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In the book of Haag@Local Quantum Physics~Springer Verlag, Berlin, 1992!#
about local quantum field theory the main results are obtained by the older methods
of C* - and W* -algebra theory. A great advance, especially in the theory of
W* -algebras, is due to Tomita’s discovery of the theory of modular Hilbert alge-
bras @Quasi-standard von Neumann algebras, Preprint ~1967!#. Because of the
abstract nature of the underlying concepts, this theory became~except for some
sporadic results! a technique for quantum field theory only in the beginning of the
nineties. In this review the results obtained up to this point will be collected and
some problems for the future will be discussed at the end. In the first section the
technical tools will be presented. Then in the second section two concepts, the
half-sided translations and the half-sided modular inclusions, will be explained.
These concepts have revolutionized the handling of quantum field theory. Ex-
amples for which the modular groups are explicitly known are presented in the
third section. One of the important results of the new theory is the proof of the PCT
theorem in the theory of local observables. Questions connected with the proof are
discussed in Sec. IV. Section V deals with the structure of local algebras and with
questions connected with symmetry groups. In Sec. VI a theory of tensor product
decompositions will be presented. In the last section problems that are closely
connected with the modular theory and that should be treated in the future will be
discussed. ©2000 American Institute of Physics.@S0022-2488~00!00906-3#
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PRELIMINARY REMARKS

The original version of this review has been twice as long and contained all necessary p
On request of the editors I had to shorten it. Therefore, most of the proofs have only been sk
or dropped completely. Readers interested in details can get the entire script from the se
local quantumphysics:

http://www.lpq.uni-goettingen.de/papers/99/04/99042900.html

I. INTRODUCTION

In this section we start with some statements of general interest, and add the main co
and notations to be used in this note.

I.1. Some general remarks

Shortly after the invention of quantum mechanics, several scientists tried to generaliz
theory to systems of infinite many degrees of freedom.~See, e.g., P.A.M. Dirac,1 Jordan and
Wigner,2 Heisenberg and Pauli.3,4! In many of these attempts the authors wanted to incorporate
principle of special relativity at the same time. The combination of these two aspects is
relativistic quantum field theory, for which the term QFT will be used as short form in this n
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Nonrelativistic quantum field theory and QFT are usually used in different branches of
ics. The area of application for the first is quantum statistical mechanics, solid state physic
liquids. The latter theory is mainly used for elementary particle physics. Quantum electrodyn
and the standard model are two theories where the concepts of QFT are used. These exam
not imply that the concepts of one form of the field theory cannot be useful for the other
investigation of Bros and Buchholz5 on the relativistic KMS condition is such a case.

QFT has several different facets:
1. Lagrangian quantum field theory together with perturbation theory.
2. L.S.Z. theory, which is useful for scattering problems.6

3. Wightman’s quantum field theory7 and its derivative, the Euclidean field theory.
4. The theory of local observables in the sense of Araki, Haag, and Kastler.8

The Lagrangean QFT is closest to physical intuition. But it has the disadvantage that the e
sions which appear in this theory have only a formal meaning. Up to now there is no convi
scheme which puts the formal expressions onto a solid and consistent mathematical bas
existing perturbation and renormalization theory does not, in most cases, indicate anything
the quality of the approximation. Therefore, only comparison with experiment can indicat
quality of the Lagrange function and the approximation. Not in all cases is one as lucky
quantum electrodynamics, where the agreement between calculations and experiment is ex
If, as it is the case in the standard model, the Lagrange function depends on too many para
then some sceptics are not satisfied, since some experimentalists say: ‘‘With three parame
can fit an elephant and with a fourth parameter one can make him wiggle his tail.’’ Probab
right mathematics has still to be invented in order to make Lagrangean QFT acceptab
everyone.

