.

(B) The representatiobl(a) implements the automorphism,, which means that for every
Ae A(RY one has

AdU(a)m(A):=U(a)m(A)U* (a)=m(aA).

(iii) A representationr is called a vacuum representation if:
() 7 is a particle representation.
(B) In H exists a vectof) with U(a)Q=0Q VaeRY.
In the following we will always deal with vacuum representations and we set

M(O)=n(A(O))".
(y) We require weak additivity, i.e., for ever§ there holds

{ U M(O+a)}"=M(RY).
aeRd

(4) Very often also the covariance under the whole Poingaoeip will be assumed. This means
there shall exist a continuous unitary representatii\) of the Lorentz group obeying the
correct relations with the translations and

(a) U(AM)Q=Q,
(B) U(A)M(O)U(A)* =M(AO).

For the physical interpretation of these assumptions see the book of biaitig lecture notes
of Borchers?’

I.3. Tomita—Takesaki theory

As already mentiond this representation is mainly based on the Tomita—Takesaki theory. At
the Baton Rouge conference in 1967 Torffidistributed a preprint containing his theory on the
standard form of von Neumann algebras. At the same time Haag, Hugenholtz, and \Winnink
published their paper on the description of thermodynamic equilibrium states using the KMS
condition. Probably Hugenholtz and Winnink have been the first realizing the similarity between
certain aspects of their approach and Tomita’s theory and hence the importance of this new
mathematical theory for theoretical physi¢See, e.g., the thesis of WinniiR. But general
awareness of Tomita’s theory, only by TakesaKiseatment, published in the Lecture Notes in
Mathematics. Since then this theory is usually called the Tomita—Takesaki theory.

Let H be a Hilbert space and be a von Neumann algebra acting on this space with
commutantM’. A vector() is cyclic and separating fok1 if MQ and M'Q are dense irH. If
these conditions are fulfilled then a modular operat@nd a modular conjugatiahis associated
to the pair(M, Q) such that:

(i) A is self-adjoint, positive, and invertible

AQ=0, JOQ=Q.

(i) The unitary groupA™ defines a group of automorphisms &
AdA"TM=M VteR.

This automorphism group will often be denoted as
AdATA=:g'(A). (1.3.2)
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(iii) For everyAe M the vectorAQ belongs to the domain af*2
(iv) The operatod is a conjugation, i.e.] is antilinear and = J* =J"1, whereJ commutes with
A™, This implies the relation

AdJA=A"1 (1.3.2)
(v) J mapsM onto its commutant
AdIM=M".
(vi) The operator$:=JAY? and S* =JA %2 have the property
SAQ=A*(Q) VAeM,
SFA'Q=A"*Q VA eM'.

This implies thatAQ), A e M is in the domain oAAY? andBQ, Be M’ is in the domain ofA ~ %2,
Swill be called the Tomita conjugation @f\1,(2).
(vii) From (iii) one concludes that fok e M the vector valued function

t—ATAQ
has an analytic continuation into the st@p— 3,0):={ze C; — 3<Imz<0}. Property(vi) implies
ATTRDAQ=ATJA*Q, Ae M. (1.3.3

For elementB e M’ Eq. (1.3.1) implies thatA'BQ has an analytic continuation into the strip
S(0,3) and one gets byi)

AIHRDBO = AIIBY (). Be M. (1.3.3)

(viii) Using Eq.(1.3.3) and the fact thatl is a conjugation one obtains that fé¢ Be M the
function (,Bo'(A)Q) can be analytically continued into the sti§§—1,0). One finds at the
lower boundary the relation

(Q,Ba"N(A)Q)=(Q,0'(A)BQ), ABeM. (1.3.48
or equivalently
(Q,BA'VA0)=(Q,AATBQ), ABeM. (1.3.4b

The last two relations are called the KMS condition. They characterize the modular group
uniquely. If a unitary group fulfills the KMS condition fok1 then it is the modular group of1.
(See Ref. 33 Thm. 9.2.16.

For the proofs see Takesakior textbooks as Bratteli and Robinséror Kadison and
Ringrosé® or Stratila®*

A central role in this theory is played by faithful normal states of von Neumann algebras. As
a consequence of the Reeh—Schlieder thedt@ra know that the vacuum state has this property
for every local algebra in quantum field theory.

Faithful normal states do not exist for every von Neumann algebra. The generalization of this
concept are the weights. With so called normal, faithful, semifinite weights the Tomita—Takesaki
theory can be developed al&ee, e.g., Haagertf. The concept of weights will not be explained
for the moment, but only when it has to be used. Also the mathematical results obtained by the
Tomita—Takesaki theory will be mentioned when needed.
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I.4. Remarks on the edge of the wedge problem

In this section we want to collect some results from the theory of analytic functions of several
complex variables. All the results are given without proofs.

The theory of several complex variables is an important tool in quantum field theory and we
assume familiarity with these methods. The situation appearing(hackoften in other physical
casepis the edge of the wedge problem. One deals with two analytic funcfiof® andf(z),
ze C" defined in a tubd* andT~=—T7, respectively. The tub&* is based on a convex cone
CCR" with apex at the origin and defined by

T(C)=T"={ze(";z=x+iy,ye C,xeR"..

One assumes thét (z) andf~(z) both have boundary valuds (x), f~(x), respectivelyin the
sense of distributionsand that these boundary values coincide on some ope@Gét". In this
situation one knows from the edge of the wedge thedfahat both functions are analytic con-
tinuations of each other and are analytic also in a complex neighborho@d of

1.4.1. Theorem: (Edge of the Wedge
Denote by B the ball

o={zlel=( 2 12f?] <1

and define B=BNT(C) and B.=BNT(—C). Assume f(z) and f (z) are functions holo-
morphic in BE andB , respectively, with  and f~ having continuous boundary values at real
points ||x/|<1 and assume that these boundary values coincide. Then there exists a complex
neighborhood\ of R"NB and a function f holomorphic in BUB: U such that

f=f" on B and f=f" on B:.

In several applications one has functions depending on several real variables. One knows that
one can analytically continue in one variable if the others are fixed. One would like to know
conditions which imply that one can analytically continue in all variables simultaniously. An
important result on this question is the Malgrange—Zerner theof€ar. details see Epsteffi)
Since we need the result only for two variables, we will formulate it only for this situation. The
generalization to more than two variables is straightforward.

[.4.2. Theorem: (Malgrange—Zernegr
Let f(x¢,X,) be a continuous function of two variables defined(erl,1)x (—1,1). Assume for
fixed % the function {x;,x,) has an analytic continuation(£;,x,) holomorphic in zeD™
={z;|z|<1,Imz>0}, and for fixed x an analytic continuation (x,,z,) holomorphic in 3
eD™. Assume fz;,x,) and f(x,,z,) are bounded and continuous, i.€(z;,X,) is a continuous
function in % with values in the bounded analytic functions ori ,Dand the same for (i ,z,).

Then exists a function(,,z,) holomorphic in some neighborhoodND* X D™, where N is
some neighborhood of Dx(—1,1)U(—1,1)XD*. This function has boundary values on
(—1,1)X(—1,1) which coincide with x4,x,).

The importance of holomorphic functions of several complex variables is the following fact:
Not every domairG is a natural domain ift". In such a situation every function holomorphic in
G can be analytically continued into a larger domain. The domain into which every function,
holomorphic inG, can be analytically continued is called the envelope of holomokp{) of G.

We will need the tube theorem, the double cone theorem, and the Jost—Lehmann—Dyson theorem.
The tube theorem can be found in every text book on several complex variables.

1.4.3. Theorem: (Tube Theorem

Let G be a connected domaincR" and let T{G) ={ze C";Jmze G}. Then

H(T(G))=T(Co G),
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whereCo G denotes the convex hull of G
Another result of importance in QFT is the double cone theorem discovered independently by
Vladimirov®® and Borcheré®

1.4.4. Theorem: (Double Cone Theorem
Let G be a subdomain oRY, and let M(G) be some complex neighborhood of G. Ilet
=T(C)UT(—C)UMG) and H(T') be its envelope of holomorphy. Assumd€G such that
d—ceC and ctA(d—c) e G for 0O=<A<1. Then

D 4CH(T)NR",

where [ 4 denotes the double corfe+C)N(d—C).
We also need a result of Bros, Epstein, Glaser, and Stavhjch deals with the edge of the
wedge theorem in two variables.

I.4.5. Theorem: (Bros, Epstein, Glaser, Stgra
Let T" and T  be tubes based on the first and third quadrant, respectively. Assume the coinci-
dence domain is the first quadrant. If a real line;axbx,=c,a,b,c e R intersects interior of the
first quadrant, then all complex, nonreal points

az;+bz=c, z;,z, not both in R

belong to the envelope of holomorphy of the edge of the wedge problem

Many results in QFT are based on the Jost—Lehmann—Dyson representation. This character-
izes the envelope of holomorphy in case the cGrie the forward light cone and the coincidence
domain has some special properties. Jost and Lehmann have solved a speéfalbasgeneral
solution is due to Dysoff In this proof one uses tempered distributions. But that the answer is
general has first been shown by Bros, Messiah, and $tdfar more details on the Jost—
Lehmann—-Dyson representation see Ref. 27, Sec. 1l1l.4.

1.4.6. Theorem: (Jost, Lehmann, Dyson
Define Hu,m) to be the hyperboloid

h(u,m)={ze C%(z—u)?=m?,ue R, meR}.

Let GCRY be a domain bounded by two spacelike hypersurfaces. The complement of the envelope
of holomorphy of the edge of the wedge problem for

GUT(VHUT(-VY)

consists of the closure of the union of all real and complex points of the hyperbol@igsih
which do not intersect G

I.5. Some notations

(i) If O is some open domain in the Minkowski space ti@h denotes the interior of the
spacelike complement ap.
(iil) A domain of special importance is theedge Such a domain can be characterized in two
ways:
(@) First characterization: Let s be two perpendicular vectors i, i.e., (t,s)=0, such that?
=1 andt belongs to the forward light-cone asé= — 1 is spacelike. In this situation one defines

W(t,s):={aec R%]|(a,t)|<—(a,s)}. (1.5.2)

If, for instance,t is the time direction and is the 1-direction then this becom®#;={a;|ay|
<ag}.
(B) Second characterization: Every two-plane containing a timelike direction must cut the bound-
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ary of the forward light cone in two light rays. Let these light rays be described by the two
lightlike vectorsl,,l, belonging to the forward light-cone. These vectors are different. Now
define:

W(Il,lz)'={)\1|l_)\2|2+Fé.,)\1,)\|>0,(‘é,||)20,| :1,2} (|52)

It is easy to see that the two definitions result in the same set of wedges. The two definitions
coincide if{t, s and{l,l,} span the same two-plane andsi \l;—\,l, with positive coeffi-
cients.

The opposite wedge of a wediéis the negative oW and it is usually denoted by'. It is
obtained by replacing by —s in the first description and by interchanging the two lightlike
vectors in the second description.

(iii) Given a wedgeW there is exactly a one-parametric subgroup of the Lorentz boosts which
maps this wedge onto itself. In the above example of the zero- and one-direction, the Lorentz
transformations are the boosts in tiel)-plane. We will write these transformatiofis case the
wedge is the right wedg@/y in the (0,1)-plane as

cosh2rt  —sinh 2xt

0

A —sinh2#t cosh2st O

()= 0 0 1 (1.5.3
0

0 0

-~ O O O

(iv) Let A be aC*-algebra andr,, 7, be two equally faithful representations. These represen-
tations are calledjuasi-equivalentf the isomorphism betwee#r;(.A) and 7,(.A) extends to an
isomorphism of the associated von Neumann algebras

m(A)'=m,(A)".

Two representationsr; and m, of a theory of local observables are called locally normal if
71 (A(O)) and m,(A(O)) are quasi-equivalent for every bounded open regin

I.6. Things not treated

It is clear that | am not able to handle all subjects of QFTLO which are not in the book of
Haag. There is the reason of space, and more important, there are others who are more expert on
that particular field than myself.

(i) Low dimensional QFT'’s:

If the dimension of the Minkowski space is two, then the set of points spacelike to the origin
is no longer connected. This has for the definition of statistics the consequence that not only the
permutation—but also the braid group is of importance.

It is well known that in the classical theory, the solution of the free wave equation is the sum
of two functions depending only on one light-cone coordinate. A similar phenomenon appears in
two-dimensional conformal QFT’s. This means there exist quantum fields depending only on one
of the light-cone coordinates. These are often called right- or left-movers. One can map the real
line onto the circle and often one finds that such theory has an additional symmetry, namely, the
rigid rotation of the circle. Such theories are usually called chiral field theories.

The braid group and the additional symmetry of chiral field theories opens a “wonderland” of
new possibilities. Whether or not it is possible to get some important inspiration for the four-
dimensional QFT from these theories will only be answered in the future.

(i) General relativistic quantum fields:

It is a dream that one day it will be possible to combine quantum field theory with general

relativity. As a first step it is probably reasonable to treat the QFT of test particles. These are
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theories where the quantum fields are influenced by the gravitationalidh is treated clas-
sically), but where the energy of the quantum field does not appear as a source of the gravitational
field.

The main problem of this theory is the replacement of the spectrum condition. At the moment
it is not clear whether or not there exist states describing a finite number of particles. At least in
theories with a horizon the Hawking—Unruh eff@& seems to indicate that no such states exist
in this situation. Therefore, the main stream of investigation focuses on the aspect that the speed
of particles should not be higher than that of lighiefined by the gravitational field These
investigations use extensively the theory of wavefront sets.

(iii) Renormalization group:

For a long time the renormalization group method has been used mainly in connection with
perturbation theory. This theory is designed in order to understand the physics at very low or very
high energies. Not long ago Buchholz and Véfclvere able to transcribe the renormalization
group technique to QFTLO. In this scheme there are no serious obstructions, that means their
method uses a sound mathematical basis. In examples they could show that the limiting theories
can be different from the original theory. In some cases there is even more than one limiting
theory. In my opinion this is an important new aspect of QFT which deserves one’s attention.
Buchholz will give a representation of this theory in the same volume.

An appendix to the references will be added containing a list of papers on the subjects not
treated. This incomplete list might be a help for a start for those interested in some more details on
one or more of these fields. | am obliged to K. H. Rehren and R. Verch for preparing these lists.

II. ON VON NEUMANN SUBALGEBRAS

From the axioms of QFTLO there has been extracted a large humber of beautiful results. All
of them are in accordance with our physical intuition. Examples are the collision theory and the
theory of superselection sectors described in the book of Blaaghe properties of the spectrum
of the translations presented in the lecture notes by Boréfiers.

However, up to now it is not clear how to distinguish the theories with different dynamics
from each other. Since for two different theories the local nets as a whole are not isomorphic to
each other, one should lodks a stajtat the embedding of the algebra of one regi@ninto the
algebra of a bigger regio®,. What is known about this question will be collected in this section.

II.1. Order by inclusion and order of modular operators

Let A'be a von Neumann subalgebra.bf acting on the Hilbert spacH. Assume that both
algebras have a common cyclic and separating veétarhen one hadvl) C M) and hence the
Tomita conjugatiorS,, of M is an extension of the Tomita conjugati&y, of N.

Dropping the indexM of the Tomita conjugation, the operatSihas the following properties
(see 1.3:

(i) Sis a densely defined closed antilinear operator with domain of defifi?(@®) and M is a
core forS

(i) S*=1onD(S).

(i) Qe D(S) andSQ=().

SinceSis closed it has a polar decompositiBs JAY2. The modular operatak is invertible
andJ is a conjugation. Equatiofi.3.2) reads

JAJ=A"L, J=J=J7"1

These properties follow from the conditi@®i=1. (See, e.g, Bratteli and Robinson, Ref. 32, Prop.
2.5.11)

Usually a Tomita conjugation will be a densely defined unbounded operator. The best way of
describing an unbounded operat¥r is by its graph. This is the sef ¢, X¢le HeH; ¥
e D(X)}. If the operator is closed then the graphXfis a closed linear manifold o & H.

Downloaded 25 Oct 2012 to 136.167.2.214. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



3614 J. Math. Phys., Vol. 41, No. 6, June 2000 H. J. Borchers

Therefore, it can be characterized by the projecBgX) onto the graph. The projectidd(X) can
be written as a two by two matrig; \,i,k=1,2 of operators ofk fulfilling

Pi'k= Pi,i » 21: PiiPj k= Pik- (1L1.1)

If the operatorX is antilinear therp, , and p, ; are antilinear also. The domain &fis given by
D(X)=pr1+ P10, ¥, @M and its range, 144+ P, . Therefore, one getg, ;=Xp;; and
P2.=Xpy . From these relations and from Egj.1.1) one can easily expregs y in terms ofX.
Of interest isp; ; which has the form

Pp1=(1+X*X) "L, (I1.1.2)

If X, is an extension oK then the graph oK is a subset of the graph of,. This implies in
particular P(X;)=P(X). If E; is the projection onto the first Hilbert space then we get
E.P(X;)E;=E;P(X)E,, and with Eq.(1l.1.2)

(1+XFX) " I=(1+X*X) 1,

The matrix representing the projection onto the graph has been introduced by*®tiviseoften
called the Stone- or characteristic matrix of the operator. More details can be found in
Nussbaun{?®

If the operatorX is antilinear, then one has to replace the second Hilbert space by the
conjugate complex Hilbert space. In this case the opergtpgsnd p, ; are antilinear. With this
change one can deal with the graph in the same manner as if the operator would be linear. If one
feels uneasy with this procedure one can fix a conjugaiticon H and multiply the antilinear
operatorX by K. SinceKX is a linear operator the usual arguments can be applied. In the case
NCT M one obtains

(I+A I<s(+A,) 4
or

A=Ay, (I1.1.3)

This implies in particular that the domain &fi? is contained in the domain af}?. Since the

domain ofA}? is the range ofA /2, the expression

~1/2 ~1/2
APA A
is a densely defined bounded and hence a closable operator, and one gets
closure A M2A A M2<1. (I1.1.4)

As an application of this discussion we obtain:

[1.1.1. Theorem:
Let M; be an increasing family of von Neumann algebras, iM; C M;, ;. Let

M={UM}".

Assumd is cyclic and separating foM; and for M. Denote by(A;,J;) and (A, J) the modular
operators and modular conjugations #ff; and M, respectively. Ther\; converges ta\ in the
resolvent sense and donverges strongly to.J

A similar result holds for decreasing sequences. This result has first been obtained by
D’Antoni, Doplicher, Fredenhagen, and Londo.
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I1.2. The first fundamental relation

There are other aspects of the relatidinl.4) which give some more information. Since the
result is needed several times, | quote it as in the report at the IAMP conference iR*Paris.

Theorem A:
Let M, be two von Neumann algebras with the common cyclic and separating ¥&cienote
the modular operators and conjugations vy, ,J ., andA -, J, respectively. Let ¥ B(H) be a
unitary operator with
(i) vQa=Q, and
(i) AdVANC M, o
then the function &) :=A ,'VAY; has the properties
(a) V(t) is *-strong continuous in & R.
(b) V(t) possesses an analytic extension into the st(i@,3={t e C;0<Imt<3} as holomorphic
function with values in the normed spaB€H).
(c) In this strip we have the estimate

IV(mll=1. (11.2.1)

(d) V(7) has boundary values &mr=0 and atImr= 3 in the *-strong topology
(e) On the upper boundary the value is given by

V(t+i3) =3, V(1) y, (1.2.2)
hence by (a) also this function isstrong continuous in.t
[1.2.1. Remarks:
(i) With N’DV* M’V one obtains
V¥(t)=V(—t)*.

Notice that the functionV(z)* is again an analytic function holomorphic i6(—3,0)
={teC;—3<Imt<0}. Therefore, the last relation reads in the complex

V*(z2)=V(—2)*. (1.2.3)
Idea of the proofThe continuity properties are shown by standard methods. The interesting
parts are the analyticity properties. Let us identify for a moméntv* with PC M. SinceA
—A%0=<a=<1 is an operator monotone function on positive operatse®, e.g., Pedersen, Ref.
52, Prop. 1.5.8.we obtain from Eq(1.1.3)
AZ=A%,, O=ea=<l1l
and hence
closure {A;“A%%AL*}<], O=a<3i.
This implies
[closure A} AL%<1, O<as<s.

From this one easily derives the statements of the theorem excefgtl 2@). This relation is
obtained by applying/(t) to vectors of the fornA’Q with A’ e A7 and then using the properties
of the operatorsSy- andS,,. O

A proof of the last theorem can be found in Ref. 51. A short version of the proof is due to
Florig.>®

Downloaded 25 Oct 2012 to 136.167.2.214. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



3616 J. Math. Phys., Vol. 41, No. 6, June 2000 H. J. Borchers

I1.3. Characteristic functions and von Neumann subalgebras
In the special cas¥ =1 one uses the following notations:

[1.3.1. Definition:
Assume)N is a von Neumann subalgebra 61 andQ) is cyclic and separating for both algebras.
We set

D () =A AR (11.3.1)
The functionD , ,(t) satisfies the following relations:

11.3.2. Lemma:

For the function Ot) :==D ,, \(t) defined in Eq(Il.3.1) the following holds

(1) D(t) is unitary and strongly continuous in t. Moreovei (@) = 1.

(2) D(1))Q=Q, for all t e R.

(3) D(t) has a bounded analytic continuation into the strif0$) and has strongly continuous
boundary values afmt=0 and Jmt=3.