Before and during World War II perturbation and renormalization theory consisted large
formal manipulations. This led R. Jost to the sarcastic remark: ‘‘In the thirties, under the de
alizing influence of quantum theoretic perturbation theory, the mathematics required of a th
ical physicist was reduced to a rudimentary knowledge of the Latin and Greek alphabets.’’
fifties there have been several attempts to put QFT on an axiomatic basis. This was possib
new mathematics had been developed, for instance the theory of distributions~see, e.g.,
Schwartz9,10! and the theory ofC* -algebras~see, e.g., Naimark11!. The theory of distributions is
needed for the LSZ6 and the Wightman7 approach, and the theory ofC* -algebras for the concep
of local observables. While the LSZ and the Wightman formalisms are still close to the ide
Lagrangein QFT, a new road was taken in the theory of local observables.

Since von Neumann12,13 it is known that in quantum mechanics one can replace the
bounded physical observables by bounded functions of them. This has the advantage t
many problems of a general nature, the annoying operator domain questions disappear. I
Segal14 proposed to use this method also for QFT. This idea has been taken up by R. Haa
it developed between 1959 and 196415–17 into the theory of local observables.

The increase of knowledge in functional analysis led also to partial progress in Lagra
QFT. With new techniques those theories which are superrenormalizable, could be rigo
handled. Glimm and Jaffe~see, e.g., Ref. 18! have been the main promotors of this subject. T
number of scientists who have contributed to this field is enormous, and it is impossib
mention them all.

Reviewing the past, the situation is as follows: The analyticity properties of the Wigh
functions allow one to choose the time coordinates to be purely imaginary. The functions ob
in this way are called Schwinger functions. These are~real! analytic for noncoinciding points and
in the case of Bose fields, symmetric in all variables. With help of the Hahn–Banach theore
can extend these functions to the coincidence points as symmetric distributions. It was the
Symanzik19 to identify these symmetric functions with the vacuum expectation value of a c
mutative and hence classical field. He also assumed that the representation of this field
Hilbert space with positive metric. In so doing the Schwinger functions can be considered
moments of a positive measure on the space of tempered distributionsS8. Since many approxi-
mation theorems exist for positive measures, one can, in favorable situations, first approxim
Downloaded 25 Oct 2012 to 136.167.2.214. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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dynamics on a lattice in a box and take the continuum limit and the limit for the box tending t
whole space.

Unfortunately, the positivity of the Hilbert space for the Wightman theory does not imply
the Schwinger functions define a positive linear functional~on the symmetrized test functio
algebra!. The positivity of the Wightman functional implies only the restricted Osterwald
Schrader positivity20,21 ~see, also, Glaser22!. This is the positivity condition for nonoverlappin
functions. If one uses the Osterwalder–Schrader condition also for overlapping functions, th
calls it extended positivity. If a theory fulfills extended Osterwalder–Schrader positivity
Euclidean covariance at the same time, then, by a result of Yngvason,23 the Schwinger functions
define a positive functional.

It is well known that broken time reversal~which is the case in nature! is not compatible with
a positive measure for describing the Schwinger functions. A generalization would be to
with a signed~complex! measure. Borchers and Yngvason24 have derived necessary and sufficie
conditions implying that the Schwinger functions are moments of a complex measure.
conditions are closely related to the existence of the Wilson–Zimmermann25,26 decomposition of
products of field operators. The restricted Osterwalder–Schrader positivity still has to hold.
opinion one has to learn to draw conclusions from this condition before one can handle c
gence problems for signed measures. It is not known whether or not the Wilson–Zimme
product expansion holds for every Lagrangean QFT. If this is not the case, one has to gen
the measure theory on Montel spaces~the test function space! as one has generalized the meas
theory onRn to distributions, except, one must find a completely different method to ha
Lagrangean QFT.

In the theory of local observables the theories of von Neumann andC* -algebras are the main
tools for the investigation. In 1967 the theory of von Neumann algebras made a big step fo
in Tomita’s discovery of the theory of modular von Neumann algebras. In this paper I will f
my attention on results obtained by this new theory. In the theory of local observables, abbre
QFTLO, many results have been obtained with the standard theory of von Neumann alg
Most of them are described in the book of R. Haag.8

This article is structured into several sections. Each of them is centered around one con
idea. The order of these sections does not follow some logical concept, but is done in s
manner that the number of references to succeeding sections is minimized. Each section
into subsections. This is done in order to facilitate the search for special topics. The last sec
reserved to open problems.

I.2. Assumptions of the theory of local observables

The investigations of this paper are based on the following assumptions:
In the theory of local observables one associates to every bounded open regionO in

Minkowski spaceRd a C* -algebraA(O). For any unbounded open setG the C* -algebraA(G)
is defined as theC* inductive limit of theA(O) with O,G. These algebras are subject to t
following conditions:
~1! They fulfill isotony, i.e., ifO1,O2 thenA(O1),A(O2).
~2! They fulfill locality, i.e., if O1 andO2 are spacelike separated regions then the correspon
algebras commute, i.e.,

APA~01!, BPA~O2! implies @A, B#50.

~3! They fulfill translational covariance, i.e., the translation group ofRd acts as automorphisms o
A(Rd). For everyaPRd there exists an automorphismaaPAut A(Rd) with

aaA~O!5A~O1a!.
Downloaded 25 Oct 2012 to 136.167.2.214. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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A representationp of A(Rd) is called a particle representation if:
~i! p is a nondegenerate representation on a Hilbert spaceH.
~ii ! There exists a strongly continuous unitary representation of the translation groupa°U(a),
such that:

~a! The spectrum ofU(a) is contained in the forward light-cone.
~b! The representationU(a) implements the automorphismaa , which means that for every

APA(Rd) one has

Ad U~a!p~A!ªU~a!p~A!U* ~a!5p~aaA!.

~iii ! A representationp is called a vacuum representation if:
~a! p is a particle representation.
~b! In H exists a vectorV with U(a)V5V ;aPRd.

In the following we will always deal with vacuum representations and we set

M~O!5p~A~O!!9.

~g! We require weak additivity, i.e., for everyO there holds

$ ø
aPRd

M~O1a!%95M~Rd!.

~4! Very often also the covariance under the whole Poincare´ group will be assumed. This mean
there shall exist a continuous unitary representationU(L) of the Lorentz group obeying the
correct relations with the translations and

~a! U~L!V5V,

~b! U~L!M~O!U~L!* 5M~LO!.

For the physical interpretation of these assumptions see the book of Haag8 or the lecture notes
of Borchers.27

I.3. Tomita–Takesaki theory

As already mentiond this representation is mainly based on the Tomita–Takesaki theo
the Baton Rouge conference in 1967 Tomita28 distributed a preprint containing his theory on th
standard form of von Neumann algebras. At the same time Haag, Hugenholtz, and Win29

published their paper on the description of thermodynamic equilibrium states using the
condition. Probably Hugenholtz and Winnink have been the first realizing the similarity bet
certain aspects of their approach and Tomita’s theory and hence the importance of th
mathematical theory for theoretical physics.~See, e.g., the thesis of Winnink.30! But general
awareness of Tomita’s theory, only by Takesaki’s31 treatment, published in the Lecture Notes
Mathematics. Since then this theory is usually called the Tomita–Takesaki theory.

Let H be a Hilbert space andM be a von Neumann algebra acting on this space w
commutantM8. A vectorV is cyclic and separating forM if MV andM8V are dense inH. If
these conditions are fulfilled then a modular operatorD and a modular conjugationJ is associated
to the pair~M, V! such that:
~i! D is self-adjoint, positive, and invertible

DV5V, JV5V.

~ii ! The unitary groupD i t defines a group of automorphisms ofM
Ad D i tM5M ;tPR.

This automorphism group will often be denoted as

Ad D i tA5..s t~A!. ~I.3.1!
Downloaded 25 Oct 2012 to 136.167.2.214. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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~iii ! For everyAPM the vectorAV belongs to the domain ofD1/2.
~iv! The operatorJ is a conjugation, i.e.,J is antilinear andJ5J* 5J21, whereJ commutes with
D i t . This implies the relation

Ad JD5D21. ~I.3.2!

~v! J mapsM onto its commutant

Ad JM5M8.

~vi! The operatorsSªJD1/2 andS* 5JD21/2 have the property

SAV5A* V ;APM,

S* A8V5A8* V ;A8PM8.