(4) D(t+1/2) is unitary and strongly continuous in t

(5) D(t) fulfills the following cocycle relation

D(s+t)=0(D(s))D(1). (1.3.2)
(6) For complex values of the arguments one finds
D(t+i/2)*3,D(t)=D(t)*J\D(t+i/2)

is independent of. t
(7) Ad{D(t)D(i/2)* } MC M holds for all te R.

All these properties follow from the definition & ,, \(t).
Notice that the properties @ (t) described in Lemma 11.3.2 do not contain any reference to the
algebraN. Therefore, we introduce the following notation:

[1.3.3. Definition:
Let M be a von Neumann algebra acting Ahwith a cyclic and separating vect6l.
1. By Sub(M) we denote the set of von Neumann subalgelasf M which have(Q) as cyclic
vector.
2. An operator-valued functiob (t) which fulfills the propertieg1)—(7) of Lemma 11.3.2 will be
called a characteristic function g¥1.
3. The set of characteristic functions belonginght6 will be denoted byChar(M).

[1.3.4. Theorem:
Let M be a von Neumann algebra with a cyclic and separating ve@tofhen to every charac-
teristic function O(t) of M exists a von Neumann subalgehtde Sub(M) such that t)

=A A", The correspondence

Sub( M) <= Char(M)
is one to one
Idea of the proofFirst one defines
U(t)=A"%D(t) and K=J,D(i/2), (1.3.3)

and showskK =K* =K1 andU(t)K=KU(t). For obtaining this one uses the cocycle relation
(11.3.2) and Lemma 11.3.66). Next one wants to construct the von Neumann algéfiar better
the algebra\ which we define

Downloaded 25 Oct 2012 to 136.167.2.214. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



J. Math. Phys., Vol. 41, No. 6, June 2000 On revolutionizing QFT with modular theory 3617

N'=10 AdU(t)M". (1.3.4)

teR

This algebra is invariant under Adl(t). (o':==Ad U(t).) First one shows thaJ ,MJ K com-
mutes witho'(M’) and hence with\". SinceKJ ,, is unitary and map$) onto itself it follows
that Q) is cyclic for V. The demonstration of this needs propef®y of Lemma 11.3.2 and the
cocycle relation. Consequences are the relations

[o'1(A]),Ko'2(A)K]=0, A} ,A,e M';t;,t,eR. (11.3.5)
If one writesU(t)=A'", one shows foA’ e M’
A~ Y25 (A Q=K (A'*)Q. (11.3.6)

The proof of this relation needs the analyticity propertyogt). In order to extend this relation to
all of A7 one defines by integration the elememt§A’) for A’ e M’ and f e £LY(R) entire
analytic. For such elements Ad'o(A’) is an entire analytic operator valued function. With such
elements one can extend E{.3.6) to products and by density arguments to arbitrary elements in
N'. With this result it is easy to show that(—t) fulfills the KMS-condition for 7 which
implies that it is the modular group for that algebra. It remains to show the uniqueness of the
mapping. IfD,(t) andD,(t) are different then follows from the construction used above that the
algebras are different. Conversely assulfieN, e Sub(M) andD(t) andD,(t) coincide. Then
A and A} coincide and alsd; andJ, coincide by Eq.(1.3.3). This implies that\;NN; is
invariant unded! =A% . SinceJ; M’ J, is contained in the intersection it follows th@tis cyclic
for A1NAN5. HenceN; and also\, coincide with V;NA. (See Ref. 33, Thm. 9.2.36Hence
the mapSub(M) < Char(,M) is one to one.

The content of this subsection is taken from Ref. 54.

I1.4. The second fundamental relation

There is a second fundamental relation which has to be used several times also. A special case
appeared first in Ref. 55. The present formulation is taken from Ref. 51 and this proof is due to
Florig->® It uses only functions of one variable and not of two variables as in the original demon-
stration.

Theorem B:
Let M, N be two von Neumann algebras with the common cyclic and separating @ctaet
W(s) e B('H) be an operator family fulfilling the following requirements with respect to the triple
(MNQ).
(i) For seR the operators Ws) are unitary and strongly continuous and fulfill the equation
W(s)Q=Q.
(i) The function Ws) possesses an analytic continuation into the stri®,§ with strongly
continuous boundary values
(iii) The operators W /2+t) are again unitary
(iv) The function Wo) is bounded, hencW(o)|<1.
(v) For teR one has Wt) AW(t)* C M and W(i/2+t) V" W(i/2+t)* C M.
In this situation the modular operator and the transformationgsyMulfill the following trans-
formation rules

AT W(S)A ' '=W(s—t),
JW(S) I =W(i/2+s).

[1.4.1. Remark:
In some applications one has to face the situation\th@t+ i/2) has eventually a discontinuity at
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one point, but all other properties remain valid. Such singularity is harmless. The reason is as
follows: The proof of Theorem B is based on the continuation across a line, applied to matrix
elements of the operator valued function

(t,9)—~AL W(s+1)A . (I1.4.1)

These matrix elements have bounded analytic continuations, which are continuous at the boundary
of their domain with the possible exception of one point witht=i/2. By the dominated con-
vergence theorem and the boundedness of(Eg.1), this piece-wise continuity is sufficient to
ensure coincidence of boundary values in the sense of distributions. The edge-of-the-wedge theo-
rem, Thm. 1.4.1, then implies analyticity in the coincidence region, so continuity in the exceptional
point holdsa fortiori.

Proof: ChooseA e N andB e M’ and define for fixed the two functions of the variable

Fr()=(Q,BATW(s+1)A'AQ),
F () =(Q,AAW* (s+1)A'BQ).

SinceBe M’ andA e N and sinceW(t) has a bounded analytic extension into the s8(p,3),
also the two functions have bounded extensidtis(t) into the stripS(0,3) andF ~(t) into the
strip S(—3,0). Using modular theory one can compute the functi®ig(t-+i/2) and F(t
—i/2). By the assumption about the mapping property\gs+t) and ofW(s+t+i/2) we obtain:

FY(t)y=F (t), and FT(t+il2)=F (t—i/2).

By these coincidences we obtain a periodic entire analytic function. Since this function is bounded
by max|[B* Q| |AQ|L,|A* Q| |BQ|} it is constant. This implies

(Q,BAT W(s+1)A'AQ)=(Q,BW(S)AQ).

Since Q is cyclic for " and for M’ follows the first statement of the theorem. The second
statement is the same as EH.2.2). O

I1.5. Half-sided translations

From the general theory of von Neumann subalgebras described in Subsec. 11.3 we turn to
special cases. We start with half-sided translations.

[1.5.1. Definition:
Let M be a von Neumann algebra acting Ahwith cyclic and separating vectd? e H.
1. Hstr(M) ™ denotes the set of one-parametric continuous unitary grolp)s te R with the
properties:

a. U(t) has a positive generator, i.e., we can write

U(t)=exp{iHt}, with H=O0.

B UM)Q=QVteR.

v. AdU(t) MC M for all t=0.
2. Hstr(M)~ denotes the set of one-parametric continuous unitary gral(y, te R with y
replaced by

Y. AdU(t) MC M for all t<0.
We call the groups belonging tstr(M)* *half-sided translations associated wit.

In the definition of the+half-sided translations it is not possible to repldce by R because

AdU(t)MCM Vit
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implies together with the positivity of the spectrum and the invariance of the vatlj= 1 for
allteR.

An example where half-sided translations appear, is the algebra of the wdd@é. If W
=W(l,l,), then the translations along the directibnfulfill the assumptions of+half-sided
translations and those along thedirection the assumptions efhalf-sided translations.

[1.5.2. Theorem:

Let M be a von Neumann algebra with cyclic and separating vedibrand let W(t)
e Hstr(M) ™. Then holds:

A'U(s)A7t'=U(e™ ™s),
JU(s)J=U(—5).

This theorem appeared first in Ref. 55. The following proof is based on Theorem B.

Proof: If U(a) fulfills the assumptions of the theorem then it has an analytic continuation into
the upper half plane. By assumptiti{a) maps.M into itself for positive arguments and hence
U(a) maps M’ into itself for negative arguments. Therefore, we can apply Theorem B to the
family W(s)=U(e?>%) and obtain together with the analyticity bf(a)

Ad Aitu(eZTrS): U(eZw(S—t))'
AdA"U(a)=U(e ?™a),
AdJU(a)=U(—a).

This shows the theorem.
[1.5.3. Remarks:
(i) If U(t) e Hstr(M)~ then one obtains the relations

AiIU(S)A—it: U(ethS),
JU(s)J=U(—5s).

(ii) For a wedgew(l,l,) the two lightlike directions span the characteristic two-plane of the
wedge. Ifx is in this plane then one finds the transformation formula

ATU(X)ATT=U(A(1)X),

whereA(t) are the Lorentz boosts of the wedge described in(E5.3).
(iii) Let U(t) e Hstr(M)™ and defineN=A"MA ~" then one finds by the last theorem

A'NATIC N for t=<O.

11.6. Half-sided modular inclusions

The last point of Remark 11.5.3 led Wiesbro€R’ to introduce the concept of half-sided
modular inclusions.
[1.6.1. Definition:
Let M be a von Neumann algebra acting shwith cyclic and separating vectd2 e H. The
modular operator and conjugation of this pair will be denoted\bgnd J.
1. By Hsmi(M)~ we denote the set of von Neumann subalgelvasf M with the properties:
a. Q) is cyclic for V. It is also separating fal" since NC M.
B. ATVA ™= Ad ATNC N for t=<0.
2. By Hsmi(M)™ we denote the set of von Neumann subalgelvasf M with the properties:
a. Q is cyclic for V. It is also separating fal since NC M.
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B. ATWA = Ad A"NC N for t=0.
The elements ot smi(M)* will be called the von Neumann subalgebras fulfilling the condition
of Fhalf-sided modular inclusion.

It should be remarked, that one cannot repl&ceby R because

AdATNCN Vit

implies /=M. The principle of half-sided modular inclusion is closely related to the half-sided
translations by the following result:

[1.6.2. Theorem:
Let N'e Hsmi(M) ™. Then there exists a group(t) e Hstr(M)™ such that the equation

N=AdU(1)M

holds

Theorem 11.6.2 is in some sense the converse of Thm. 11.5.2. In some cases where one can
compute the modular group one can find subalgebras fulfilling the conditions of half-sided modu-
lar inclusion. In these cases the corresponding half-sided translations are known only if they are
geometric groups. But this is not always the case. o

Idea of the proof:If the theorem is true andv=U(1)MU(—1) then one has\ 'A};
=AU(1)AL,U(—1)=U(e®™—1). Therefore, one has to show that the prodagy'Al},
:=D(t) commutes for different values of the arguments. For this one uses Thm. B again. By Thm.
A D(t) has an analytic continuation into the st&0,3). On both boundaries the expression is
unitary. By assumption of the modular inclusion one obtains:

D(tH)AMD(t)*CWN, for t=0,
D(tH)N'D(t)*CN’, for t<O,
D(i/2+ )N’ D(i/2+t)*CN", for teR.

The last statements follow from (i/2+t)=J,,D(t)J . I, mapsA’ ontoNV,D(t) maps this into
M and finallyJ ., maps this intoM’ CA. Consequently one can apply Thm. B to the expression

1
—log(e?*™+1)

W(s)=D o

If we setU(e?™—1)=D(t) then we obtain
U(e*™-1)U(e*™—1)=U(e*™+e*™~2).
This shows thatJ(a) is additive for positive arguments and by analytic continuation it follows
that it is an additive unitary group with positive generator. It remains to show\flisiof the form
U(1)MU(—1). To this end we introduce:
11.6.3. Definition:
Let A" be a—modular inclusion then we set
Me 2™ =ATNA L,
M—e ™) ={ARJ NI A .

/\/(O) I{U]\/(e’z"t)}”.
t

With this one finds
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11.6.4. Lemma:
The von Neumann algebrag(t), defined above, fulfill the following relations

t;<t, implies Mt;)DMt,),
NO)=M.

The first line follows from the definition of half-sided modular inclusions. The algalith is
a subalgebra oM which is invariant under the modular group .8, has() as cyclic vector and
hence coincides wittM. (See. Ref. 33, Thm. 9.2.36.

Proof of the theorem, continuatioffrom the observation th&i(a) is a continuous group it
follows that the family\(t) is also continuous at zero. Hence we obtain

M=U(-1)NU(1).

This shows the theorem.

We end this subsection with some uniqueness result which is taken from Ref. 58.

[1.6.5. Theorem:
Let M, and \V,, aeR be two families of von Neumann algebras on the Hilbert spatgsH,,
with the cyclic and separating vect6l,,, ,,, respectively. Assume there are continuous unitary
one-parametric groups W(a),U(a) both fulfill spectrum condition and leav@,,,(},, un-
changed. Assume

Ma=U y(a)MoU y(—a), Ny=U(a)NoU,(—a).
Let moreover
M,CM,, N,CN, for a>b.
If there exists a unitary map W with M/,=H,, and W=, and in addition
Mo=WNoW* and M;=WN;W*,
then follows
M=WNW* V aeR,
U y(a)=WU,{(a)W*.

The same is true if we require that, and M; as well asNy and N; both fulfill modular
inclusion for negative arguments of the modular graups
The proof follows from Thm. [1.5.2 and the uniqueness of the modular groups.

II.7. Remarks, additions, and problems

(I) For the definition of half-sided translations one has used that the dgg¢spmaps the cyclic
and separating vector onto itself and thits) has a positive generator. From this one concluded
Thm. I1.5.2. The arguments can be reversed and one finds

[1.7.1. Theorem:
Let U(s) be a continuous unitary group fulfilling () MU (—s) C M for s=0. Then any two of
the three conditions imply the third

a. U(s)=¢€"s with H=0.

b. U(s)Q2=Q for all seR.

c. AdA(U(s))=U(e ?™s),

JU(s)J=U(—5s).
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The implicationb+ c—a has been shown by Wiesbroélanda+c—b can be found in Ref.
60.

[1.7.2. Remark: The conditions a, b, and ¢ of Thm. 1.7.1 do not imply the relation
Ad U(s) MC M for s=0. This is due to the fact that the modular grahj does not determine
the algebraM. But if we know AdU(sy) M CM for one sp#0 then one findss;>0 and
AdU(s)yMC M for all s>0. The first line of ¢ implies the inclusion for a half-line, and the
conditions a and b imply, together with the proof of Thm. 11.5.2, that this is the positive half-line.
(II) Let M be a von Neumann algebra with cyclic and separating veletokssume there exists
a unitary grougJ ¥ (x*) e Hstr(M) " and a unitary group) ~ (x~) e Hstr(M) . If these groups
commute, then one can construct a two-dimensional theory, which eventually does not fulfill the
weak additivity property.
We set:
(@) U(X)=U"(x")U " (x") wherexe R? andx™,x™ are the light-cone coordinates. THiKX)
fulfills the spectrum condition since* andU ~ are half-sided translations.
(B) M(WgR)=M and M(W,)=M'. The algebras of the shifted wedges are defined by the
translations:M(Wg+x) =Ad U (x) M(Wg) and M(W_+x)=Ad U(xX) M(W,).
() Notice that in the two-dimensional Minkowski space a double cone is the intersection of a
shifted right-wedge with a shifted left-wedge. For be W we putDy ,=(Wr+b)N (W, +a)
and

M(Dy, o) = M(Wg+b)NM(W_+a).

It is easy to check that this defines a Poincamvariant net on the two-dimensional
Minkowski space. We only do not know whether or fdtis cyclic for M(Dy, ).

[1.7.3. Problem:Can one characterize those algebyas which fulfill the assumption de-
scribed undefll) and for which(} is also cyclic forM(Dy, 5)?
(Il1) The spac&har(M) can easily be furnished with a topology.

[1.7.4. Definition:
Let M be a von Neumann algebra with a cyclic and separating ve@tovWe introduce on
Char(M) the topologyr of simultaneous-strong convergence & ,(t) andD ,(t+i/2), andthis
uniformly on every compadf of the real line. The neighborhoods of an elemBift) are given

by

U8 K, D(1)) ={D'(t) € Char(M);[[(D(t) = D" (1)) ¢l +[I(D()* =D" (t)*) ]
+[[(D(t+i/2) =D’ (t+i/2)) ¢ +[|(D(t+i/2)* =D’ (t+i/2)* ) yi| <1,

i=1,..nteK}.

With this topology one obtains:

[1.7.5. Theorem:
The space&har(M) is 7 complete
For details see Ref. 54.
(IV) Using the modular automorphisms.6f one sees tha$ub(M) contains a continuous family
of different elements if it contains a nontrivial element. With help of the Longo endomorphism
one can construct a decreasing famihy inclusion of elements(For N'e Sub(M) the Longo
endomorphism applied t&/ is Ad (JJ v )N.)

If NeSub(M), then there is a natural injection @ub(N) into Sub(M). Hence if
Sub(M) is nontrivial it must have a rich structure.

I1.7.6. Problemsia) Since finite algebras have a trace it follows that theSsei( M) consists
of only one point, namelyM itself. That this is not the case for local algebras has first been
shown by Kadisoft and by Guenin and MistZ.If the von Neumann algebra is infinite, does then
Sub(M) contain nontrivial points?
(B) The definition ofSub(M) (Def. 11.3.3) depends on the cyclic and separating ve€loif
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andV are two different cyclic and separating vectors/df, does this imply tha€har, (M) and
Chary (M) are homeomorphic?

(V) 1.7.7. Problem:If the algebra\N'e Sub(M) is connected with a half-sided translatiar a
half-sided inclusioin then the characteristic functiob(t) is Abelian. AssumeD(t) is Abelian,
then do there exist two commuting half-sided translatibhs= Hstr(M) ", U, e Hstr(M),
such thatv=Ad (U(1)U,(—1))M holds?(One of the factors could be trivial.

Ill. ON LOCAL MODULAR ACTION, EXAMPLES

Since the modular group of the pdit1(O), Q) is defined but not very concrete, one would
like to have examples where this group can be computed explicitly. These are those where the
modular group of the algebra, associated with some domain in the Minkowski space, defines a
geometric transformation. We start with the result of Bisognano and Wichih&at which we
look in some detail. Afterwards the other examples known up to now will be discussed. Since it
promotes the feeling for the modular groups, if they act local, it is interesting to look for other
possibilities. As the result of Treb8fsshows, there are no other cases in the vacuum sector.

Il1.1. The result of Bisognano and Wichmann for the wedge domain

The first explicit determination of a modular group is due to Bisognano and Wichmann. They
assumed that the local algebras are generated by Wightman fields, and that the Lorentz transfor-
mations act on the indices of the fields by finite dimensional representations of the Lorentz group,
ie.,

U(A)A(X)U*(A)=2 DI(A)A[(AX),
]

whereD!(A) is the direct sum of finite dimensional representations. In this situation the theory is
also PCT invariantJosf®). Here the case of only one scalar field will be treated. For the general
case see Ref. 64. All our calculations use e

[11.1.1. Remark:
(1) Let A(t) as in Eq.(1.5.3) and let the forward tub&* be defined by

T ={z;OmzeV*}.

Then we have:
Forxe W one has\ (t)xe T* in the range— 3<Imt<0, and ifxe W, , one has\ (t)xe T~ for
0<Imt<3.
For Jmt=0, or = 3, the vectorA (t)x belongs again t&*.

(2) Let A(x) be the field operator, thed (iy)A(x) Q2 =A(x+iy)Q is defined forye V*.
(3) Let x=(Xg,X1,X2,X3) € Wg then

A(=i12)(Xg,X1,%2,X3) = (—Xo, = X1,X2,X3),
and hence

U(A(—i/2))A(X)Q=A(—Xg, X1 X5, X3) ).
(4) On the other hand the PCT operaforgives

OAX)QA=A(—x)Q.

This suggests for the modular conjugation the representation

J=0U(me)=U(me)0,
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whereU(,e;) represents the rotation around theaxis ands is the angle of rotation.
(5) If U(A(—1/2)) is the square root of the modular operator of the wedge algebra then this leads
for any testfunction to the relation

JUA(+im)A(F))Q=A(f)Q.

To show that all the remarks are true we need some notations from the theory of the tensor
algebra.

[11.1.2. Notations:
(1) S denotes the tensor algebra generatedSgy?).
(2) For feS, A(f) denotes the smeared field operator. As domain of definition for the field

operators we choose
D={A(f)Q;fe8}.

(3) If G is a domain, then we denote B G) the algebra generated by elemeA(s ), wheref
has its support irG.

(4) We call a pointy right of x, if ye x+Wpg. If G;,G, are two domains, then we s& is right
of G, if this is true for all pairs of points i, andG,.

Now we are in the position to formulate the result of Bisognano and Wichmann.

[11.1.3. Theorem:

Let A(x) be a scalar quantum field. SAt=U(A(—i/2)) and J=0U(,e;), as introduced in
111.1.1.(4). Then holds:

(8) IP(Wi) I=P(W),

(b) A"P(Wg)A™"=P(Wg), teR,

(€) JIAYXQ=X*Q VXeP(Wg),

JATYYQ=Y*Q VYeP(W),

(d) P(WR)Q is a core forA2,

Statementa) is Jost's PCT theorem. Stateméhj is nothing else but the Lorentz covariance
of the theory. We have adddd) because this is an important aspect of the Tomita—Takesaki
theory.

Idea of the proofif G, is right of G; andx; e G; thenA(A (t)X;) A(A(t)X5)- - -A(A(t)x,) Q
has an analytic continuation ininto the stripS(—1/2,0). At the lower boundary it has the value
A(A(t)x})- - A(A()x) Q with X)=(—Xg,—X1,X5,X3). .

Since the domain&; are chosen in such a way that the field operafdrs) and alsoA(x!)
commute for different lower index one finds for sup@ G; and with the above definition dfthe
relation

U(A(i2)A(fy)- - A(f ) Q=J{A(f,)---A(f,)}* Q. (I11.1.1)

Now let us denote by the set of operatorA(f) where thef's have the following properties:

(a) To f exists a sequence of domaiBs, i =1,...n such thatG; e W and G, ; is right of G;.

(b) fis a product function with support dfC G, X---XG,,. Then Eq.(lll.1.1) holds also for this

set. It remains to show that one can extéhtdl.1) to all of P(Wg). To this end one first has to

show thatQ() is a core forU(A(—i/2)). Knowing this one can extend ElI.1.1) to all of

P(WR). For the first problem one observes th2€ is invariant undetJ (A (t)) so that one can

use Nelsons theorem. For the second question one uses the commutatdAtif gfwith P(WR)

which follows from the fact thax! belongs to the left wedge. (I
[11.1.4. Definition:

A representation of a QFTLO fulfills the Bisognano—Wichmann property if the modular group of

every wedge acts local, like the associated group of Lorentz boosts, on the underlying space.
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I11.2. Other examples

(i) In a field theory of massless, noninteracting particles every influence travels along the
boundary of the light-cone. Therefore, there holds not only spacelike, but also timelike commu-
tativity. This implies that the vectd® is cyclic and separating also for the algebra of the forward
light-coneV™. In 1978, Buchhol? determined the modular group for this situation. It coincides
with the dilatations.

[11.2.1. Theorem:

In a field theory of noninteracting massless particles the modular group of the algebra of the
forward light-cone V' acts as follows:

Ayi=V(e 2™,
where
VIMAX)VT(N)=A(AX), A>0

holds. This means (\X) implements the dilatations

Since the calculation is similar to that of the Bisognano—Wichmann case, it will not be
repeated here.
(ii) If the theory is conformally covariant then the algebra of the double cone can be transformed
onto the algebra of the wedge or the forward light-cone. Since the modular groups are known for
the last two algebras, the modular group for the algebra of the double cone can be obtained by
transformation. The result is:

[11.2.2. Theorem:
Assume we are dealing with a conformal covariant theory. Let D be the double cone

D = {x:[xo| +Ix] <1}
and denote by
X=Xy *|IX].

Then the modular group of the paim(D), Q) induces @ D a geometric transformation
given by the formula:

—(1—-xF)+e 2™ (1+x5)
(1-xT)+e ?™M1+x*) °

X=(N)=

The modular group of the double cone has first been computed by Hislop and $%ngo.
(i) The examples treated before and those of the next subsection are based on the vacuum
representation. There are also situations where one can compute the modular groups for thermal
representations. These investigations are due to Borchers and YngVdsothese cases the
domain is the forward light-cone or the wedge in two-dimensional models that factorize in light-
cone coordinates. In order that one obtains local action for the modular groups one has to deal with
Wightman fields of scale dimension 1. The results are as follows:

[11.2.3. Theorem:
Assume we are dealing with a Weyl system over the two-dimensional Minkowski space that
factorize in light-cone coordinates. Let be the quasi free KMS state antdthe corresponding
representation of the Weyl algebra for a field of scale dimension 1. Then the modular groups of
the forward light-cone and the wedge act local on the corresponding algebras. The transforma-
tions are:
For the forward light-cone:

x— py+(t,X), XxeV'.
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For the wedge:
X—=ow(t,X), XeW.
Here t is the element of the modular group and the functiprase given by
eyt (UX)=(o+(ux"), e (u,x%)),

(P\N(U,X):(QD_(U,XL),(,D+(U,XR)),
with

(P_(U,X):_(P+(_U,_X),
e (ux)= ﬁlog{1+ e 2mi(e2™/B—1)}
A 2 ’

I11.3. The counterexamples of Yngvason

The examples of Yngvaséhare treated separately, because they show examples of theories
with special properties. From the result on half-sided translatiSes. 11.5 we know, that the
modular group of the wedge acts on the translations as the Lorentz boosts of the wedge. This
might give the impression that the modular group of this algebra acts local. That this is not true in
general is shown by the first example. If one defines the algebras of the double cones by inter-
section then the modular group acts local in the characteristic two plane of the wedge, but not
necessarily local in the perpendicular direction, as shown by the last example.

Supposed is a Hermitian Wightman field which transforms covariantly under space—time
translations, but not necessarily under Lorentz transformations, and depends only on one light-
cone coordinate, say". Locality implies that the commutatdd (x*),®(y*)] has support only
for x*=y*. Moreover, from the spectrum condition it follows that the generator for translations
in the x™ direction is positive semidefinite. This implies that the Fourier transform of the two-
point function has the form

Wa(p)=0(p)pQ(p?)+cd(p).

In this formula() is the vacuum vectoQ(p?) is a positive, even polynomial ipe R and 6(s)
=1 for s=0 and zero else, and=(Q,®(x")Q)?=0 is a constant. Subtracting’? from & if
necessary, we may drop th¥p) term. For simplicity of notation from now on we writey
instead ofx™",y*.

For our future investigations we can restrict our attention to the one-particle Hilbert space
Ho,1- We know that the modular group of the half line acts as a delatation by the faictat.
This amounts in momentum space to a dilatation by the faxtee?™. This information is
sufficient to compute the action @'t and of A" on the one-particle Hilbert space. Since the
modular groups do not change the support properties of the half-line, i.e., the analyticity property
in momentum space, one obtains:

Since the algebra and its commutant have the same modular group we see that wedge duality
is fulfilled iff Q(p) has only real zeras

The duality condition for bounded intervals is a little more difficult. Yngvason has shown:

The duality condition is violated if () is not a constant
Finally we consider fields im-dimensional Minkowski space. Guided by the low-dimensional
examples considered above we shall compute the modular groups of the wedge algebras for
generalized free fields di". We treat the special case where the two-point function has in Fourier
space the form
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Wo(p)=M(p)du(p),

wheredu is a positive Lorentz invariant measure with support in the forward light condvaisd
a polynomial that is positive on the supportay. The polynomialM allows a factorization,

M(p)=F(p)F(=p),

whereF(p) is a function(in general not a polynomialith certain analyticity properties.
To describe the properties df we use the light-cone coordinates™=x°+x! for x
=(x%...x") e R" and denote X?,... x") by X. The Minkowski scalar product is

(xy)=z(xTy +x7y")=%-9.
There is no lack of polynomials! allowing such a factorization; one example is
M(p)=(p")?+---+(p")*+m?
with
F(p)=\p - p+m*+ipt=\p p+m*+(i2)(p"—p").

By analogy with the first example we define for>0 the unitary operator¥gr(\) on the Fock
spaceH over the one-particle spadé; =L2(R",M(p)du(p)) by

1/_p.F‘)—i—m2—(i/2)()\p+—)\_1p_),f()\p+ x 1o .p)
VB-pt+m>—(il2)(p* —p") ’ o

This example demonstrates also that the modular group1¢¥Vg) may act nonlocal in th&
directions. In fact, lef be a test function with compact supportWy . Under this transformation
T is no longer the Fourier transform of a function of compact support irk thigections, because
it is not analytic inp. From this lack of analyticity it is not difficult to deduce that(f,) does not
belong to any wedge algebra generated by the field unless the wedge is a tranglaterddVv, ,
but we refrain from presenting a formal proof. The operaff,) is still localized in thex®,x*
directions in the sense that it is contained in

Ta(p)=

M(Wg+a)N M(Wr+b)'
for somea,be Wg.

I11.4. The result of Trebels on local modular action

In the last subsections we saw that under special assumptions the modular groups of algebras,
belonging to definite domains, can be computed. In many of these examples the modular trans-
formations led to geometric transformations of the underlying sets. Therefore, it is natural to ask
whether or not there might exist other cases where the modular group of the algebra of a set acts
as geometric transformations on the underlying set. It is impossible to answer this question for
arbitrary sets. Therefore we restrict the sets to the family of double cones and their limits, i.e., to
wedges, forward and backward lightcones. The following results are taken from the thesis of
Trebels®®

[11.4.1. Definition:

A unitary transformatior’V which mapsM(G) (G open onto itself and which map€ onto itself
is called geometric, causal and order preserving if there exists a one to org &apG with the
properties:

(i) xe G impliesxge G,xg-1€ G.
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(||) x,yeG aDQX—y are spacelike, thery—y andngl—+ygfl are spacelike.
(!u) x—yeV" impliesx,—yy andxg-1—Y4-1 belong tovV™.
(iv) For everyG'CG one has

AdVM(GYH)=M(Gy), with Gj={x4;xeG}.

Notice thatg— x, maps double cones onto double cones. Since double cones form a base of
the topology ofRY we see thak— X, is continuous. Our first observation is the following.

With this notation the following result holds:

[11.4.2. Theorem:

Assume we are dealing with a quantum field theory in the vacuum sector, and that the dimension
of the Minkowski space is larger than two. Let D be a double cone and'ldte the modular

group of M(D). Assume this group acts geometric and causal on D. THenoincides with the

group of Hislop-Longo transformations (up to a positive scale transformation of the group pa-
rameter)

If G is the generator of the Hislop—Longo transformation then we have showg(thas of
the formg(t) =exp{mG# wherem is a positive constant. One would like to prove that 1. To
this end one has to use the KMS conditiéBee Sec. .3.With the methods available up to now
we are not able to give a general proof for the statementl. However, if we would deal with
a finite number of Wightman fields then the modular transformation would\b@,(x)A "
=D|(t)®;(g(t)x). HereDi(t) is a finite dimensional representation of the dilatations. In this
situation one can at least show timats bounded by one. We do not want to give the calculations.

[11.4.3 Remark:The casem=0 can be excluded. This case would mean that the algebra of
every subdomairD,CD is invariant under the modular group &f. But this implies by the
cyclicity of Q) that M(D4) and M(D) coincide.(See Ref. 33, Thm. 9.2.36Such situation is only
possible if the theory is Abelian.

Idea of the proof:The dimension of the Minkowski space shall always be larger than 2. Let
us start with a geometric causal and order preserving gnafthe domainG. Sinceg is continu-
ous it maps closed light cona&s" onto closed light cones. From this one concludes ¢haiaps
light like lines onto lightlike lines.

It is our intention to look at the possible geometric, causal and order preserving maps of the
double cone. But, by an order preserving conformal transformatioe can send the double cone
onto the forward light cone. Thepgy ! is a geometric, causal and order preserving may ‘of
These are much easier to handle.

If we take a light rayl inside V" then the closure of the s&t{V, NV* ,xel} is the inter-
section of a closed half-space with". g maps such sets onto sets of the same kind. This is also
true for the boundary of such half-spaces, sigcs continuous. Hencg maps affine tangent
hyperplanes intersected witi* onto sets of the same kind. Now one can draw the following
conclusions:

(i) g maps parallel light rays onto parallel light rays.

(i) Since spacelike straight lines are intersections of tangent hyperglanaps spacelike straight
lines onto spacelike straight lines.

(iii ) Since every two-plane containing a timelike direction is generated by a family of parallel light
rays passing through one light ray one gets frojnthat every two-plane containing a timelike
direction is mapped onto a two-plane of the same kind.

(iv) Since every timelike line is the intersection of two such two-planes we seg thaps also
timelike straight lines onto timelike straight lines.

From this one deduces thgtis a linear transformation. More precisely one finds

[11.4.4. Proposition:

Every geometric, causal and order preserving map of the forward lightcone is an element of the
Lorentz group extended by the dilatation

The modular group is a one-parametric group. This implies that every element is the square of

another element. Hence if the group acts geometric and causal on the underlying domain, then it
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WL +y

FIG. 1. Position of the double con&s D, and the wedg&Vv(l',l)+y.

acts automatically order preserving. If the modular group induces a geometric and causal action on
the underlying domain then we know from the last proposition that it is a one-parametric subgroup
of the (d(d—1)/2+1)-dimensional Lie group generated by the Lorentz group and the dilatations.
In order to restrict the possibilities we have to use the following properties:

1. The groupg(t) is induced by the modular group d¥1(D), whereD is a double cone. This
implies that forAe M(D) the expression

A'TAQ

has an analytic continuation into the st&o— 3,0).
2. We are dealing with a quantum field theory in the vacuum sector. This implies in particular that
the translations fulfill spectrum condition.

We want to compare the geometric modular action with the action of the translations. As
technical tool we need the following result which can easily be proved with help of the double
cone theorem, Thm. 1.4.4. Here we will not present the proof.

[11.4.5. Theorem:

Assume we are dealing with a quantum field theory in the vacuum sector, and that the dimension
of the Minkowski space is larger than two. Le{ DD, be two double cones with centey,xxs,
respectively. If x—x, is lightlike and if M(D,) and M(D,) commute then the whole quantum
field theory is Abelian

We want to look at the modular group of the double cdhelet xeD and if A't acts
geometric and causal oD then g(t)x can be differentiated with respect tasince g(t) is a
subgroup of a Lie group. We want to investigate the directiorgft)x and want to show

g’(O)XEV‘. To this end we look at the situation described in Fig. 1.
With Be M(W,_+y) andAe M(D,) we set

(N, 7)=(Q,BUN)A TAQ),
(N, 7)=(Q,AATTU(—A1)BQ),

whereU(x) is the representation of the translations. Using techniques of analytic functions of two
complex variables one can deduce that0)x must lie inV*.

Since the considerations about the structure of the coincidence are stable under conformal
transformations, we will transform the double cone onto the forward lightcone. In this setting we
have to show that the groug(t) coincides with the dilatations. If we writg(t) = exp{Mt} then
g’ (t)xe V™~ implies that(y,Mx) is smaller zero for alk,y e V*. By means of the structure of the
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Lorentz group we find thaM is diagonal and hencél=—ml, meR". Therefore, the trans-
formedg(t) coincides with the scaled dilatations and consequently the original group coincides
with the scaled Hislop—Longo transformations. O

I11.5. Remarks, additions, and problems

(I) The result of Trebels deals only with double cones. Therefore, it is not possible to argue
that the factorm has to be 1. This is due to the fact that the Hislop—Longo transformgiibn

—i3) mapsD to real points but they are not all spacelike with respe@.tif, however, we replace
the double cone by the wedge then one can arguentiratst be 1.

[11.5.1. Problem:Does there exist a convincing argument showing, thahust be 17%11) In
the Trebels situation, the algebra of a subdouble cone with either the same upper or lower tip
fulfills the condition of —half-sided or+half-sided modular inclusion, respectively. If one is
dealing with a conformally covariant theory, then the corresponding half-sided translations map,
for a proper chosef(finite) group element, the algebra of the double cone onto the algebra of the
backward respectively forward light cone.
(1) 1If the Bisognano—Wichmann propertpef. 111.1.4) is fulfilled only for the subsets of the
wedge, then the modular group of the wedge define geometric transformations only for this wedge.
This can be extended to geometric transformations of the whtléSee Guido, Ref. 71.
(IV) As shown by Kuckeff the assumptions can be changed. If one replaces the Bisognano—
Wichmann property for the wedge by other symmetry conditions, with some locality property, but
for the whole space, then one finds thg and A\y act local as in the Bisognano—Wichmann
situation. A similar result holds for the forward light-cone, provideds cyclic and separating for
M(V"). In these cases the assumptions are: The symmetry shall map the locabriee local
net. The associated modular groups shall transform the local algebras in the corresponding man-
ner.

One can replace the transformation property of the local net by transformation properties of
localized operators. In this case one has to make more restrictive assumptions on the transforma-
tions and the net. For details see Ref. 72.

IV. THE PCT THEOREM AND CONNECTED QUESTIONS

The PCT theorem tells us that the product of time reversal, space reflection, and charge
conjugation is always a symmetry. Reading the paper of Paolfi this subject one gets the
impression that a precurser of the PCT “theorem has been discovered by SchitiBgeit was
a mysterious transformation containing the interchange of operators. The first development of the
PCT theorem in the frame of Lagrangean field theory is due tets(® This result has triggered
the clarification of the connection between spin and statistics and the role of the positive energy.
(See Paul? and also L'ders and Zumind&®)

In 1957, Jof gave a proof of the PCT theorem in the frame of Wightman's field theory. The
beauty of this proof is the clarification of the role of the different conditions one has to impose.
These are
1. Covariance of the theory under tt@onnected part of thePoincaregroup.

2. Positivity of the energy.

3. There are only fields, which transform with respect to finite dimensional representations of the
Lorentz group{(Transformation of the index spage.

4. Locality, which means that for spacelike distances the Bose fields commute with all other fields
and the Fermi fields anticommute with each other.

5. The Minkowski space has even dimensions.

6. To every field in the theory appears its conjugate complex partner.

From the spectrum condition it follows that the Wightman functions have an analytic con-
tinuation into the forward tub@&,,

Tr={z1,....2,eCHIM(z;— 2 1) eV'}.
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Using locality, Poincareovariance of the theory, and the appearance of only finite dimensional
representation of the Lorentz group in the index space, Hall and Wighfroanld show that the
analytically continued Wightman functions can be considered as functions on the complex Lorentz
group. If the index space transforms under infinite dimensional representation of the Lorentz group
then the Hall-Wightman theorem fails because of lack of analyticity. Examples are given by
Streatef® and by Oksak and TodordV.The Hall-Wightman theorem was the starting point of
Jost's investigation. If the Minkowski space has even dimensions then the complex Lorentz group
contains the element . This transformation is the product of time reversal and space reflection.
But there is the time translation® with the positive energy operator. In order to keep the energy
positive one has to change i intei. Therefore, the time reversal has to be an antiunitary operator.

If ® is an antiunitary total reflection one obtains for a scalar field

OP(x)O=D*(—x).

The passage to the conjugate complex is closely related to the charge conjugation. Therefore, one
has to look at the product & andPT. One remark more to the role of locality: The transition to
the conjugate complex interchanges the order of an operator product. At totally spacelike points
the original order can be restored. Putting things together one gets the PCT theorem for scalar
fields. The general case needs in addition the handling of finite dimensional matrices which appear
with fields of higher spin.
For a long time it was impossible to show the PCT theorem in the theory of local observables
because one did not know the meaning of condition 3 and 6 in the setting of local observables.
A good candidate for the CPT operator is

0 =JWU(Ry()) (IV.0.1)

provided the origin is contained in the edge of the wed@g(«) denotes the rotation in the
two-plane perpendicular to the characteristic two-plane of the wedge],atide modular conju-
gation of the algebra of the wedge.

If the Ansatz(IV.0.1) is correct, then the representation of the Lorentz group and the modular
groups of the wedges have to fit together. Since on the vacuum $&dsoa geometric transfor-
mation, alsaly, has to act local. Moreover the transformatignlf (Ry,( 7)) maps the algebra of
the wedge onto the algebra of the opposite wedge. Therefore, the theory has to fulfill wedge
duality. First we treat the question of wedge duality and afterwards that of the locality .of

IV.1. The wedge duality

The problem of this subsection is: When does a Lorentz covariant theory fulfill wedge dual-
ity?

The result we present here is essentially a two-dimensional statement. In the proof we can
think of sets which are cylindrical in all directions perpendicular to the characteristic two-plane of
the wedge. Hence all the expressions depend only on two variables. In this situation we only have
two wedges which we call the right wedd¥ and the left wedg&V'. The wedges obtained by
applying a shift bya will be denoted by, andW'a, respectively. If we denote the double cones
by K then this can be characterized by the intersection of two wedges.

Kap=W,NWL, b—acW'.

Let ngb be the given von Neumann algebra associated With fulfilling the mentioned as-
sumption. Starting from this we obtain for the wedges the algebras:

Mi={ u M, M={ u mM" (IV.1.1)

r |
KCw, KCwy

Moreover, we set
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MI={MEY, MU={ML}. (IV.1.1)
Without loss of generality we can construct a net which might be slightly larger:
Map=M(Kap)=MiNMy. (IV.1.2)

This net fulfills again all requirements listed in the beginning. Moreover, the wedge algebra
constructed withM(K) coincides with the wedge algebra constructed with AH&(K). In what
follows we only will work with the algebragvi(K).

In Wightman field theory one is dealing with quantitids,(x) localized at a point. Ifx
belongs to the right wedge one can analytically continue the expreggiait)) ®,(x) into the
strip S(— 3,0). This is due to the fact that the representation of the Lorentz group in the index
space is defined for complex Lorentz transformations. The result which one obtains is an element
belonging to the left wedge, namely (A (t))®,(—x)Q (for entire spin. There are two problems
if one wants to generalize this:

First our objects are not localized at a point but in bounded domains. Here we will find a
natural generalization of the description.

The second problem consists of understanding the exchange of the left and the right wedge by
the complex Lorentz transformations because of the following

IV.1.1. Remark:
If we are dealing with a von Neumann algehkd and a one-parametric, strongly continuous
group of automorphisma, then one can define the analytic eleme&"? for which «,A has an
entire analytic extension. The sat®"3' is a*-strong dense subalgebra 6f and the elements
a,A, Ae M3 also belong taM.

Therefore, it is not easy to understand why for an elemdeidcalized in the right wedge, the
expressiorJ (A (—i/2))AQ can be written aé\Q with an elemenf localized in the left wedge.

From Remark 11.5.3ii) we know thatA," and A|" act on the translations as the Lorentz
transformations. From this we obtain:

R(DAN=U(A(1)), L(HA["'=U(A(1)). (IV.1.3)

HereA| denotes the modular operator of/('o)’. SinceU(A) commutes with the modular groups
and acts on the translations in the same manner as the modular groups we obtain the following
commutations:

[R(s), A}'T=[R(s), U(A)]=[R(s), T(a)]=[R(s), J,1=0,
_ (IV.1.4)
[L(s), A[""]=[L(s), U(A)]=[L(s), T(a)]=[L(s), J;]=0.