This implies thatAV, APM is in the domain ofD1/2 andBV, BPM8 is in the domain ofD21/2.
S will be called the Tomita conjugation of~M,V!.
~vii ! From ~iii ! one concludes that forAPM the vector valued function

t°D i tAV

has an analytic continuation into the stripS(2 1
2,0)ª$zPC;2 1

2,Imz,0%. Property~vi! implies

D i ~ t2 i /2!AV5D i tJA* V, APM. ~I.3.3!

For elementsBPM8 Eq. ~I.3.1! implies thatD i tBV has an analytic continuation into the str

S(0,1
2) and one gets by~vi!

D i ~ t1 i /2!BV5D i tJB* V, BPM8. ~I.3.38!

~viii ! Using Eq. ~I.3.3! and the fact thatJ is a conjugation one obtains that forA, BPM the
function (V,Bs t(A)V) can be analytically continued into the stripS(21,0). One finds at the
lower boundary the relation

~V,Bs~ t2 i !~A!V!5~V,s t~A!BV!, A,BPM. ~I.3.4a!

or equivalently

~V,BD i ~ t2 i !AV!5~V,AD2 i tBV!, A,BPM. ~I.3.4b!

The last two relations are called the KMS condition. They characterize the modular g
uniquely. If a unitary group fulfills the KMS condition forM then it is the modular group ofM.
~See Ref. 33 Thm. 9.2.16.!

For the proofs see Takesaki31 or textbooks as Bratteli and Robinson32 or Kadison and
Ringrose33 or Stratila.34

A central role in this theory is played by faithful normal states of von Neumann algebra
a consequence of the Reeh–Schlieder theorem35 we know that the vacuum state has this prope
for every local algebra in quantum field theory.

Faithful normal states do not exist for every von Neumann algebra. The generalization
concept are the weights. With so called normal, faithful, semifinite weights the Tomita–Tak
theory can be developed also~see, e.g., Haagerup36!. The concept of weights will not be explaine
for the moment, but only when it has to be used. Also the mathematical results obtained
Tomita–Takesaki theory will be mentioned when needed.
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I.4. Remarks on the edge of the wedge problem

In this section we want to collect some results from the theory of analytic functions of se
complex variables. All the results are given without proofs.

The theory of several complex variables is an important tool in quantum field theory an
assume familiarity with these methods. The situation appearing here~and often in other physica
cases! is the edge of the wedge problem. One deals with two analytic functionsf 1(z) and f 2(z),
zPCn defined in a tubeT1 andT252T1, respectively. The tubeT1 is based on a convex con
C,Rn with apex at the origin and defined by

T~C!5T15$zPCn;z5x1 iy ,yPC,xPRn%.

One assumes thatf 1(z) and f 2(z) both have boundary valuesf 1(x), f 2(x), respectively~in the
sense of distributions! and that these boundary values coincide on some open setG,Rn. In this
situation one knows from the edge of the wedge theorem37 that both functions are analytic con
tinuations of each other and are analytic also in a complex neighborhood ofG.

I.4.1. Theorem: ~Edge of the Wedge!
Denote by B the ball

B5 H z;iziªS ( uzi u2D 1/2

,1J
and define BC

15BùT(C) and BC
25BùT(2C). Assume f1(z) and f2(z) are functions holo-

morphic in BC
1 andBC

2 , respectively, with f1 and f2 having continuous boundary values at re
points ixi,1 and assume that these boundary values coincide. Then there exists a co
neighborhoodN of RnùB and a function f holomorphic in BC

1øBC
2øN such that

f 5 f 1 on BC
1 and f5 f 2 on BC

2 .

In several applications one has functions depending on several real variables. One kno
one can analytically continue in one variable if the others are fixed. One would like to k
conditions which imply that one can analytically continue in all variables simultaniously.
important result on this question is the Malgrange–Zerner theorem.~For details see Epstein.38!
Since we need the result only for two variables, we will formulate it only for this situation.
generalization to more than two variables is straightforward.