The aim of this investigation is to show thRft) andL(t) coincide. Since the proof of this
result is rather involved we have to refer to the original péper to the complete script. There-
fore, we only quote the results.

IV.1.2. Proposition:

(i) For every Ae M, , with ae W' such that A (t))AQ has a boundes analytic extension into

the strip §— 3,0) with continuous boundary values there exists an eIerrAle;n’i/tQ\b,_a such that
the following relation holds

U(A—(il2)AQ=AQ.

(i) For every Ae M, , with be W' such that UA (t))AQ has a bounded analytic extension into

the strip 0,3) with continuous boundary values there exists an elementA b,—a SUch that the
following relation holds

U(A(il2))AQ=AQ.
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As mentioned before we have to establish a map frfefnto M, and viceversa. This means
there must exist sufficiently many elements which satisfy Prop. 1V.1.2. In order to formulate the
result we need some notation about the localization of operators.

Let Ae M be a local operator then we denote Ky the smallest double cone such that
e M(Kp). By K we denote the translate &f, such that the center &f coincides with the origin.

Let Ko=K+Xx then we can write every localized operator in the form

A=AK,X). (IV.1.5)

With this concept we can formulate the exact result about wedge duality.

IV.1.3. Theorem:
Given a Lorentz covariant QFTLO in the vacuum sector, then the following conditions are equiva-
lent:
(1) The theory fulfills wedge duality
(2) The sefA(K,x)}, such that

(@) K+XCW',

(8) U(A(1))A(K,x)Q has a bounded analytic continuation into the strip-S;,0) with con-
tinuous boundary values

(y) U(A(1))A*(K,—x)Q has a bounded analytic continuation into the strip0S) with
continuous boundary valye
is *-strong dense in\Mj,.

IV.2. The reality condition and the Bisognano—Wichmann property

In the discussion at the beginning of this section we saw that we must solve two problems
before we can prove the PCT theorem. The first was the wedge duality, corresponding to the
properties of the index space of Wightman fields. The second was the reality condition implying
that every Wightman field has its conjugate complex partner. In analogy we pose:

IV.2.1. Reality conditon:

We say a Poincareovariant theory of local observables in the vacuum sector, which satisfies the
wedge duality, fulfills the reality condition if:
(i) Every AK,x) with K+xCW" which fulfills the relation of Prop. IV.1.2 satisfies the equation

AF (K, Pyx) ={A(K, Pyx) . (IV.2.1)

P,y is the reflection in the characteristic two-plane of the wedge
(i) Q is cyclic for the sefA(K,x);K+xCW" which satisfy Eq. (IV.2.})

With this notation we obtain:

IV.2.2. Theorem:
In a representation of a Poincareovariant theory of local observable in the vacuum sector the
modular group associated with the algebra of any wedge coincides with the corresponding Lor-
entz boosts iff the theory fulfills wedge duality and the above reality condition with respect to the
Lorentz transformations .

Proof: If we know thatU (A (t)) andAly coincide then by Thm. IV.1.3 one has wedge duality.
Moreover, the reality condition is fulfilled because for evéK,x) e M(W') one has

A¥ (K, x)Q=U(A(—il2))A*Q=AA* 0 =JAJQ,
and
AYZA(K, ) Q=JA* IO ={IAT* Q.

Hence the reality condition is fulfilled.
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Next assume wedge duality and the reality condition. A@t,x) e M(W") fulfill the reality
condition. Take an elemefte M(W') and look at the matrix elements

F*(s,t)=(Q,BASU(A(1))A(K,X)Q),
F(s,0)=(Q,AK,x)U(A(—1))A;"BQ).

By choice of the elemen® andA(K,x) we getF " (s,t)=F ~(s,t). Moreover, wedge duality and
the modular theory yields

+
F 2 2 2

A A

By both coincidences and the edge of the wedge theorem, Thm. 1.4.1, we obtain a bounded
periodic functionF(s,t)=F(s—i,t+i). Since bounded entire functions are constant we find

F(s,—s)=const=F(0,0),
(Q,BASU(A(—9))A(K,x)Q)=(Q,BAK,x)Q).
Since M(W)Q and{A(K,x)Q} are dense if{ we obtainA!SU(A(—s))=1. O

IV.3. The PCT theorem

Now we are prepared for the proof of the PCT theorem under the assumption that the wedge
duality and the reality condition are fulfilled. Starting from the Ansatz &9.0.1) one has to
solve two problems:
(1) Since® shall be a local transformation, alsg, must be local. Since the maj() —A* Q) is
local, and since by Thm. IV.Z.A\%\’,2 andU(Ay(—i/2) coincide, we know that the product

Sw=JwAL?= WU (Aw(—i/2)) (IV.3.1)

acts local. Therefore],y, andU(Ay(—i/2)) must act local at the same time. The answer to this
question is closely related to the next one.

(2) The operator productyU(Ry(7)) shall be independent of the choice of the wetlgeUsing

Eqg. (IV.3.1) we obtaindy=U(Aw(—1/2))S,, and consequently

WU (Ry(m))=U(Aw(—12))U(Rw(7))Sw, (IvV.3.2)

where we have used the fact thaR,, (7)) maps the algebra1(W) onto itself, which implies,
that Sy and U(Ry (7)) commute. We will apply the expressiaiV.3.2) to vectors of the
form A(K,x)Q2 with K+xCW.  Therefore, problem (2) is solved if
U(Aw(—i/2))U(Ry(m))A* (K,x)Q is independent ofV. (As long asK+xCW.) The product
UAw(—112))U(Ryw(7)) is nothing else but the element-1. Since we get to
U(Aw(—1/12))U(Rw(7))A(K,x)Q by analytic continuation, we have to make sure that the con-
tinuation gives for differentW a unique answer.

We start with the uniqueness problem because its answer is needed for the solution of the
locality question. For simplicity of notation we restrict ourselves to the four-dimensional
Minkowski space. In this case the Lorentz group is six-dimensional. First, with help of the
Malgrange—Zerner theorem 1.4.2 we will construct a function on the complex Lorentz group. The
pointsU (A w(—i/2)) will be points on the boundary of the domain which we construct. Therefore,
we must convince ourselves thd({A) is single valued on that domain.

Let D be a double cone such that its closure does not contain the origin. We choose a wedge
with DCW. Let G be the(connectedl Lorentz group and set

N(D)={ge G;DCgW!. (IV.3.3)
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SinceW is open,N(D) is open and contains the identity of the group. From this one can choose
91,92,---96€N(D) and Ty,...,T¢>0 such that the productdy w(te):--Ag w(ts) for [t|<T;

are still inN(D) and that the generators Afgiw(t) are linearly independent.
Since by assumption the unitary groubs{AgiW(t)) coincide with the modular groups of
M(g;W) one can analytically continue the vector valued function

U(Agalte))---U(Aw(t1))AQ, AeM(D), DCW (IV.3.4)

in the variablet; into the strip S(—3,0), provided one hast,|<Ty,....|ti_1|<Ti_1,|ti 4]
<Ti,1,..../ts| <Tg. Using the Malgrange—Zerner theorem 1.4.2 one obtains a function holomor-
phic in all variables.

The domain of holomorphy of this function can be determined. This calculation will be done
by mapping the strigs(— 3,0) biholomorphic onto itself in such a way that the interj@k< T is
mapped ontd and the rest of the boundary ontoi/2+ R. In these new variables the domain of
holomorphy is convex and hence the function is one-valued. Hence there are no monodromy
problems in these variables. Therefore, we have to show that the inverse transformation sends the
boundary points to some set where the inverse map is unique. The result of these investigations are
collected in.

IV.3.1. Proposition:
Let D be a double cone such that the closure of D does not contain the origin. Then for A
e M(D) and g such that @ gwW

U(A gu( —i/2))U(Rgw( ) AQ

is independent of.g
Knowing this it is easy to show thak, acts local and one obtains farC W

This together with Prop. IV.3.1 and EQV.0.1) leads to
IV.3.2. Theorem:
Every QFTLO which fulfills wedge duality and the reality condition is PCT convariant

IV.4. The Bisognano—Wichmann property and the construction of the Poincare " group

We saw that the PCT theorem is closely connected with the Bisognano—Wichmann property
(see Def. 111.1.4, i.e., the modular group of every wedge acts like the associated group of Lorentz
boosts. If we assume that the theory fulfills the Bisognano—Wichmann property, then one can ask
whether or not all these modular groups fit together and give rise to a representation of the
Poincaregroup. If the dimension of the Minkowski space is two then one has only the right and
the left wedge and their translates. Since the Bisognano—Wichmann property implies that the
translates of the wedge along the lightlike vectors fulfill the condition of half-sided modular
inclusion, the translations are obtained by the construction of Wiestrdcksee 11.6 which
together with the modular group of the wedge give rise to a representation of the Pajrmsre®
Hence the construction procedure contains new aspects if the dimension of the Minkowski space
is at least three.

A first treatment of this problem is due to Brunetti, Guido, and Lofigbhey used the first
and the second cohomology of the Poincgreup and showed that the modular groups of all
wedges give rise to a representation of the covering of the Poimpaw. In a second paper
Guido and Long® generalized their method to charged fields and showed that in this frame the
connection between spin and statistics is fulfilled.

Here we will use a construction that is based entirely on the principle of half-sided modular
inclusions. It has the advantage that it gives directly a representation of the Pajnmapeand not
of its covering® In order to avoid index manipulation we represent the result for the four-

Downloaded 25 Oct 2012 to 136.167.2.214. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



3636 J. Math. Phys., Vol. 41, No. 6, June 2000 H. J. Borchers

dimensional Minkowski space. The construction is in three steps. First we construct the transla-
tions by using the half-sided modular inclusions of wedges and their translates. Then we show that
the algebra of the intersection of two wedges with a common lightlike vector fulfill the condition
of half-sided modular inclusion with respect to the algebras of the wedges. This will allow us to
construct the translational part of the stabilizer group of the common lightlike vector. Since this
group connects the modular groups of different wedges we can, in the third step, construct the
whole Poincaregroup.
First step:Construction of the translations

We start our investigation by looking at a wedgé4l,l’,a] and its translateN[I,l’,a
+\I],A>0. The algebra of the second wedge fulfills the condition-balf-sided modular inclu-
sion with respect to the algebra of the first wedge. Hence by Thm. 11.6.2 we obtain a unitary group
U[a,\l](t). The uniqueness Thm. 11.6.5 implies that this group does not deperadamml that
U[\I](t) can be written a®J[ I ](\t). Moreover, we know that/[1](t) acts local, which implies,
thatU[I](\t) does not depend on the choice of the second light ray entering in the definition of
the wedge and hence off1](\t).

It remains to show that the groupd1](s) and U[l'](s) commute. This follows from the
unigueness of the modular groups.

IV.4.1. Lemma:
Assume all modular groups of the wedge algebras act like their associated Lorentz groups. Then
a unique continuous representation of the translation grop)Vvexists which fulfills spectrum
condition and acts geometrically on the local algebras

AdV(a)yM(D)=M(D +a),

where D denotes a double carjé is assumed, thatM (D) coincides with the intersection of the
wedge algebras of all wedge containing] Dhis representation §4) is contained in the algebra
generated by the modular groups

Moreover, the modular groups of the wedges and the translations transform each other as if
they were members of a unitary representation of the Poingeoep.

Since Lemma 1V.4.1 implies that we have a representation of the Poigcanp on every
characteristic two-plane, where the boosts of the wedge are the same as the modular transforma-
tions, we obtain from Sec. IV.1:

IV.4.2. Proposition:

Let a representation of a theory of local observables fulfill the above-mentioned conditions. Then
this representation fulfills wedge duality, i.e.

MWL = MWL),

Second stepThe stabilizer group of a light ray
Next we want to construct the translational part of the stabilizer group of any light ray
e dV™. To this end we look at the family of wedges having one light ray in common,

(W[I1,];1 fixed). (IV.4.1)

It is well known that the stabilize6(l) of a lightlike vector is isomorphic to the Euclidean
transformation ofR?. (See, e.g., Gelfand, Minlos, and ShagifpbThe rotations are the transfor-
mations around the space direction of the light ray. In order to understand the translations let us
introduce a second lightlike vectdy which we choose in such a way thitt, I, lie in one
two-plane. LefT(l) be the tangent hyperplane at the forward lightcbfiecontaining the vector
I. Then the affine hyperplarig+ T(l) intersects)V " in a two-dimensional separabola homeo-
morphic toR2. The translations 08(l) have this set as orbit.

In the concrete examplé=(1,1,0,0), I,=(1,—1,0,0), these translations become (
=(ay,a) e R?)
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a
1+? - a; a
a’ a’

A(a)= 5 15 a2, (IV.4.2)
a, -a; 1 O
a, -a, 0 1

(See also Jost, Ref. 85, Appendix is easy to check that this is a representation of the two-
dimensional translation group.

Starting with the above vectd and defind ,(a)=A'(a)l, one obtains between'(a) and
the Lorentz boosts of the wedge the relation

Al(a—b)=lim A[l,1,(a)J(OA[I,15(b)](—1). (IV.4.3)

t—o

In order to show that the corresponding limits of products of modular operators exist and define a
commutative group we need once more the principle of half-sided modular inclusion. The crucial
result is:

IV.4.3. Theorem:
Let the theory fulfill the Bisognar®ichmann property. Then the algebtd (W[ 1,1, JNW[I,15])
fulfills the condition of—half-sided modular inclusion with respect to both algebregW[I,I,])
and M(WI[I,1,]).

Using this result and its generalization to the intersection of three wedges one can show that
the product

AL (@) ]"ALL (k)] 7"

converges fot— o strongly to a unitary operatdd'(a,b). Furthermore, this operator depends
only on the difference—b, and gives rise to a unitary representation of the gral(@) [(see Eq.
(IV.4.2))]. By construction this group acts local. The continuity of this group representation
follows from the relation between half-sided translations and the modular groups.

Third step:construction of the rotations

Up to now we have representations of the Lorentz boosts, the translations, and of the trans-
lational part of the stabilizer group of the light rays. In order to get a representation of the full
Poincaregroup one needs a representation of the rotation group.

Let xo be a timelike vector in the two-plane spannedi landl’, and letA'(a) be an element

in the stabilizer group of. ThenA'(a)x, is a vector on which we can app}y"(b). There will

be an elemenb(a) such thatA"(b(a))A'(a)xo belongs to the two-plane containihg’ andxg.
In this situations(a) exists such that\[I,l"](s(a)) maps this vector back te,. Therefore, the
product represents a rotation

A[LI"I(s(a)A" (b(a))A'(a)=R(l,a). (IV.4.4)
Lengthy calculations show that the corresponding unitary groups
U(R(1,d,¢))=A[1,1"1*>U" (b(a))U'(a) (IV.4.5)
do not depend ohand that they depend continuously dn
Special care has to be taken about the rotatiomhis problem can be solved by showing that
the rotations around a fixed axisform a true representation of the circle group. Using this and

Mackey’s method of induced representaffobone obtains a single valued representation of the
whole rotation group. Putting all results together we get
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IV.4.4. Theorem:
Assume the modular group of every wedge algebtéW[l,,l,,a]) acts on every algebra of a
double cone like the associated group of Lorentz boosts. Then the modular gxBpsl,,a]
define a representation of the Poincaysoup.

IV.5. The approach of Buchholz and Summers

We saw that the Bisognano—Wichmann property for the modular groups implies Lorentz
covariance, wedge duality, and the PCT theorem, provided the algebras of the double cones are the
intersection of the wedge algebras. This implies in particular, that the modular conjugations of the
wedge algebras act as reflection, i.e.,

JWwM(D)Iy=M(PyD). (IV.5.1)

HereP,y is the reflection in the characteristic two-plane of the wedfevhich leaves the apex of
the wedge unchanged. dfis in the characteristic two-plane ¥ andW=W(l,,l,,a) then with
x=\l;+ ul,+x* one obtains

PWx:_)\ll_/.le"‘Xi"‘za. (|V52)

If the theory fulfills Eq.(IV.5.1) for every double cone then we say it fulfills the Bisognano—
Wichmann property for the modular conjugations. Since the Poirgiangp is generated by the
reflections(if the dimension of the Minkowski space is larger than wib is natural to ask
whether or not one can derive the Poincamvariance also from the Bisognano—Wichmann
property for modular conjugations. Using some additional assumptions this question has been
answered for the translation positively by Buchholz and Sumffers.

Since every double cone is the intersection of wedges, it is no restriction if one requires Eq.
(IV.5.1) only for wedges. In a recent paper Buchholz, Dreyer, Florig, and Surfitterse gen-
eralized this setting by requiring that the modular conjugation of every wedge algebra maps only
the family of all wedge algebras onto itself. This contains a hidden version of the wedge duality.
Adding to this the assumptions that the modular conjugations prefigrigetony andll) stability
of nonintersection, they were able to show the following: Every transformdtiof the set of
wedges onto itself, and which together with its inverse fulfillsand(ll), is a Poincardransfor-
mation. If, in addition, the considered set of transformati®ns a group, which acts transitively
on the set of wedges and if the Minkowski space is four dimensional, then this group contains the
identity component of the Poincageoup. In a very recent paper Buchholz, Florig, and Sum?Rers
showed that the adjoint representation of the translations of this group, acting on the wedge
algebras, is necessarily continuous.

The group representation obtained from the modular conjugations must not fulfill the spec-
trum condition. In order to obtain this condition one has to add additional assumptions. The
authors of Ref. 88 called one of the possibilities the modular stability condition.

It is interesting to notice that the method of Buchholz, Summers, and co-workers can be
transcribed to quantum field theories on de Sitter space. Whether or not this method can be
generalized to other manifolds can only be answered by future calculations.

Here we will present the construction of the Poinogireup and show the continuity property
of the translations. The continuity of the Lorentz transformations will only be discussed. Our
construction of the Poincateansformation differs in some points from that of Ref. 88.

In this section we define wedges slightly different from the notation in Sec. I.5. Here
W(l,,l,,a) means that the lightlike vectols,|, belong either ta)V*, oV~ ortogv—,dV™, i.e.,
(I4,1,)<0, and that the wedg@/(l,,l,,a+ p1l1+ p,lo) CW(l4,l5,a) for p;,p,=0. This descrip-
tion is symmetric in both lightlike vectors and is better suited for dealing with time or space
reflections.

IV.5.1. Definition:

Let VW denote the set of all wedges. Bywe denote the set of all transformatiofs
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T W—W,

such thafT ! exists andT as well asT ! fulffill:
(1) Isotony, i.e.,W;CW, implies T(W,;)CT(W,) and T~ 1{(W,)CT }(W,).
(I) Stability of nonintersection, i.e.,W,NW,= implies T(W;)NT(W,)=& and
T HW)NT HW,)=0.

With these assumptions we will show:

IV.5.2. Theorem:
Let the dimension of the Minkowski space be larger thafhen every transformationd 7 is an
element of the full Poincargroup enlarged by the dilatations

The proof of this theorem is complicated. Therefore, we have to refer to the original$5aper,
or better to the complete script, where a shorter proof is given.

A special consequence of Thm. IV.5.2 is

IV.5.3. Theorem:
Let Tyy fulfill the requirementdV.5.1, then one has J,= Py, where Ry is the total reflection in
the characteristic two-plane. This implies in particular the wedge duality

Let 7; be the subgroup generated by the modular conjugations of all the wedgasé in
Assume one is dealing with a QFT on a Hilbert sp&tend that there exists a vectbre H,
which is cyclic and separating for all wedge algehid$W). Assume, moreover, that the modular
conjugationd,, fulfills the relation

JwM(W1)Iw=M(Tw(W1)),
‘JW‘]WlJW:‘]TWW1’ ‘]W: le .

Then thel,y generate an adjoint representation of the determiranpart of the Poincargroup.
It is easy to see that this representation is a central extension of the Paincape Using the
above relation one obtains for arbitravy and the equatimﬂi;ll Ty, =1

n n n n

iljl JWiJWZiljl Jwi...JTWnWJWn:'":JTwlmTWnW iljl Jw, = Jw iljl Jw; -

Therefore,l'[{LlJWi belongs to the center of the group generated bydilis. We now restrict to

the four-dimensional situation. Later we will see that the group representation is continuous. It
remains to show that we are dealing with a true representation of the Pogrcane. We know
from Sec. 1V.4 how tedious such calculations are. Therefore, we skip this demonstration and refer
to the original papef®

Collecting the results we obtain

IV.5.4. Theorem:
The representation of thé+" part of the Poincaregroup induced by the\J's is a true repre-
sentation

Next we come to the continuity problem and its solution described in Ref. 89.

IV.5.5. Proposition:
Let U(A,a) be the representation of the Poincageoup obtained by the products of thg, 3.
Then U1,a) is strongly continuous

The proof of this result is based on Thm. Il.1.1 from which we know that the modular
conjugations depend continuously on the algebras, if the algebras are continuous fronfanside
outsids.

The proof of the continuity of the Lorentz transformations will not be presented here. How-
ever, one can imagine how the above proof can be adapted to the situation where one looks at
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one-parametric subgroup4&(t) of the Lorentz group. One wants to compare the algebra
M((A ()W) with M(W). In order to do this one must assume, tliatis also cyclic for the
algebrasM (A (t)WNW), providedt is sufficiently small. If this is the case one can look at the
limit t\,0 and argue as above.

Finally we come to the spectrum condition. As mentioned before, the representation of the
translations induced by thédy,’'s does not have to fulfill it. In order to obtain the spectrum
condition, Buchholz, Dreyer, Florig, and Summers introduced a new assumption, which they
called:

IV.5.6. Modular stability condition:

The modular group of every wedge is contained in the group generated by the modular conjuga-
tions

Since the group generated by thg's is the + part of the Poincargroup, it is easy to see that
the modular group of the wedge coincides to a scale factorwith the group of the Lorentz
boosts associated with the wedge. Sifres also cyclic for the shifted wedges one can conclude,
as in Sec. IV.4, that the spectrum of the translations is contained in the closure of&itoeV .

In order to obtain this result one can also use the method of Wiestnatiich leads to the same
conclusion.

We end this section with some

IV.5.7. Remarks:

(i) If one knows that the operatodgy fulfill all the conditions we have used in this section, and if
one knows from other sources that the theory enjoys the spectrum condition, then the group
generated by thd,,’'s must not necessarily contain the modular groups of the wedge algebras.
Even in the situation where one knows that fiygare modular conjugations and that the spectrum
condition is fulfilled, a proof is missing tha§ contains the modular groups of the wedges.

(i) There exist QFTLQO’s which do not fulfill wedge duality, or others where the Lorentz covari-
ance is missing(also for the wedge algebnasSuch theories do not fulfill the Bisognano-—
Wichmann property neither for the modular groups nor for the modular conjugations. Hence these
criteria are a selection criterium for both, the field theory and the vacuum state. The criterium in
Ref. 88 has the advantage that it also applies to certain theories without spectrum condition. If
these methods apply to QFT’s on curved manifolds this might be an advantage. Whether or not it
is an advantage for theories on Minkowski space is a question of taste, in particular since the
so-called modular stability requirement is a sufficient but not a necessary condition implying that
the spectrum is contained in the forward or backward light cone.

IV.6. Remarks, additions, and problems

(I) If the local algebras are generated by Wightman fields with finite components then the
result of Bisognano and Wichmann Thm. 111.1.3 shows that the modular groups of the wedges
coincide with the associated Lorentz boosts. On the other hand if we know the Bisognano—
Wichmann property then we can derive Poincanel PCT covariance for the local n&ecs. IV.4
and 1V.3. But it is still an open problem whether or not the Bisognano—Wichmann property for
a local net implies that this net is generated by Wightman fields. The existing attempts of con-
structing Wightman fields from local nets try to relate the field operator to the Hamilton operator
(generator of the time translation$-bounds methodsFredenhagen and Hert®.It might be
useful to try to find relations with respect to the modular operator of the algebra of the wedge.
(1) The construction of the Poincageoup from the modular groups of the wedges is possible if
the Bisognano—Wichmann property holds. The first construction under this condition has been
given by Brunetti, Guido, and Longd.Their method is based on group cohomology and therefore
more elegant than the method presented here. However, their method has the disadvantage that it
leads to a representation of the covering group. In order to obtain a true group representation
Guido and Long® enlarged the group by the modular conjugations. In addition they incorporated
charged fields. In this frame they proved the PCT and the spin and statistics theorem. This result
implies that in the vacuum sector one has a true representation of the Paincape
(111 In Tomita’s modular theory one makes statements about the action of the modular group only
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on the algebra and its commutant. Therefore, it is unnatural to formulate the Bisognano—
Wichmann property for all local algebrast((D). It should only be formulated for sudb which

belong tow or to W'. If one does this one does not lose any information. This is a consequence
of the following reason: The knowledge about the action inSdsuffices to conclude that the
algebras associated with the translates of a wedge along one of its defining lightlike vectors fulfill
the condition of*half-sided modular inclusion with respect fot(W). With the help of Thm.

11.6.2 one obtains the translations in the characteristic two-plan&.@ince by Thm. 11.5.2 one

knows the commutation between these translations and the modular group one can determine the
action of this group on arbitrarn1(D). One finds the full Bisognano—Wichmann property for the
modular groups. This procedure has been worked out by Gtido.

Unfortunately the Bisognano—Wichmann property for the modular conjugations cannot be
replaced by a local version. If we only know the action inside the wedge then we cannot compute
the action ofdy, onJy,. Therefore, we are not able to conclude that the prodigts,y, give
rise to a representation of a central extension of the Poirgrangp. Hence if we assume that the
modular group of the wedge algebra is contained in the group generated by, theve are not
able to conclude that the modular groups fulfill the Bisognano—Wichmann property.

(IV) The Bisognano—Wichmann property for the modular groups is essential for the derivation of
the CPT theorem. Since this condition is probably hard to verify in concrete examples, one has to
look for conditions which imply this property. The whole Buchholz Summers program, if re-
stricted to the Minkowski space, is of this nature. If we start from a Poirmarariant theory, then

the wedge duality and the reality condition also implies the Bisognano—Wichmann property for
the modular groups. One should add other assumptions implying this property.

(V) If a Poincarecovariant QFTLO fulfills the Bisognano—Wichmann property for the modular
groups then it can happen that the theory is covariant under two different representations of the
Poincaregroup. In this case hold:

IV.6.1. Theorem:

Assume we are dealing with a local quantum field theory in the vacuum sector, which is covariant
under two different vacuum representations of the Poingaoaip. Let Uy(A,a) be the represen-
tation generated by the modular groups of the wedge algebras aifd \d) the second repre-
sentation. Then there exists a local gauge transformation of the Lorentz groap ®ith

Uy(A,2)=Uy(A,a)G(A).

Moreover G(A) commutes with Y(A',a) for all a, A, A'. In addition G(A) is a gauge
transformation, i.e., it maps every local algebra onto itself

That this situation occurs shows the following example: Take an infinite number of copies of
a finite component Wightman field. Léi(A,a) be the representation of the Poincay@up
transforming the Wightman field. L& (A) be a representation of the Lorentz group which acts
on the indices numbering the copies. Tha(A,a)®1 is the group generated by the modular
groups andJ(A,a)® G(A) is the second representation.
(VI) The reality condition together with the wedge duality implies the Bisognano—Wichmann
property. Recently Guido and Wiesbrotkee Schroer and Wiesbrdékhave given a different
condition which replaces the reality condition 1V.2.1.

IV.6.2. Theorem:
Assume we are dealing with a QFTLO on the vacuum sector. Assume that for every wedge the map

AQ—U(Ay(—i/2))A*Q

is bounded for A& M(W). Here U(A(t)) denotes the group of boosts associated withT¥Aeén
the theory fulfills the Bisoghar&Vichmann property

(VIl) Inspired by the result thaM (W[I,I{]) "WI[I,1,]),1,#1, fulfills the condition of —half-
sided modular inclusion with respect to both algebta$W[I,1,]) and M(WI[I,I,]) (see Thm.
IV.4.3) Wiesbrock has introduced the concept of “modular intersection.”
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IV.6.3. Definition:
Let M, A be two von Neumann algebras with a common cyclic and separating ¥ec@mne says
that (M, N, Q) have thermodular intersection property if:
I. MN N fulfills the condition of +half-sided modular inclusion with respect to both algebtds
and\V.
Il. There holds

IMs— lim ARA DI =(s— lim A} AY.

t—*x t— =+

In a QFTLO which fulfills the Bisognano—Wichmann property the modular intersection con-
dition is fulfilled for the algebras of two wedges which have the first- or the second light ray in
common. The condition Il can be derived from Thm. IV.4.3. In particular the existence of the
strong limit is guaranteed by the first condition. If we set-(im;_ +.. A}{/A]f)=u then condi-
tion Il readsJ UJ,=U*.

Using a finite number of pairs fulfilling the condition of modular intersection one is able to
reconstruct the algebras of all nontranslated wedges. This program has been taken up by
Wiesbrock®®°* where he solved the problem fdt®. Here he needs three wedges which are
localized in such a way that the algebras of every pair fulfills the conditionr afr +modular
intersection. Adding one shifted wedge which fulfills the condition of half-sided modular inclu-
sion, he was able to construct the algebras of all wedgeduding the translated oneand a
continuous representation of the Poincgreup which fulfills the spectrum condition.

Taking the intersection of wedge algebras on can construct the algebras for the double cones.
Unfortunately one is not able to conclude tléais also cyclic for these algebras except one starts
from a QFTLO.

V. PROPERTIES OF LOCAL ALGEBRAS

For several applications one wants to know the structure of the local algebras. The questions
of interest are usually the factor property, the type of the algebra, and the action of symmetry
groups. Before entering into the subject we have to collect some results of the Tomita—Takesaki
theory.

V.1. Some mathematical consequences of the modular theory

The first concept is the generalization of the center of a von Neumann algerbra.
V.1.1. Definition:
Let M be a von Neumann algebra with cyclic and separating ve@tdBetw(A) =(Q,AQ), A
e M. The centralizer ofv consists of all element& e M for which

w(ZA)=w(AZ), VY AeM

holds.
If Z belongs to the centralizer, then the KMS condition implies

o'(Z)=2, teR

and vice versa. In particular the centerof belongs to the centralizer.

It might happen that a von Neumann algebra is too large in order to possess separating states.
In this case one has to generalize the concept of states. They are called weights.

V.1.2. Definition:
(&) Let M be a von Neumann algebra. A weight is a mapping

w:M*—[0,]

with the properties:
(a) w(pA)=pw(A), peRtAc M*
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with the multiplication rule 0= =0.
(B w(A+B)=w(A)+w(B), A, Be M"
(b) A weight w is called semifinite if

n,:={Ae M;o(A*A)<w}

is strongly dense in\.
(c) wis called faithful if Ae M™* and w(A)=0 impliesA=0.
(d) A weight is called normal if for every increasing n&t e M™ there holds

w(lim A,)=lim w(A,).

The setn,, is a linear space and by the linear extensiomdhis becomes a pre-Hilbert space.
Moreover,n,, is a left ideal so that one gets a representationohby

7,(B)A)=BA).

If wis a normal, faithful, semifinite weight, then one can handle the Tomita—Takesaki theory
in almost the same manner as with normal faithful stai®se Haagerup, Ref. 36The advantage
of this concept is the existence of normal, faithful, semifinite weights for every von Neumann
algebra. We need weights only for the discussion of symmetries in Sec. V.4. Otherwise we use
only von Neumann algebras which have normal, faithful states.
Another important aspect of the Tomita—Takesaki theory is the natural cone associated with a
von Neumann algebra. It is often denotedBYy. Here we will use the notatiof*.
V.1.3. Lemma:
Let M be a von Neumann algebra acting #hwith cyclic and separating vectd®. Let (A, J) be
the modular operator and conjugation 681, ). Then the following sets coincide and are called
the natural cone of M, Q).
(i) Closure ofAY4M™, Q).
(i) Closure ofA~ M Q).
(ii ) Closure of{Aj(A)Q;Ae M}.
For the proof see Ref. 32, Prop. 2.5.26. Some of the propertieq ‘ofare listed in the
following:
V.1.4. Proposition:
Let H* be the natural cone ofM,(}). Then the following holds:
(i) H" is a proper cone, i.eH*N(—H")={0}.
(i) With H,={e H; =4} one getsH,=H"—H".
(iii) H* is a self-dual cone irt, , i.e., yeH, and (,¢)=0VpeH" impliesyeH".
(iv) For everyyre H™ and Ae M one has AfA) e H".
() A'H =H" forall teR.
For the proof see Ref. 32, Props. 2.5.26, 2.5.27, 2.5.28. The natural cone has some universal-
ity properties listed in the following:
V.1.5. Theorem:
Let " be the natural cone ofM, Q). Then:
(i) To every normal, positive linear functional on M exists a unique vectap, e H" with

o(A)=(,.Ad,), AeM.
(i) The mappingo< #,, is continuous in both directions. The following estimate holds:
1= llP<llo—pl<l¥u— ¥l wu+ &l
(iii) Assume the vectape H ™" is cyclic and separating fosM then the natural cones

HT(M,Q) and H' (M, )
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coincide
(iv) Let @ e Aut M and define

U(a)ww: lﬁ(a’l*w)

then by linearity this map can be extended to allof This extension is a unitary operator.
The set

{U(a);a e Aut M}

defines a unitary representation Atit M, the adjoint action of which implements the auto-
morphisms

For the proof see Ref. 32, Thm. 2.5.31, Prop. 2.5.30, Cor. 2.5.32. Another important result is
due to Conne8 which says that the algebrag and M’ are uniquely characterized by the natural
cone. First some notations:

V.1.6. Definition:

(i) A face of a coneC is a subcond=C C with a,be C,a<b in the order of the con€ andb

eF impliesaeF.

(i) The setD(H"):={5e B(H);e'"®H"=H"VteR} is a Lie algebra.

(i) A map I:D(HY)—D(H") is called an orientation of{" if it fulfills: 12=—1, [15;, &5]
=[81,18,]=1[681, 8,] and1(8*)=—1(8)*. [To be precise, for this definition one first has to
devideD(H™) by its center

(iv) Let F be a face ofH™, thenF* denotes the face dft* which is perpendicular t&. By a
result of Connes one has closufe=F+. P denotes the projection onto the Hilbert subspace
generated by. X" is called facially homogeneous if(B¢"PF)H"=7" teR and this for all
facesF of H™*.

The concept of orientation and homogeneity can also be formulated for arbitrary cones. The
result of Connes is the following:

V.1.7. Theorem:

There is a one to one correspondence between von Neumann algebreding on?{ and
selfdual, orientable, and facially homogeneous conesl of

Von Neumann has classified the factors by three types denoted by |, Il, and lll. For a long
time there were only very few different type Il factors known. Using canonical anticommutation
relations, Power§ was able to construct a continuous family of different type Il factors. An
attempt to classify these factors were made by Araki and Wd0d@ke question of the classifi-
cation has finally been settled by Conrfihis classification is based on the invari&which is
defined as follows:

V.1.8.Definition:

Let M be a von Neumann algebra amcbe a normal weight oM. Let E e M be the support of
. Thenw is faithful on EME. Hence there exists a modular operaiqy for this algebra. One
defines:

S(M)=nN{spectrumA ;o is a normal, semifinite weight ow}.

If M is of type Ill, then there are the following possibilities:
V.1.9. Theorem:
Let M be a type Il factor, then for the Connes invariant exist the following possibilities:
(1) S(M)={0,1},
(2) S(M)={0}U{\";ne Z,0<\<1},
(3) S(M)=R".
If S(M) is {1} then M is not of type III.
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V.1.10. Notation:
A factor with S(M) ={0,1} is called all o-factor. The factors with the s€2) are called !l , and
those withS(M)=R™" are namedIl , factors.

Let M be a von Neumann algebra ande a normal faithful state an. Then it can happen,
that for some € R the modular transformatioa, is inner, i.e., there exists a unitad/e M with
ol (A)=UAU*, Ac M. In this case one shows

A'=uJ,uJ,. (V.1.1)

If o, is inner for one normal faithful state then this is true for every such state.

Connef® has introduced the invariafii{ M), consisting of alt e R such thaio! is inner. It is
clear thafT (M) is a subgroup oR. For instance an algebr&t is semifinite iffT(M)=R. We do
not need the full relation betwedi( M) andS(M). We are only interested in the typH ; case.
The result is the following:

V.1.11. Theorem:

A von Neumann factor is of Type |Iiff T(M)={0}. This means that alb', t#0 are outer
automorphisms of\1.

In every clasdll,,0=\=<1 no classification is known except for one algebra. These are the
hyperfinite factors.

V.1.12. Definition:

A factor M is called hyperfinite if there exists an increasing A&tC M of type | algebras with

M={UN}".

The importance of this concept is the following restit®
V.1.13. Proposition:
Every of the classes I{Icontains exactly one element which is hyperfinite

V.2. The factor problem

The locality and the spectrum conditions together with the existence of a vacuum vector imply
that the global algebra is of type I. One finds that the commutant of the algebR{) is Abelian,
and that the projectioit, onto all translational invariant vectors is an Abelian projectionvih
with central support. In this case the center is pointwise invariant under the translations. This has
first been observed by Araki! The properties of the projectidgy is a consequence of the cluster
property.

The first proof of the cluster property is due to the autfférA systematic study of this
property was started by Doplicher, Kadison, Kastler, and Robii3arsing the notation of
asymptotic Abelian systems introduced by Doplicher, Kastler, and Robinson in Ref. 104 and
independently by Ruel®® This notation has been weakend by Lanford and Rtf€lietroducing
the concept ofc-Abelian systems. The most general concept leading to the cluster property has
been introduced by Sterm& He called it large groups of automorphisms. One important con-
sequence of the cluster property of the vacuum state is the additivity of the spectrum. The result
is due to Wightmart®

Next we are looking at the algebra of the wedge. Here the following result is known:

V.2.1. Theorem:

Assume we are dealing with a QFTLO on the vacuum sectorMgV) be the algebra of the
wedge domain. Then

Z(M(W))C Z(M(RY),

where Z(M) denotes the center 0%1.
This result has first been obtained by Dries$fOur demonstration is taken from Ref. 60.
First we show a result which has its interest of its own, and from which Thm. V.2.1 follows easily.
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V.2.2. Lemma:
Let M be a von Neumann algebra with cyclic and separating vedir Assume Us)
e Hstr(M)™ or U(s) e Hstr(M)~. Then:

a. If we write U(s)=¢€"! and denote byD(H) the domain of definition for H then

A"D(H)CD(H).

b. If Ey denotes the projection onto the eigenspace to the value 0 of H thenrBmutes with
A't,
c. If F; denotes the projection onto the eigenspace to the valueAl tifen one has

Fi<E,.

Proof: We show the lemma fol(s) e Hstr(M)*. For U(s) e Hstr(M)~ the arguments
are essentially the same.
a. Letg, e D(H) then we obtain from Thm. 11.5.2(, A"H ) =e 2™ (H¢,A""y). Since the left
side is continuous irp it follows that A''ye D(H).
b. LetHy=0 then we obtain & A""Hy=He 2™A'y,. From this we concludé"EqHCEqH.
Because of the group property af' we getA"EyH=EH.
c. Keeps real ands=0. From the assumption Ad(s)MCM for s=0 and fromD(AY?)
={XQ; XM, Qe D(X)ND(X*)} we conclude that onD(AY?) the relation A''U(s)
=U(e 2™s)A" can be analytically continued in as long as— i<Jmt=<0. If we chooset
= —i3 then we find

AYU(s)=e HSA4 s=0.

Multiplying this equation from both sides with; we find F,U(s)F,=F,e "F,. This is only
possible forEg=F;.
Next we have to show that the elementsdflM) commute with the half-sided translations.
V.2.3.L.emma:
Let U(t) e Hstr(M) ™, then

[U(),Z]=0 VZeZ(M) and VteR.

This result can also be found in Ref. 109.

Proof: Let Z=Z* € Z(M) and seZ,=Ad U(t)Z. Fort=0 the elemenZ, belongs taM and
for t<0 to M’. This implies thatZ commutes withZ, for all te R. Applying AdU(s) to the
commutator we obtairﬁztl, Zt2]=0. Hence{Z;} generates an Abelian von Neumann algebra
invariant underU(t). SinceU(t) has a positive generator it follows that Aqt) is inner in
{z}".11° This impliesZ,=Z. O

For the algebras of the double cones no similar result can be obtained. Even in the case where
M(RY) is a factor, one can easily construct examples whiet@D) has a nontrivial centefSee
V.5.(11).] Up to now there are no conditions known, implying, that(D) is a factor.

V.3. The type question

From the investigations of Kadis®hand from Guenin and Misfait is known that the local
algebras cannot be of finite type. In 1967, BorclErshowed the following result:

V.3.1. Theorem:
(1) Let O;C O, such that there exist®;C (O,N ;). Assume E is a projection iM(0,), then
E is equivalent to its central support iM(O,),mod M (O,).
(2) If O1+xC O, for x in some open neighborhoodldf, then the central support of E in(0,)
belongs to the center of the global algebra
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There is not known more under the general assumptions. If one wants to obtain better results,
one has to impose additional requirements.

The situation is much better for the algebra of the wedge. This is due to the existence of
half-sided translations. The first result in this direction is due to Dries¥léBut he uses the
additional assumption that the spectrum has a mass gap. Here we follow the method ot*ongo,
with a slight variation, applying Thm. V.1.11. There exists also a proof which uses the invariant
S(M) and Prop. V.1.9(See Ref. 60.

V.3.2. Theorem:

In a QFTLO on the vacuum Hilbert space with one vacuum vector, the alget(f@/) is of type
M.

This result has used only the existence of half-sided translations. Therefore, the theorem
remains true for arbitrary algebras with half-sided translation. In conformal field theory these are
the algebra of the forward light cone and the algebras of the double cones.

The determination of the type of local algebrgt(D) is burdened with some difficulties. It is
known from examples, as the free massive field, that local algebras fulfill the split propérty
specific conditions are fulfilled. This property is the following: LB{CD be such thatD,
+xXxCD for x in some open neighborhood of the origin. In that case one can find a type | algebra
N with M(D;)CNCM(D). This implies that one cannot expect any statement about the type
from purely local considerations. Some more information about the structuke(&f) has to be
used.

This difficulty has been circumvented by Fredenhddthy observing that there exists no
intermediate type | algebra if the domaibs andD have boundary points in common. Therefore,
he puts the double cori2 into the corner of the wedge and tries to compare the Connes invariant
Sof M(D) and M(W). To do this he needs the assumption that the local algebras are generated
by Wightman fields which have the Haag—Narnhofer—Stein propétty.

Let us first explain this concept. Ldt(x) be a Wightman field, then we say fdr(x) exists
a scaling limit if there exists a non-negative functidfi\) defined forn>0 such that for alh

N(OVD)M(Q, B (AxXy) - P(AX,) Q)

converges folh—0 to some nontrivial Wightman functional. With this concept we introduce the
following

V.3.3. Requirement:
There exists a Wightman field (x) such that:
(i) For everyf e D with supp.f € D the operatod (f ) is affiliated with M (D).
(i) d(x) fulfills the Haag—Narnhofer—Stein scaling property.
(iii ) The theory fulfills the Bisognano—Wichmann propefty.the set of Wightman fields, which
fulfill (i), generateM(D) then (iii) is implied by the result of Bisognano and Wichmann Thm.
3.1.3)

With this requirement Fredenhagen has shown the following result:

V.3.4. Theorem:
We are dealing with a QFTLO in the vacuum sector, such that the global algebra is a factor, and
which fulfills the Requirement.3.3. Let W be a wedge such that zero belongs to its edge. Let
DCW be a double cone such that zero belongs to the boundary of DVt a von Neumann
algebra with

M(D)CNCTM(W).

ThenN is of type Ill;.

For details of the proof see the complete file or the original article of Fredenti&yen.

More about the structure of the local algebras can be said if in addition one assumes the
nuclearity condition introduced by Buchholz and Wichmath.

First we must explain this concept. LEtbe the generator of the time translation dadhe
vacuum vector. The maP ;: M—H defined by
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O4(A) =€ F1AQ

is called nuclear if one can write it

®B<A>=; e(AV P, ¢eM*, YoeH (V.3.)

with =y [[enlfl gl <oe.
The expression

NOo)=in| S Ll

where the infimum is taken over all possible representation$\E§.1). Buchholz and Wichmann
suggested the nuclearity condition by comparing the situation in a bounded region with that of a
thermodynamical system in a box. If one does so, one obtains some suggestion about the behavior
of the normA(® ) as function ofg, the dimension of the Minkowski space and the diameter of
the double con®, when®, is applied toM(D). In the coming investigation we only need the
behavior inB. This we formulate as an assumption.

V.3.5. Condition:
We say a QFTLO fulfills the Buchholz—Wichmann property if the med{D) — H defined by

O4A)=e PHAQ, AeM(D)
is nuclear and the nuclear norm fulfills the estimate
-A/(@,B)SMG(B(J/B)n-

whereM, By,n are constants which may depend on the dimension of the space and the diameter
of the double con®.

With help of this condition Buchholz, D’Antoni, and Fredenhajéshowed the following
result:

V.3.6. Theorem:
Assume a QFTLO fulfills the BuchheM/ichmann property, Condition.¥.5. Let D;CD such
that the closure of [ is contained in the interior of D. Then there exists a type | fad@awvith

M(Dy)CPCM(D).

For the proof of this theorem we refer to the original paf&kVe want to combine this result
with Thm. V.3.4 and obtain:

V.3.7. Theorem:
Assume we are dealing with a QFTLO in the vacuum sector. Assume that the theory fulfills the
Haag-Narnhofer-Stein assumption, RequiremenB\3, and the BuchholzZWichmann property,
Condition 111.5.5. Assume in addition that1(D) is continuous from inside or from outsiddhe
first statement meandA(D)={UM(D;)}" with closureD;C interior D;,; and UD;=D.)
Then every local algebra is isomorphic to

M(D)=R@& Z,
whereR is the unique hyperfinite type I ifactor and Z is the center ofM (D).

V.4. On the implementation of symmetry groups

Assume we are describing a physical theory in terms @*aalgebraA and a symmetry
groupG, i.e., we have a representation ®fby automorphisms afd

Downloaded 25 Oct 2012 to 136.167.2.214. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



J. Math. Phys., Vol. 41, No. 6, June 2000 On revolutionizing QFT with modular theory 3649

a:G—Aut(A).

This situation is usually called @* -dynamical system and denoted by the triglg G, «}. For
applications it is of interest to characterize those representatiais4, for which there exists in
‘H, a continuous unitary representatith(g) of the symmetry group which implements the
automorphism:

U(g) m(x)U*(g) = m(agX). (V.4.1)

Let oy act strongly continuous, which means that the funcgenay(A) is a continuous function

on G with values in the normed spacé If in addition the group is locally compact, then one can
integrate over the group. This led Doplicher, Kastler, and Robiff¥8oto introduce the
C*-completion of the algebra of continuogs functions onG with values inA. They called it the
covariance algebra. Nowadays it is called the crossed produdtvath G. The importance of the
covariance algebra stems from the fact that there is a one to one correspondence of covariant
representations afl and representations of the covariance algebra. For details see the book of
Pedersen?

If one is dealing with aC* -dynamical system and a representat{an H} of A, then it is
usually hard to decide whether or not this representation can be extended to a representation of the
covariance algebra. The difficulties are twofold:7{.A) has a center then the multiplicity prob-
lem may appear. Moreover, by passing to the adjoint representation of the group, one has to be
aware of central extensions of the group. Both problems can be circumvented by passing to
quasi-equivalent representations. The reason for the first problem is clear. The reason for the
second problem is the following: (g) is a ray representation & on 7, then there exists a
second representaticﬂj(g) which is also a ray representation, but with the complex conjugate
phase factor. Thereford (g)®U(g) is a representation of the group &f® H. Replacings by
7®1 we obtain a covariant representation. This leads to the following notation:

V.4.1. Definition:

Let{A, G, a} be aC* -dynamical system andr, H} be a representation of then{w, H} is called
quasicovariant, if there exists a covariant representafion,U,H,} such that{w, H} and
{1, H,} are quasi-equivalent.

Quasicovariant representations are much easier to characterize than covariant representations.
The first result was obtained in Ref. 119 which was based on the assumptions of strong continuity
and the locally compactness of the group. Some time later BoréAelsserved, that it is neither
necessary to assume thaj acts strongly continuous nor th@tis locally compact. To prove this
the natural cone will be used, in particular Thm. V.{i\5.

V.4.2. Theorem:

Let{A, G, a} be a C'-dynamical system. Let be a representation ofl. Then this representation
is quasicovariant iff:
() The dual actiona; maps the folium ofr(.A) onto itself

(B) agy acts strongly continuous on the folium of This means the function

g—ag(w)

is a continuous function on G with values in the foliummffurnished with the norm topology
The folium of a representation is the set of states, which extend to normal stat€sApf.

The proof is a simple consequence of Thm. V.1.5,

This result suggests to investigate closer that parfibfon which ag acts strongly continu-
ous. We introduce:

V.4.3. Definition:
By A% we denote the set ape . A*, (A* denotes the topological dual of), such that for every
€>0 exists a neighborhoad of the identity ofG such that

l¢eag—dl<e
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holds forg e U.

Some properties of this set are described in the following:

V.4.4. Proposition:

Let{A, G, a} be a C"-dynamical system and assumé+pis a topological group, then the space
A% has the following properties:

(i) A% is a linear norm-closed space

(i) AZ is invariant under the action of the group, i.epe A7 implies ¢oaye A7 for every g

e G.

(iii ) With ¢ € A% one finds also that* and |¢| belong to. A% . A% is generated by its positive
elements

Since this result has no connection with the Tomita—Takesaki theory, we refer for the proof to
the original papet?®°

Recall that for every positive linear functionale A* exists a vectog, e H*, (K" denotes
the natural cone ofA**) with w(A)=(&,,A&,). Next we introduce some concepts:

V.4.5. Notation:

Let{A,G,a} be a C'-dynamical system with G being a topological group. ebe the Hilbert
space of the standard representation4if* and let™ be the natural cone associated with this
representation then we denote
() He ={ 0 (A5) 7).
(i) H.=smallestsub-Hilbert-space of{ containing™, .
(iii ) Denote the canonical involution associated with the standard representatigii*oby J
(iv) The algebrad** will usually be denoted by\1. Then A* and Mx are the same space
About this set we know:
V.4.6. Proposition:
With the assumptions and notations of V.4.5 one obtains
(i) HS is a closed cone
(i) The spacéH, is invariant under the canonical involution J
(iii) If H; denotes the vectorg e H, with Jyy= thenH, is a self-dual cone it and H, is
algebraically generated by, .
(iv) If P, denotes the projection ontt,, then for everyy e H* one has Ryre H, .

The proof of this proposition uses Prop. V.4.4 and the modular theory. In particular the
properties of the natural cone described in Sec. V.1 are used.

In order to investigate the structure df in some detail one must look at the cokg . By
this one wants to show that, is the natural cone of some von Neumann alge¥ffa One has to
show that the cone is facial homogeneous and oriented in the sense of CbtBes.also Def.
V.1.6) If this is done, then one wants to connect the algebfawith some von Neumann
subalgebra of\=A".

In order to do this the following von Neumann algebras have to be introduced.

V.4.7. Definition:

(1) We define

MP={Ae M;[A,P.]=0}.
(2) Let Aw(.)==w(A.) andwA(.):=w(.A). Then we put
Mi={Ae M;Awe M, .,0Ae M,  YNowe M, ).
(3) Let E be the smallest projection iM with E.P.=P,.
All these objects are invariant undey . First note that both sets are von Neumann algebras.
The two algebras are not different. We have
V.4.8. Lemma:

(1) The two algebras\? and M9, coincide
(2) Every element irMS commutes with E
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It turns out that the algebra1, can be used for defining an orientation for the cétje. By
this ; can be identified with\M.. The precise result is

V.4.9. Theorem:
(1) The coneh/,c+ is facial homogeneous and oriented and is, therefore, the natural cone of a von
Neumann algebraV;.
(2) The von Neumann algebr&/, is isomorphic to the sub-von Neumann—algebmcc/\/lEC
where

(@) E is the smallest projection ioM which is larger than the support projections of all
states belonging to\x ¢

(B) M. is the set of operators ivMEc which are right and left multipliers oM .

(y) The automorphisma, are automorphisms oM. .
(3) M« . is the predual ofM.

Unfortunately the proof of this result cannot be presented here. For details see the complete
text or Ref. 121.

V.5. Remarks, additions, and problems

(I) Since physical observables should be real, i.e., represented by selfadjoint operators, some
physicists like to start with Jordan algebras insteadCéf or von Neumann algebras. In this
connection it is worthwhile to mention that Connes’ theory of the equivalence of von Neumann
algebras with cones, fulfilling some properties, extends to certain Jordan algebras, which are the
analog of von Neumann algebras. This has been worked out by Idéhinrhis thesis.

(I) It is easy to construct examples of QFTLO, wherel(D) is not a factor. Let
{M(O),H,R%*} be a QFTLO on thed+ 1)-dimensional Minkowski space. Define a theory on
the d-dimensional space as follows. LiBtbe a double cone ifR¢ andD its extension t&R9* L. Let
K(D) be the cylindrical set iR9*?, i.e., x°...x4 ) eD andx? arbitrary. ThenD'NK(D)
contains interior points. Choose an Abelian algel@)C MDD’ NK(D)) and definemM(D)

= M(D)0A(D). This algebra has at leagtas center. It is clear that one can cho®) in an

RY invariant manner. Notice that we obtain for the wedge

M(W)=T{M(D);DCW}

because of the double cone theorem 1.4.4.

Problem: Do there exist conditions implying that!(D) is a factor?
(I1) Also for the algebras of spacelike cones one knows their type. Dri€Ssééowed that the
algebra of a spacelike conet(C) is of type Ill. Borchers and Wollenbeltf showed the follow-
ing result:

V.5.1. Theorem:
Let C be a spacelike cone and e be a direction inside C. Let W be a wedge which is invariant in
the e-direction. TheoM(CNW) is of type Ill;.

Notice if C is a cone which is causally stable, i.€=C" then exists a larger coneé’ DC
such thatC=C’NW. Therefore, the algebras of such cones are of type.
(IV) If one deals with special assumptions then the result of Sec. V.4 can sometimes be strength-
ened. If the group is the translation group ¥t and one is interested in those representations
where the spectrum &f (a) is contained in some proper coghen one obtains a stronger result.
But first we need some notation.

V.5.2. Definition:
Let {A,RY o} be aC*-dynamical system an€CRY be a closed, convex, proper cone with
interior points. LetC denote the dual cone &. Then we denote by
(1) A5 (C) the set of elementg e A* with the properties:

(@) a— @(xayy) is a continuous function oRY, x,y e A.

(B) e(xayy) is the boundary value of an analytic functitv(z) holomorphic in the tube
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T(C)={ze (%;Imze interior of C}.

(y) There exists a constant such that

(W(z)|<[l¢ll|xlyle™™

holds forze T(C).

(6) ¢* fulfills the same conditions ag.
(2) A*(C) is the norm-closure of{j (C).

With this notation one obtains:

V.5.3. Theorem:
Let {4,R%a} be a C'-dynamical system and CRY be a closed, convex, proper cone with
interior points. Then there exists a projectiof® in the center ofA** with
(1) ¢ € A*(C) iff there holds

(E(C)A)=p(A), VYAc A

(2) Let{H, 7} be a representation ofl. Then one can find a continuous unitary representation
V(a) acting on’H, which implements, with spectrum Ya)C C if and only if every vector state
w,, belongs toA*(C).
(3) The representation §&) can be chosen to be in(A)".

For details see Ref. 27.
(V) Part V.4 has some interest in connection with broken symmetrie.AliG,a} is a
C*-dynamical system witlG a topological group, then one is not only interested in representa-
tions where the symmetry is implemented by a continuous unitary representation of theGgroup
but also in representations with broken symmetries. By this we mean representations where the
symmetry is no longer exact, but where there is enough symmetry left in order that it can be
observed as symmetry on some observables. One possibility is to assume that there is an exact
symmetry on some subalgebra. Adapting this point of view one should look for some algebra
which is isomorphic to a subalgebra @fl., introduced in the last sectiofilLagrangean field
theory suggests to look at some deformed algebra. But, in the general theory it is not clear what
deformation means.

VI. TENSOR PRODUCT DECOMPOSITION OF QUANTUM FIELD THEORIES

The axioms of quantum field theory are such that they allow to describe two or more inde-
pendent theories in one object. There are several mathematical procedures which permit to con-
struct a new theory out of two or more independent theories. In all the known examples the new
theory does not describe new physics. The simplest example is the direct sum, or more generally,
the direct integral of theories. The inverse operation is the integral decomposition with respect to
the center of the global algebra. There are effective criteria implementing that a theory is inde-
composable with respect to the direct sum operation. This is the cluster decomposition property or
equivalently the uniqueness of the vacuum vet{ot?

More complicated is the direct product of theories. Starting with two theories
{M;(0),U;(A,x),H;,Q,;}, i=1,2 one can define a new theory &y ® H, by M(O)=M,(O)
OM5(0), UAX)=U (A X)®Uy(A,x) and Q=0,;®0,. The new theory
{M(O),U(A,x),H,Q} fulfills again all axioms of local quantum field theory. In order to discover
the direct product structure one has to look at the subthgtity(O)®1,U(A,x),H,Q} which
fulfills the assumptions of the theory of local observables except the cyclicity assumption for the
vacuum vector. In this section we want to develop the theory for the converse operation, i.e.,
decomposition of tensor products. Besides the usual assumptions we require that the global alge-
bra is a factor, and that the theory satisfies the Bisognano—Wichmann property.

VI1.0.1. Remark:

(1) As a consequence of the Bisognano—Wichmann property one concludes that the theory fulfills
the wedge duality, i.e., for every wedge the relation
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M(W)"'=M(W")

holds, whereW'’ denotes the opposite wedge\W For the proof see Prop. 1V.4.2.
(2) If one identifies the algebra of the double cdbewith

M(D)=N{M(W);DCW}. (VI.0.1)
then the general duality property
M(D) ' =M(D")

holds, whereD’ denotes théinterior) of the spacelike complement &f.

VI.1. On modular covariant subalgebras

In order to understand the problem let us start with the assumption that our theory is a tensor
product.

{M(O)@ M(0),U1(X)@Ux(X), Hy @ Hp, Q2@ Q).

First we look at one algebrat for a suitable chosen domain. Then we have= M;® M,.
Since() is a product state we know that also the modular group splits, i.e.,

At=Al'@AY.
If this is the case themM;®1 is a subalgebra oM which is mapped by onto itself
Ut(M1®]):M1®1.

Subalgebras which are mapped dYyonto itself are “modular covariant subalgebras.”

We start our investigation by introducing modular covariant subalgebras and describing their
relations to normal and faithful conditional expectations. In addition we describe Takesaki’'s result
on the structure of modular covariant subalgeBfas.

Let M be a von Neumann algebra acting on the Hilbert sgdand let the vectof) e H be
cyclic and separating foAM. Then we denote by, J the modular operator and the modular
conjugation associated with the pait1,Q)).

VI.1.1. Definition:

A von Neuman subalgebt&C M(1eN) is called modular covariant if it fulfills the equation

ANATI=A, VteR.

The set of modular covariant subalgebras\dfwill be denoted byMcs(M).
Notice that the vectof) is separating fot\/ but not cyclic, because cyclicity implies”
=M. (See, e.g., Kadison and Ringrose, Ref. 33, Thm. 9.2.36.
The symbol NQ2] denotes the projection onto the Hilbert subspace generatéd(by
Modular covariant subalgebras have the following well known and easy to verify properties.
(See Refs. 125, 126, 127, and P1.
VI1.1.2. Lemma: LetN'e Mcs(M). Let H, be the closure ofNQ) and denote by E the
projection ontoH . By A/ we denote the restriction 0¥ to H,. Then:
1. E, commutes witi\' and J The restriction ofA and J toH{, will be denoted byA and J.
2. A and J are the modular group and modular conjugation(df,().
3. The commutant iV in H, coincides with JVJ.
4.The map/\/ﬁf\/is an isomorphism of von Neumann algebras
5.Ae M and[A,E,]=0 implies Ae V.
6. Ae M and AQ e H, implies Ae N.
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For the proof see the paper of Takesakor the complete script. The results of the last lemma
have been strengthened.
VI1.1.3. Theorem: (TakesaKi
With the assumptions and notations of LemmalV2 we obtain:
(1) For Ae M one has EAE V.
(2) There exists a normal faithful conditional expectati®from M onto N.
(3) £ commutes with the modular action:

E(ADAA)=AdAE(A), ACM.
(4) There exists also a conditional expectatiéhfrom M’ to JE(M)J defined by

E'(A)=IEIA' )T, AleM'.
(5) Let E be a projection with B=0. If there is a von Neumann algebt&C M with E
e N’ and the central support of E il is 1 and in addition one has RIE=NE then\ is a
modular covariant subalgebra of1.

VI.2. Conditional expectations and half-sided translations

If M is a von Neumann algebra with cyclic and separating vector then we call the anti-linear
operatorSM:=JMA}\’42 the Tomita conjugation of M, Q). In this section we will deal with
operators of the same kind, i.e., operatSrulfilling:

(i) Sis a densely defined closed antilinear operator with domain of defirldid).
(i) S°=1 on D(S).

(i) Qe D(S) andSQ=().

We will call such operators generalized Tomita conjugations.

Since S is closed it has a polar decompositi®@= JAY2 ThenA is invertible andJ is a
conjugation, i.e.,

JAJ=A"1, J=)=0"1 (V1.2.1)

These properties follow from the conditi@=1. (See, e.qg., Bratteli and Robinson, Ref. 32, Prop.
2.5.11)

We often deal with the situation that we have a generalized Tomita conjug@tamd a
Tomita conjugationS,, which is an extension of From Eq.(I1.1.3) we know (1+A,,)"*
=(1+A) "L This implies that the operator-valued functigxt) ==A;4'tA“ has a bounded ana-
lytic extension into the stri$(0,3). We are interested in determining the value of this function at
the upper boundary. We obtain as in Sec. 11.3

VI1.2.1. Lemma:

Let S be a generalized Tomita conjugation ang Be the Tomita conjugation 0¥1 such that the
latter is an extension of. ®efine Qt):=A,;'A". Then Qt) has a bounded analytic continuation

into the strip §0,5) and at the upper boundary one has
C(t+i/2)=3,,C(1)J.
Moreover, the following estimate holds:
IC(n)<1.
We saw in Sec. lII.2 that the elementsdhar(M) are in one to one correspondence with the
von Neumann subalgebras belonging Sab(M). Therefore, it is interesting to know which
condition of Lemma [1.3.2 is the crucial one. It turns out that the conditidhs(6) can easily be

satisfied, but that conditiofY) is the essential one. In order to overcome the lack of condition 7 of
Lemma I11.3.2 we will use a property similar to that of half-sided modular inclusions.
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VI.2.2. Theorem:
Let M be a von Neumann algebra @i with cyclic and separating vectd2 and let S, be the
Tomita conjugation ofM. Let S be a generalized Tomita conjugation and assumeisSan
extension of SAssume in addition that S is an extensiomg;SA ;" for t<0. Then:
1. There exists a unitary group ) with

(a)U()Q=Q for all t e R.

(B)U(t) has a non-negative generator
2. Between the modular group @1 and U(t) exist the relations

AV U(s)A L =U(e 2™s), I, U(1)J,=U(—1).
3. Define
S=ASA !
which is monotonously increasing with t and set

S.=1lim S.

t—oo
Then there holds fors0
U(s)S.U(—s)= S7(1/271-)Iogs-

Notice: There exists a variant of this theorem which is obtained by replacing everywnere
—t.

The statement of the theorem needs some explanation. By assumption theﬁfg‘;ﬁ;ﬁij;@It is
increasing witht. Hence the projections onto the graphs are an increasing family of projections
which converges strongly. Since all these projections are majorized by the projection onto the
graph ofS,, the limit is smaller or equal to the majorant.

The proof of this theorem is a variation of the proof of Wiesbrock’s theorem on half-sided
modular inclusions presented in Sec. 1.4 but unfortunately we cannot present it here. For details
see the complete script.

From Thm. VI.2.2 one can draw several conclusions. We start with the following result:

VI.2.3. Corollary:

Let M be a von Neumann algebra ¢t with cyclic and separating vectd? and let S, be the
Tomita conjugation ofM. Let S be a generalized Tomita conjugation and assumeisSan
extension of SAssume also that S is an extensiom\gf;SA ;" for t<0. If we have in addition

SM:tILn;IO Stl

then S is the Tomita conjugation of a von Neumann alge®ravhich hasQ as cyclic and
separating vector. Moreover, one has

N=U(1)MU(—-1).

VI.2.4. Remark:

Unfortunately | could not show thad is a von Neumann subalgebra @ft, although it is
suggested by the fact th&},, is an extension 0§,,. Up to now one needs additional information
in order to conclude that/is a subalgebra aM.

Proof of the Corollary: With S,=lim;_.. S, we know from Thm. VI.2.2 the relation
S=U(1)S.U(—1). With S,=S,, it follows S=U(1)S,,U(—1). Since MQ is a core for
Sy it follows with N=U(1)MU(—1) that MQ is a core forS Hence the corollary is
proved. O

In connection with conditional expectations one can conclude that the algélescribed in
Corollary VI.2.3, is a subalgebra o%1.

Downloaded 25 Oct 2012 to 136.167.2.214. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



3656 J. Math. Phys., Vol. 41, No. 6, June 2000 H. J. Borchers

A half-sided translation associated witl is a one-parametric unitary groyf(t) fulfilling:
() V(t)Q=Q for all teR.
(i) V(1) has a non-negative generator.
(i) V(t)yMV(—t)CM for t=0 (or for t=<0).
With these concepts we show:
VI.2.5. Theorem:
Let M be a von Neumann algebra dr with cyclic and separating vectd. AssumeN is a
modular covariant subalgebra oM and £ the associated conditional expectation. (See Thm.

VI.1.3.) Denote bW resp £ the restriction of\/ resp £ to the cyclic subspace of. Assume Vi)
is a +half-sided translation fotM. Then:
(i) &(V(t)MV(—1)) is dense in the von Neumann algel&V(t) MV(—t))}".

(ii) There exists arhalf-sided translation for\/'= ?J(M) with

UAMI(—t) ={EV (1) M(V(—t))}".

Since V(t) has a non-negative generator we conclude by a Reeh-Schlieder type argu-
ment, that EV(t)MQ is dense inEH. Let S_j;,0: b€ the map EV(t)AV(—t)Q
—EV(t)A*V(—1)Q. ltis not difficult to show that this map is preclosed. The closure, denoted by
the same symbol, fulfills the conditions of Thm. VI.2.2. Hence one gets a ddgtipwith

S=U(E™)SU(—&™).

The setsE V(&™) MQ andU(2™)AQ are both a core fo8, which implies thatE V(&#™) MQ

is dense inU(ez”‘)/VQ in the graph topology o§,. Since the graph topology @&, is stronger
than the Hilbert space topology we get the density in the Hilbert space topology. Since
Q is separating and sinceEV(e€™)MV(—e&™E is convex we conclude that

EV(E™) MV(—€™E is strongly dense itJ (™) AMU(—€e?™). Hence the theorem is proved.
For details see Ref. 128 or the complete script.

VI1.3. Construction of subtheories

If we start with a wedg&V and assume the algebtd (W) has a modular covariant subalgebra
MW). Let &y be the associated conditional expectation Bcthe projection ontg V(W) Q]. If
we now change the wedge oW+ x then of courseJ (A, x) V(W)U (A,x)* is a modular cova-
riant subalgebra aM(AW+x). But in order to obtain a decomposition of the global field theory
the projectionE,, andE ., have to coincide. If this is the case then we also need conditional
expectations for the algebrasl(D) associated with double cones. In order to be able to construct
such conditional expectations the algebras must be closely related to the algebras of wedges.
Therefore, we set

Now we can define what we mean by the coherence property.

VI.3.1. Definition:
Assume we deal with a quantum field theory in the vacuum sector. Assume with every double
coneD and every wedg&V is associated a modular covariant subalgeb{®)C M(D) and
NW)C M(W). Then we call this family coherent if the projectioBg, andE,, coincide for alll
double cone® and for all wedgedw.

Unfortunately it is not always possible to transport the conditional expectation from one
wedge to all others in a coherent way. Half-sided translations can be used only if the positive

linear mapsLt(A):MHNdefined by

L(A)=U(—t)EV(t)AV(—t)EU(t)
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are trivial. These half-sided translations (W) would be necessary in order to transport the
conditional expectations to the shifted wedges or to pass to other wedges with one light ray in
common.(See Sec. IV.4.

In case one knows that the translations in the characteristic two-plane of the Wedge-
mute with E,y one can conclude more:

V1.3.2. Lemma:
Let the dimension of the Minkowski space be larger than 2 N{@) be a modular covariant
subalgebra ofM(W). Assume E commutes with the translations in the characteristic two-plane
of W. Then Ey commutes with all translations

This is an easy consequence of the spectrum condition. Assume we have a coherent family of
modular covariant subalgebras for all wedges.

It remains to construct a modular covariant subalgebra for every double cone.

VI.3.3. Lemma:
Let M(W) be a coherent family of modular covariant subalgebrasAd{W). Define for any
double cone

MD)=nN{MW);DCW}.
ThenAN(D) is a modular covariant subalgebra of
M(D)=N{M(W);DCW}.
Moreover, one has
[MD)Q]=[MW)Q].
One knowsM(W) = M(W)U{E,1}’. In analogy one defines
MD)=M(D)N{E,1}". (V1.3.1)

Because of\(D)Q=EM(D)Q we get that() is cyclic for M(D) in EH. Using the fact thaf)
is also separating fok{D) one finds that Thm. VI.1.3 is applicable, which shows théD) is a
modular covariant subalgebra ##(D).

We saw that the coherence property is not automatic. Therefore, we have to assume this in the
future. Using the results of Sec. 1V.4 one finds:

VI.3.4. Lemma:
Let {M(D),U(A,x),Q} be a theory of local observables fulfilling the BisognaMéichmann
property. Let{ M(W),M D)} be a coherent family of modular covariant subalgebras and E
=E,y be the associated projection. Thert{Hs invariant under the Poincaréransformations

U(A,x). Moreover, for every wedge the restrictioﬁé{, and U(Aw(t),O) coincide. HereA (t)
denotes the Lorentz boosts which map W onto itself

We collect the main results of this section in the following

VI.3.5. Theorem:
Let {M(D),U(A ,x),H,Q} be a theory of local observables fulfilling the assumptions of the
introduction. Assume there exists a coherent family of modular covariant subalg&v of

M(W). Then a local quantum field theoM/(D),U(A,x),EH,Q} exists which fulfills the axi-
oms listed in the introduction. In particular one has for every wedge

MW)=D{\MD);DCW!.

For details of the proof see the complete script.
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VI.4. Decomposition of the global algebra

The investigations of this subsection are based on a result of Také3adtice if V' is a
modular covariant subalgebra @8, then this is also true fo\©:=A" N M.
The existence of the two conditional expectatiérend£ ¢ has some important consequences.
VI.4.1. Theorem:
Let M be a von Neumann algebra with cyclic and separating ve@toAssume\Ve Mcs( M) is
a von Neumann subfactor. L&° be the relative commutant ¢f in M and letR = NN © be the
von Neumann algebra generated hyand A/¢. Then the map

77:2 Ai®BiEN®NC—>E AiBiERCM

extends to an isomorphism Afo ¢ onto R=ANTINC. Moreover the vacuum staté),.Q) is a
product state ok, i.e, Ae N and Be A/ implies

(Q,ABQ)=(Q,AQ)(Q,BQ).

In order to apply Takesaki’'s result on tensor products we have to know that the modular
covariant subalgebr&(W) of M(W) is a factor, which will be shown under the assumption that
M(W) itself is a factor. This is known to be the case if the global algebra is a factor. Since the
factor property forM(D) is not known we are not able to show theD) is a factor. Hence we
cannot use Takesaki's result. Here we will use a characterization of tensor products due to Ge and
Kadison*?®

For the factor property alV{W) we use Lemma V.2.2: Ld#l(t) be a half-sided translation of
the von Neumann algebr&. Denote byE, the projection onto thél(t) invariant vectors and by
F, the projection onto the eigenvectors ®f, to the eigenvalue 1. Then one has

From this we conclude:

VI.4.2. Proposition:
Let {M(D),U(A,x),H,Q} be a theory of local observables. Assume the global algebra is a
factor and henceM (W) is a factor. Then every modular covariant subalgebraid{W) is a
factor.

Proof: Let N(W) be a modular covariant subalgebra/of(W) and letZ be in the center of

NMW). Then Z is in the center of./V(V\/) and hence it commutes witﬁ{,{,. Since the map

N(\N)—MV(V\/) is an isomorphism we find thaZ commutes withAli. This implies ZQ
e F{/HCEyH. As the group generated by half-sided translations.f¢(W) contains the time
translation it followsEyH=CQ. HencezQ =z ,ze C and the separability of) implies Z=zI.
This shows the proposition. O

Knowing that V(W) is a factor, we can use Takesaki's result for the construction of tensor
products. But first we have to look at the relative commutants.

VI1.4.3. Lemma:

Assumg N(W)} is a coherent family of modular covariant subalgebrag.of(W)}. Let N/¢(W)
be the relative commutant #f(W) in M(W). Define N'P(W) = V(W) ON(W). Then{ N (W)}
and {NP(W)} are both coherent families of subalgebras{@f{(W)}.

The proof of this lemma uses the covariance of the two familieg W)} and{V(W)}. In
addition one has to look at the algebrag(W(l,1,) NW(I,1,)) and MW(I,I;) "W(l,I,)), where
the first vectors coincide in order to show thEt(W(I,1)NW(l,1,)) fulfills the condition of
half-sided modular inclusion with respect to the algebk&8W(l,l,)) and N°(W(l,l,)). From
this one concludes the coherence property.
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VI1.4.4. Remark:
The relative commutant of/P(W) is trivial, because{/P(W))€ belongs to the center of the factor
NP(W) (see Prop. VI.4.1

Since we do not know whether or ng#!(D) and V(D) are factors, we will defingV¢(D)
andAP(D) differently.

V1.4.5. Definition:
With the assumptions as before we set for double cones

NE(D)=N{N*W);DCW},
(V1.4.1)
NP(D)=N{NP(W);DCW},

Since these definitions are similar to those in Lemma VI1.3.3, the conclusion of that lemma holds
for N¢(D) and A/P(D) with the obvious changes.

Next we have to look at conditions which imply th&t(D) is isomorphic to a tensor product.
For the proof of such condition we need a result of Ge and Kadison which is based on the tensor
slice mapping introduced by Tomijam¥. First we have to explain this concept.

Let R andS be von Neumann algebras acting on the Hilbert spatesd K. Let w andp be
normal linear functionals orR and S, respectively. Then their produci® p defines a linear

functional onR® S which is defined orH{® K. Keepingw fixed and taking/, y € K and choosing

TeR®S then the expression®p, ,(T) defines a sesquilinear form da This form is continu-
ous and defines by the Riesz representation theorem a linear op&rgtdj. Since the commu-

tant of R SisR'®S' itis easy to see tha¥ ,(T) belongs taS. This is the tensor slice mapping

introduced by Tomijama. In the same manner there exists a mafipin®® S—R.

With this concept the following result of Ge and Kadis&tholds, which we quote without
proof:

V1.4.6. Proposition:

Let M be a von Neumann subalgebra®® S, then M splits, i.e, M=R,®S; with R;CR and
S1CS exactly if every tensor slice mapping sendsinto M.

Using this result we obtain:

V1.4.7. Proposition:
Let M(D) be defined as in Lemma VI1.3.3 aAd*(D), AP(D) as in Eq. (VI.4.1) then one has

NP(D)=MD)®N(D).

The proof uses the fact thatt(D) C M (W) and that for the latter algebra we know the tensor
product structure.

Collecting the results of this section we obtain:

VI1.4.8. Theorem:
Let{ M(0O),U(A,x),H,Q} be a theory of local observables fulfilling the assumptions listed in the
introduction. Assume thatAV(W)} is a coherent family of modular covariant subalgebras of
{M(W)}. Let N(W) be the relative commutant of\{W) in M(W) and NP(W)
=MW)ON(W). Then:
(1) There exists ortH a subtheory of local observables

{NP(D),NP(W),U(A,x)}

covariant under the existing unitary group(,x). Moreovet {NP(D),NP(W)} are modular
covariant subalgebras diM(D), M(W)} such thatN'P(W) has a trivial relative commutant in
M(W). If EP denotes the projection onfoVP(W)Q ] then B> commutes with\VP(D), NP(W)

and the group representation(W,x). Moreover Q) is cyclic forA’P(D) in EPH. If we denote the

restriction of VP(D) and U(A,x) by NP(D) and U(A,x), respectively, then
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{AP(D),U(A,x),EPH,Q}

defines a theory of local observables satisfying the axioms listed in the introduction

(2) There exist two coherent famili¢s/(D),MW)} and{N°(D),N°(W)} of modular covariant
subalgebras of M(D), M(W)}. If E and E° are the projections ontp V{W)] and [N(W)],
respectively, then these projections commute wifh [X) and E withAV(D) and E* with A'¢(D).
With this we obtain:

{NP(D),U(A,x),EPH,Q}={N(D)® A%(D),U%A,x)® US(A,X), EH® E“H,Q°2 Q.

In this formula Y denotes the restriction to’# and X the restriction to EH.

VI.5. The hidden charge problem

If we look at the modular covariant subalgebyd&W) of M(W), then it can happen that the
relative commutantVe(W) of MW) in M(W) is trivial, i.e., N(W)=Cl. This is called the
hidden charge problem because of the following reason: If we start with a theory of local observ-
ables{NV(0),U(A x),H,Q} such that the theory has charged sectors which are connected by
localized Bose fields, then we can add these Bose fields and obtain a field algebra

{F(0),U(A,x),H,Q} which also fulfills the assumptions of the theory of local observables.
Knowing only the latter theory one would like to discover the localiét®),U(A ,x),H,Q} and
the structure of the charged fields. The simplest case has been discussed in Ref. 131, namely, that
the charged fields are covariant under the action of a compact Abelian group. In this case one has
unitary operators inV{(W) which define automorphisms ¢f{W). This is no longer true in the
general situation. The next, more complicated case is described by Doplicher, Haag, and
Robertst*2133Here, or more general in the situation described by Buchholz and Fredenfiagen,
the commutant o\V{W)ONM(W’) is generated by minimal projections. In general one has to cope
with the situation where the commutant (W) ON(W’) is not generated by minimal projec-
tions. In both cases, the tensor product decomposition and the hidden charge situation, one has to
look at subtheories. Therefore, both problems are mingled and one has to disentangle and to solve
them.

Let {M(W)} be a coherent family of modular covariant subalgebragie{\W)} and assume
that the relative commutant*(W) of M(W) in M(W) is trivial. Let E be the projection onto
[NMW)Q]. We introduce:

VI1.5.1. Definition:
(1) G denotes the set of wedges, double cones, and spacelike complements of double cones.
(2) For G € G we define

My (G)=M(G){LEY".

(3) NV5(G) denotes the relative commutant &{G) with respect taM;(G). Since by Remark
VI.0.1 duality holds insid&; one has

My (G)=MG').

(4) V.. denotes the von Neumann algebra generated hy/e®).
The following properties ofM;(G) are easy to derive.
VI.5.2. Lemma:

Let M4(G) be the algebra defined in VI.5.1. Then:

(1) For every wedge the algebr&1,(W) is a factor

(2) For the relative commutant of(G) in M4(G) one has

MU(G)NM(G)'=M(G")NMG") =NYG").
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Hence for every wedgé1,(W)N M(W)' is trivial.
(3) For the relative commutant/$(G) one has

1(G)=My(G)NM4(G')=N5(G').
(4) Ad ALY M, (G)=M,(G) and hence

Ad AZNS(G)=NE(G)
Our f|rst goal is to look at partial isometries ikt (W).
VI1.5.3. Definition:
Let M(W) be a modular covariant subalgebra/of(W). We set:
(i) JW)={Ve M(W);V partialisometry withV*V=1,VV* =R(V)}.
(i) P(W)={VEV* =F;Ve J(W)}, whereE=[ N(W)Q]=[MW")Q].
(iii) By (W) we denote the set of unitaries il (W).
With this notation we show:
VI.5.4. Lemma:
(1) Let Fe P(W) and P be a projection in\1(W) with P<F. Then:
(a) Pe P(W), i.e., there exists an element ¥ J(W) with P=V,EV7 .
(B) There exists an element \J(W)NAMW) with V;=VW where V is defined by F
=VEV*.
(y) If F=P then W is unitary
(2) Let F,=V,EV] , F,=V,EV; be in P(W). AssumgV,V7)(V,V3)=0. Then exists an ele-
ment Ve 7(W) with VEV* =F;+F,.
(3) Let Fe P(W) then exists a unitary element&l/(W) with F<SUEU*.
The proof of this lemma is based on the fact th§iV) is a factor of type Ill. Hence for every
projectionH in AM{W) exists a partial isometry iv{W) with supportl and rangeH.
By the result of the last lemma it is sufficient to look at unitary elementg(iw), i.e., at
elements of/(W). Now we introduce the sectors associated with elemeris/(W).
VI.5.5. Definition:
Let {M(W)} be a coherent family of modular covariant subalgebragiaf(\W)}.
(1) ForVe J(W) we set

S(V)=[MW)VEH].

(2) V=N _MD)’ N, MW)’

Notice that the projectio®(V) does not only belong t&/{W)' but also taAV{W')’. Since the
Hilbert spaceEH is invariant undetV{W'’) we observe

VI.5.6 Theorem:
Let{M(W)} be a coherent family of modular covariant subalgebra$.bt(W)}. Then for every
Ve J(W) the projection $V) belongs ta\V, .

The proof of this theorem consists of three parts. First assurbelongs to7(W+a) where
a belongs to the interior of the wedd#, then the statement is true because of the spectrum
condition. Next we have to show th&Ad U(\a)V) depends weakly continuous an The third
part consists of showing that the statement remains true if one takes limits of elements described
in the first part.

Little is known about the structure of/{. A special situation appears if one h&V)
=VEV*. In this case we obtain

VI.5.7. Proposition:
Assume \& 7(W) is such that V) =VEV*. Then it fulfills the following properties:
(i) V is unitary.
(i) S(V) is a minimal inA/§(W).
(iii) V* induces an isomorphism d¥, i.e.,

VX NW)V = N(W).
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This proposition follows from the fact th& is minimal in N'5(W).
Finally we are interested in the structure of the seV&f such thatS(V,)=S(V,) holds. We
obtain a result only ifS(V,) is a minimal projection inV{(W).

VI1.5.8. Theorem:
Assume VY,V,eU(W) such that $V,)=S(V,)#E holds. If in addition $V;) is a minimal
projection in N'5(W) then there exist two unitary operators;\WWV, e M(W) with

V2 = lelWZ .

From this result we learn that the “minimal sectorS{V) are characterized by the left—right
co-set/(MW))VUNMW)). Hence one can multiply minimal sectors and decompose the prod-
uct into sectors. Unfortunately it is not known whether or not the algabréw) is of type I.

VI.6. Structure of decomposable theories

In this section it will always be assumed thgh/{W)} is a coherent family of modular
covariant subalgebras ¢\ (W)}.

Having solved the decomposition problem for tensor products and the hidden charge problem
we shall have a look at the situations which might occur.
1. The simplest case is that, whex&W) and A¢(W) together generatd1(W). In this situation
the theory is the tensor product of two “simpler” theories.
2. The other extreme is the case wh&fé(W) consists of multiples of the identity. This is the
pure hidden charge situation.
3. If A'¢(W) is not trivial then\V (W) and A °¢(W) are not necessarily the same. Since the relative
commutant ofM(W) in A¢¢(W) is trivial, the passage fromv{W) to A°¢(W) is again a hidden
charge problem. If we have solved this problem, then there are again two possibilities:
3.a.N%W) and V'°(W) generate the whole algebyet(W). This is the same as situation 1.

3.b. V¢(W) and A (W) generate only a subalgebka®(W) = N(W) @TJ\/CC(W). In order to get
to M(W) one has to solve the hidden charge problem for the alg&Biaw).

4, Starting fromAV(W) and V(W) then it can happen thaft/(W)gNC(WFN"(V\D is not the
whole algebraM(W). In this situation one has to solve the hidden charge problemVi(iw).
The discussion of the cases 1-4 can be summarized in the following diagram:

NCe=MNN".
(N, Ny Bh e pey

[er [er

Ncc@Nc
l /'B.f (B f

NBNE —s Bf, — M

t.p. stands for the construction of the tensor product.
B.f. stands for the construction of the Bose field.

If we have reached the algebhq W) 5/\/’0(\/\/) then one has to solve a hidden charge problem
in order to get toM(W). But the algebra/\/(\l\l)gj\/'c(\/\/) is a subalgebra ofA¢¢(W)
@TNC(W). If these algebras are different then the relative commutanN@N)ch(W) in
NCC(W)Q)TNC(W) consists again of the multiples of the identity. Hence the passage from
NMW) @ N (W) to N(W)@ N (W) is a hidden charge problem.
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It remains to explain why the algebr&““(W)® N (W) does not need to coincide with
M(W), although we have solved a hidden charge problem in order to pass.ffon) to
NC¢(W). It might happen that both theories constructed fedfff(W) and N¢(W) have sectors
associated with Fermi fields. Let us denote these theorigsT5§(O)} and{F°(O)}. Now let us

take the tensor produdtF () ng(O)}. In this situation the theoryWV°{(W)® N (W) has
Bose as well as Fermi sectors because the tensor product of two Fermi fields is a Bose field. If we
restrict the theory to all Bose sectors, then there are sectors which are Bose sectors but not tensor

products of Bose sectors. TherefargSS(W) 5/\/‘:(\/\0 do not need to coincide witi1(W).

VI.7. Remarks, additions, and problems

(i) The decomposition theory is based on the existence of modular covariant subalgebras
MW) e M(W). Therefore, the structure of this sétcs(M) defined in VI.1.2 is of interest. In
particular one would like to know whether or not two different modular covariant subalgebras
must have a nontrivial intersection.

(i) The main problem of the decomposition theory is the construction of coherent families of
modular covariant subalgebras. In Sec. VI.2 we have investigated the relation of half-sided trans-
lations to modular covariant subalgebras. Theorem VI.2.5 indicates that the family of modular
covariant subalgebras obtained from one such subalgebra by means of Ptamsi@mations is

often coherent. But conditions are missing implementing that this is the case.

(iii ) If A6(W) is trivial then only little is known about the algehfd$(W). In the usual theory of
superselection sectorsl€ 4) one finds thaB(V)N{(W) is of type 1. Is this true in the general

case of hidden charges? If this holds then with help of the method of Doplicher and Rtmeres
should be able to construct the compact gauge group. Howe\&iV)i\S (W) is of type Il or Il

then this implies that the gauge group cannot be compact.

(iv) Nothing has been said about the statistics of sectors. It would be nice if one could repeat the
arguments of Doplicher, Haag, and Roberts in the scheme presented here.

(v) During the investigation of the hidden charge problem we have envisaged the possibility of a
continuous family of charged sectors. Can one construct such an example, eventually with help of
Guichardet’s continuous tensor proddéfDuring the construction one has to face the problem
that the field algebra shall be countably decomposable. The opposite possibility is the case where
the center of V{(W) is purely atomic. To answer these questions further investigations are
needed.

(vi) Although we derived the structure of the superselection sectors only for Bose fields, it should
be possible to do the same also for Bose and Fermi fields. In this/&3gis a graded algebra
which can be handled with small modifications as the pure Bose case.

(vii) The content of Sec. VI has partly been explained in Ref. 128. The structure of subtheories of
QFTLO has also been investigated by Davidson in his tHésis.

VIl. PROBLEMS FOR THE FUTURE

At the end of every section we have mentioned some problems. Nevertheless, there are some
questions which should be discussed because they are, in my opinion, of importance for the future
development of QFTLO.

VII.1. About the restriction to lower dimensions

Axiomatic approach to QFTLO has, compared to the Lagrangean setting, the disadvantage,
that there exist mathematical operations, which allow to construct new theories out of two or more
given ones. These new theories do not contain any new physics. Examples of such operations are
the direct sum, direct product, and additions of charged Bose fields to the observables. Therefore,
one is interested in characterizing theories which are indecomposable with respect to such opera-
tions. However, there is one operation which is of different nature. This is the restriction to lower
dimensions. For Wightman fields it is knowh that the field operators ar€*-functions in
spacelike directions with values in the space of operator valued distribufionise time direc-
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tion). Hence one can restrict Wightman fields to lower dimensions, as long as the lower dimen-
sional space contains the time direction. The restrictior gpace corresponds to integration in
momentum space. Therefore, if the original theory has an isolated mass, then such information
gets lost by this operation. Hence also this operation is unwanted.

In QFTLO exists a similar operation. Assurfig1(0),R 9*1,«} is a given theory, then one

can construct a theory dh 9 as follows: LetD be a double cone it 9, then this is the intersec-
tion of a double coné)(lﬁ) in R9*1 with R 9. On the other hand denote K}(Iﬁ) the cylindrical
set obtained by choosing the fidtvariables inD and the last variable arbitrarjﬁ is again the
intersection ofK(I5) with R 9. Now we choose\/(ﬁ) such that

M(D(D))CMD)CM(K(D))

holds. Then{A(D),R % a} defines a QFTLO provided we choose t&D) fulfills covariance

(in RY and isotony, but these conditions are easily fulfilled. Therefore, there exist many different
restrictions. Notice that for the wedge algebras all these different restrictions coincide and are
equal toM(W). This follows from the double cone theorem, Thm. 1.4.4.

Since the restriction leads to unwanted effects one would like to reconstruct the original
theory. | hope, that with help of Tomitas modular theory this will be possible one day. Let us look
at examples, in order to see, that my hope is not completely unjustified.

VII.1.1. ExampleTake a conformal QFT in two dimensions. Choose a fixed timelike direc-
tion and restrict the theory to this line. As algebra of an interval take the algebra of the associated
double cone, i.e., ifa,b), a<b is the interval then we associate to it the algebra of the double cone
(a+VH)N(b—V"') whereV*' denotes the forward light-cone. By this we obtain a theory on the
line.

The algebraM(V* +a) with a not on the linefulfills the condition of half-sided modular
inclusion with respect to the algebra Bf*. This algebra is not associated with any setidf
Moreover, the associated translation commutes with the translation along the time axis. From the
tho-dimensional group of translations it should be possible to reconstruct the original theory on
R-.

VII.1.2. ExampleTake a standard QFTLO in three dimensions and restrict it to two dimen-
sions. Then one should be able to recover the original theory since the algebra
MW(l,1,)NW(l4,135)) fulfills the condition of half-sided modular inclusion with respect to the
wedge algebra. This algebra is not associated to a sub$et.dut the corresponding half-sided
translations allow to reconstruct the translational part of the stabilizer groljp @fiso here one
should be able to reconstruct the original theoryfoh

In order to be able to reconstruct the original theory one has to understand the spaces of
+half-sided translationgand the spaces of half-sided modular inclus)dios the algebras of the
wedge domains. In conformal field theories one has to look also at the algebra of the forward
light-cone.

When we constructed the Poincapeup from the modular groups of the wedd&ec. IV.4
we were able to show that certain half-sided translations commute. One has to understand better
the principle behind this phenomenon.

Looking at the example of the forward light-cone in conformal field theory one sees, that the
algebras of any subdomagfulfilling S+V* =S belong toHsmi(M(V*)) . Hence there exists
a half-sided translation associated with it. Eoz S one has the half-sided translation & (V*
+a) with its generator denoted By, . It should be possible to express the generator of the group
associated withM(S) in terms of the family{H ,}.

The spaceg{smi(M)~ andHsmi(M)* have certain order and convexity properties. These
are explained in Ref. 139. Moreover, one can introduce an equivalence relatiésinm( M)~
[and also inHsmi(M)*] as follows:
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VI1.1.3. Definition:Let N, A, e Hsmi(M) ™ andU;(t), i=1, 2 their associated translations.
Then AdU;(t— 1), will be denoted byN(t). We call \; and N, equivalent

Ni~N,
if there exist two nonzero positive numbexs,\, with
Ni1(N 1) CNCNi(Ny).

Because of the decreasing monotonyAgf(\) one must have.,<N\;.
It is interesting to notice that this order structure survives if one passes to the space of equivalence
classes. This discussion shows th&gmi(,M) ™~ has a rich structure, but up to now it is not clear
how to get to the geometric structure on which the algebtas based.

In the example of the wedge one has to construct the algebp@/(l,,13)) from the knowl-
edge of the algebravVi(W(l,I,)NW(I,l3)). This is possible since the half-sided translation
connectingM(W(I1,13)) with M(W(I1,1,)NW(I4,l3)) is also a half-sided translation of the
latter algebra. Knowing this translation one can reconstid¢wW(l,,13)). The only problem here
is the normalization of the group. M (t) e Hstr(M)" and A\>0, thenU(\t) e Hstr(M)™.
Therefore,\ has to be fixed for the correct application.

VII.2. Vacuum states on the hyperfinite  ///, algebra

As discussed in Thm. V.3.7 the Buchholz—Wichmann nuclearity property Cond. V.3.5 implies
that the local algebras are hyperfinité ; algebras. Therefore, the algebras belonging to wedges
are also hyperfinite and of typdl ;. By a result of Haagerdf there exists(up to unitary
equivalencgonly one hyperfinitd 1l ; factor. Therefore, it is tempting to ask whether or not the
vacuum state of a QFTLO can be characterized by algebraic means. What | have in mind is the
structure of the set of half-sided translations, or equivalently half-sided modular inclusions con-
nected with the vacuum state of the given theory. The situation shall be explained by examples.

VII.2.1. ExampleThe QFTLO on the line.

Here the wedge algebra is associated with the half-ine={(0c°)}. If we look at the
algebra associated with the s@i), then this fulfills the condition of-half-sided modular
inclusion and the algebra belonging @,2) fulfills the condition of +half-sided modular inclu-
sion. In this situationM((0,1)) is the relative commutant of4((12)) in M(R ™) and the
corresponding half-sided translations together with the modular groupt@® *) generate the
Mobius group.

VII.2.2. ExampleQFTLO on thed-dimensional Minkowski spacel>1.

For d=2 one has for the algebra of the wedge two half-sided translations with opposite sign.
These are the translations along the two lightlike directions. In this case the two translations
commute and the two translations together with the modular group of the wedge algebra generate
the two-dimensional Poincaggoup. In higher dimension we will restrict to theories fulfilling the
Bisognano—Wichmann property. In this situation we know from Thm. IV.4.3 that the algebra
MWL) NWILLIL]) fulfills the condition of—half-sided modular inclusion with respect to the
algebrasM(WI[I,11]) and M(W[1,1,]). In this situation we obtain foM(W[I,l,]) a family of
half-sided modular inclusions labeled by the directionl of A precise characterization of this
situation is still missing. This is due to the fact that one is looking for Loerentz transformations
and not for the group generated by the half-sided translations.

VI1.2.3. ExampleConformal field theories in higher dimension.

In this situation the set of half-sided modular inclusions is much larger. This is due to the fact
that one has timelike commutativity. L& be a set withG+V* =G then it is easy to see that
M(GNW) fulfills the condition of —half-sided modular inclusion with respect to the algebra
M(W). But the importance of the associated half-sided translations is not known.

VII.2.4. ExampleQFT on the two dimensional de Sitter space.
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The two-dimensional de Sitter space is isomorphic to the one-sheeted hyperboloid in the
three-dimensional Minkowski space. A wedge in this space is the intersection of the wedge in the
ambient space with the hyperboloid. It turns out, that also in this situation the translations along
the the lightlike directions are half-sided translations. But the situation is different as well from the
field theory on the two-dimensional Minkowski space as from the field theory on the line. Since
the “shifted wedges” of the de Sitter space can have an empty intersection it follows that the
vacuum vector is not cyclic for the corresponding algebras. This implies that the two translations
do not commute. Hence the situation is different from the Minkowski space theory. The situation
is probably different from that of the line, because it is unlikely, that the different subalgebras
fulfilling the condition of =half-sided modular inclusion are relative commutants of each other.
(For details on QFT on de Sitter space, see, e.g., Ref) 140.

VII.2.5. Problems:

(1) Can one characterize those states on a hyperfihitg factor which permit one or more
*half-sided modular inclusions?

(2) If a state permits at least one half-sided modular inclusion, what are the different families of
such inclusions which can appear?

(3) Can one discriminate different theories of local observables by means of the set of half-sided
modular inclusions?

VII.3. Can one interpret the local modular groups as local dynamics?

For many questions in quantum physics it is advantageous to have a local dynamics. This is
in particular the case if one is interested in defining Gibbs states of a system. If one starts from the
usual quantum theory one chooses as subsystems the particle in a box with reflecting walls or
periodic boundary conditions. This defines a quantum system and the corresponding Hamiltonian
is considered as the local one. In Lagrangean quantum field theory the energy is usually given as
an integral over a Hamiltonian density. In this situation one takes as local energy the integral of
the energy density over the region one is interested in. Sometimes one has to take for the inte-
gration a smooth test function which is one in the domain of interest and which tends to zero in a
small neighborhood of that region. In the theory of local observables a definition of a local
dynamics or an energy density is up to now only possible if the theory fulfills the nuclearity
condition of Buchholz and Wichmarid’ For the construction of a local dynamics, see, e.g.,
Buchholz and Jungld$! and for the energy density see Buchholz, Doplicher, and LdffgBince
for a general QFTLO there exists no concept which could be used as local dynamics, it is tempting
to interprete the properly scaled modular groups of local regions as local dynamics.

First we have to explain what we want to understand by a local dynamics. Let us fix a vector
Xo in the forward light cone/™ with x3=1. The double cone@ﬁf are defined by

DR={Rx—V*}N{-Rx+V'} (VI1.3.1)

Let Ug(t) be a family of unitary groups depending continuously Risuch that the group
Ad Ug(t) belongs to the automorphisms M(D);O). Then we say that these groups define a
local dynamics if for every bounded sétthe expression

Ur(DAQ, Ae M(O)

converges foR—x to T(tXg) AQ) in the topology of the Hilbert space and this uniformly on every
compact of the axis.

That the modular groups might be a good candidate is indicated by the following two ex-
amples.

VI1.3.1. ExampleFor a fixed double cone we chooBe={x;|x° +|X||<1} and the running
double cone will be replaced by a running family of wedifés:=W— Rx! with R>1 andx! is
a fixed vector perpendicular to the time directichwith (x')?2=—1. If we denote the modular
group of Wg by A} then we choose as local dynamics
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UR(t) — A';i(t/Zﬂ'R) )

Because of AgP™=T(—Rx})A,""*"MT(Rx') this becomes with Remark I1.5.3
=T((Aw(—t/27R) — 1)RxY) A, (2™ where T(x) denotes the representation of the transla-

tions. With Eq(|53) we find:

Ur(HAQ=T(tx°+ O(1/R)) Ay "™ AQ.

A . -1 RX'lzxoRsinhlerlR
Wi 2#R : R

This implies

SinceA‘ot is strongly continuous we obtain by the unitarity of the operators
S— FI{iLnDo Ur(HAQ=T(1)AQ, AeM(D).

VI1.3.2. ExampleAs a second example we look at conformal field theory, where the modular
groups of the double cones are kno@rhm. 111.2.2). We choose as running domains the double
cones of radiufk and choose

UR(t) — A};i(t/‘nR) )

With the notation of Thm. 111.2.2 this corresponds to the transformation

Lot
1T R

For smallx™ and largeR we obtain

__—(1-x"/R)+e?R(1+x*/R)
T (1-xTIR)+e?R(1+xTIR) -

1
ﬁ .
Since the representation of the conformal group is continuous it follows, also in this example, that
U(t) converges for larg® to the time translation.

There is one essential difference between the two examples, namely, the scaling of the cor-
responding modular groups differs by the factor 2. | think that one has to understand the origin of

the difference in the scaling factors before one is able to prove&t@&i’”m converges to the time
translation also in the general case.

*

X

t
- —|=x"+t+
WR) Xx-+t+0

VII.4. Modular theory in charged sectors

Almost all the results described in this review are based on the fact that cyclic and separating
vector () for the local algebras is at the same time the only vector which is invariant under the
representation of the Poincageoup. We do not have this situation in the charged sectors. But if
we take a vectory which has compact energy contribution and if | is one of the lightlike vectors
defining the wedgen(l,1"), thenU(XI), A e R is again a group with positive generator which
mapsM(W(I,1") into itself. Moreover the vectod (Al) ¢ is again a vector which is cyclic and
separating forM(W). In addition the modular group & (Al) ¢y can be computed from that of
with help of the cocycle Radon Nikodym derivatif® U (\1)¢:D ¢, . 2434 1f we denote the
Radon Nikodym derivative for a moment loy, then the cocycle relation means

Us4¢=Usoy(Uy). (VIL4.1)

The action of the modular group belongingWgA ) s can be computed with help of the formula
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(A =[DUND D ylioy (A)[DUND D yly ., Ae M(W).  (VIL4.2)

VII.4.1. Problems:
(i) We know that the grouf) (A1) has an analytic continuation into the upper complex half-plane.
What does this imply for the Radon Nikodym derivatp2U (A1) ¢: D ¢],? Note that for complex
\ the vectorU(\I) ¢ is again cyclic and separating fov1(©O), which implies that the Radon
Nikodym derivative is also defined for those values\of
(i) Does there exist any relation betweAf;L,[DU()\I)w:Dw]t and U(\I) besides the known
standard ones?

APPENDIX A: BIBLIOGRAPHY ON THE ALGEBRAIC THEORY OF SUPERSELECTION
SECTORS IN LOW DIMENSIONS

In the last decade, the algebraic theory of superselection sectors was supplemented by a vast
reservoir of examples originating in two-dimensional conformal quantum field theory. As is well
known, in low dimensions the possibility of braid group statistics is a new feature beyond the
original DHR analysis, which is however easily incorporated into the original framework. The
following is a list of prominent references in the algebraic theory of superselection sectors in low
dimensions.

The DHR theory was adapted to the case of braid group statistics in Refs. 145 and 146. The
local von Neumann algebras for specific models based on non-Abelian current algebras were
constructed and analyzed in Refs. 147—-149. Modular theory was applied to a general study of
global properties of chiral nets concerning Haag duality, conformal covariance, spin-statistics
theorem and CPT theorem in Refs. 150 and 151. Models with a breakdown of Haag duality and
the construction of the associated dual net were discussed in Refs. 152—154. Sufficient conditions
to reconstruct, using modular thea®ya chiral net with conformal symmetry and spectrum con-
dition from a single half-sided modular inclusion of von Neumann algebras were formulated in
Refs. 56 and 57. For models with Haag duality in two dimensions it was shown that the split
property for wedgegpresumably related to a mass gagxcludes the existence of localized
superselection sectors at &, while solitonic sectors will generically emerge. Properties of the
latter were studied in Refs. 156—158.

The issue of charged fields which create superselection sectors from the vacuum, and of an
underlying symmetry principle, was addressed from various sides. A reconstruction theorem com-
parable to the result by Doplicher and Rob&ftannot be achieved since non-Abelian braid
group statistics poses an obvious obstruction. In the Abelian case, an anyonic field algebra was
constructed in Ref. 160. The reduced field bun@®B) of intertwining nonlocal fields was
introduced as a general construction in Ref. 145, and conformal covariance properties of these
algebras were analyzed in Ref. 161. Pointlike exchange fields associated with the RFB were
constructed in Ref. 162, and the we@k Hopf symmetry of the RFB was discovered in Refs. 163
and 164. Other, ultimately unsatisfactory, symmetry concepts were discussed in Refs. 165 and
166. A theory of sector induction and restriction between a theory and a subtheory equipped with
a global conditional expectation was initiated in Ref. 167 and was further elaborated with a view
on specific chiral models in Ref. 168.

APPENDIX B: REFERENCES FOR APPLICATIONS OF TOMITA-TAKESAKI THEORY IN
QUANTUM FIELD THEORY ON CURVED SPACETIME

Listed below are references containing applications of Tomita—Takesaki theory to quantum
field theory on curved space—time.

On a generic curved space—time, there are in general no symnispase—time isometrigs
present, and hence there is no natural candidate for a vacuum state. Likewise, in a generic curved
space—time, it is in general not clear which space—time regions, if any, play a similar role as the
wedge regions in Minkowski space—time in the sense that the modular objects corresponding to
von Neumann algebras associated with these regions and preferred vacuumlike vectors act in a
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suitable sense geometrical. Therefore, most applications of Tomita—Takesaki theory to quantum
field theory in curved space—time so far have been restricted to a class of space—times possessing
a structure which to certain extent mimics the geometrical features underlying the Bisognano—
Wichmann situation, i.e., there are natural wedge regions and Killing flows leaving these wedge
regions invariant. In this case, a variety of versions of a geometric action of modular objects
associated with wedge regions and certain preferred states has been investigated in the
works1®9-178 The pioneering work of this list is Ref. 169, where a situation analogous to the
Bisognano—Wichmann setting is modeled on Schwarzschild—Kruskal space—time. An operator-
algebraic version of it appears in Ref. 170. The wbtk§’2deal with an investigation of this
Bisognano—Wichmann-like situation on black-hole space—times for free scalar field models. In
Refs. 173 and 174, Bisognano—Wichmann-like scenarios are investigated on de Sitter space—time,
in Ref. 175 on black-hole space—times and in Ref. 88 on anti-de Sitter space—time.

An attractive line of thought is to try and characterize vacuum states on a generic space—time
by a suitable form of geometric modular action with respect to von Neumann algebras associated
with a class of distinguished regior(.g., wedge regions, cf. also Ref. 17®n a generic
space—time without isometries such a geometric action of modular objects cannot be expected to
be given by point transformations on the underlying space—time manifold. A more general ap-
proach addressing this issue is developed in Ref. 87.

In Ref. 176 a somewhat different approach, compared to the works just cited, is taken towards
the physical interpretation of modular objects in generally covariant quantum theories.

The type of the local von Neumann algebras of a quantum field theory is related to the spectra
of their associated modular operaté@onnes’ invariantand can, like on Minkowski space—time,
be fixed on curved space—time via assumptions on the quantum field theory’s short-distance
scaling limits. This question is considered in Refs. 177 and 178.
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