I.4.2. Theorem: ~Malgrange–Zerner!
Let f(x1 ,x2) be a continuous function of two variables defined on(21,1)3(21,1). Assume for
fixed x2 the function f(x1 ,x2) has an analytic continuation f(z1 ,x2) holomorphic in z1PD1

5$z;uzu,1,Imz.0%, and for fixed x1 an analytic continuation f(x1 ,z2) holomorphic in z2
PD1. Assume f(z1 ,x2) and f(x1 ,z2) are bounded and continuous, i.e., f (z1 ,x2) is a continuous
function in x2 with values in the bounded analytic functions on D1, and the same for f(x1 ,z2).
Then exists a function f(z1 ,z2) holomorphic in some neighborhoodNùD13D1, whereN is
some neighborhood of D13(21,1)ø(21,1)3D1. This function has boundary values on
(21,1)3(21,1) which coincide with f(x1 ,x2).

The importance of holomorphic functions of several complex variables is the following
Not every domainG is a natural domain inCn. In such a situation every function holomorphic
G can be analytically continued into a larger domain. The domain into which every func
holomorphic inG, can be analytically continued is called the envelope of holomorphyH(G) of G.
We will need the tube theorem, the double cone theorem, and the Jost–Lehmann–Dyson th
The tube theorem can be found in every text book on several complex variables.

I.4.3. Theorem: ~Tube Theorem!
Let G be a connected domain G,Rn and let T(G)5$zPCn;ImzPG%. Then

H~T~G!!5T~Co G!,
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whereCo G denotes the convex hull of G.
Another result of importance in QFT is the double cone theorem discovered independen

Vladimirov39 and Borchers.40

I.4.4. Theorem: ~Double Cone Theorem!
Let G be a subdomain ofRd, and let N(G) be some complex neighborhood of G. LetG
5T(C)øT(2C)øN(G) and H(G) be its envelope of holomorphy. Assume c,dPG such that
d2cPC and c1l(d2c)PG for 0<l<1. Then

Dc,d,H~G!ùRn,

where Dc,d denotes the double cone(c1C)ù(d2C).
We also need a result of Bros, Epstein, Glaser, and Stora,41 which deals with the edge of th

wedge theorem in two variables.

I.4.5. Theorem: ~Bros, Epstein, Glaser, Stora!
Let T1 and T2 be tubes based on the first and third quadrant, respectively. Assume the c
dence domain is the first quadrant. If a real line ax11bx25c,a,b,cPR intersects interior of the
first quadrant, then all complex, nonreal points

az11bz25c, z1 ,z2 not both in R

belong to the envelope of holomorphy of the edge of the wedge problem.
Many results in QFT are based on the Jost–Lehmann–Dyson representation. This cha

izes the envelope of holomorphy in case the coneC is the forward light cone and the coincidenc
domain has some special properties. Jost and Lehmann have solved a special case.42 The general
solution is due to Dyson.43 In this proof one uses tempered distributions. But that the answ
general has first been shown by Bros, Messiah, and Stora.44 For more details on the Jost
Lehmann–Dyson representation see Ref. 27, Sec. III.4.

I.4.6. Theorem: ~Jost, Lehmann, Dyson!
Define h(u,m) to be the hyperboloid

h~u,m!5$zPCd;~z2u!25m2,uPRd,mPR%.

Let G,Rd be a domain bounded by two spacelike hypersurfaces. The complement of the en
of holomorphy of the edge of the wedge problem for

GøT~V1!øT~2V1!

consists of the closure of the union of all real and complex points of the hyperboloids h(u,m)
which do not intersect G.

I.5. Some notations

~i! If O is some open domain in the Minkowski space thenO8 denotes the interior of the
spacelike complement ofO.
~ii ! A domain of special importance is thewedge. Such a domain can be characterized in t
ways:
~a! First characterization: Lett, s be two perpendicular vectors inRd, i.e., (t,s)50, such thatt2

51 andt belongs to the forward light-cone ands2521 is spacelike. In this situation one define

W~ t,s!ª$aPRd;u~a,t !u,2~a,s!%. ~I.5.1!

If, for instance,t is the time direction ands is the 1-direction then this becomesWR5$a;ua0u
,a1%.
~b! Second characterization: Every two-plane containing a timelike direction must cut the b
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ary of the forward light cone in two light rays. Let these light rays be described by the
lightlike vectors l 1 ,l 2 belonging to the forward light-cone. These vectors are different. N
define:

W~ l 1 ,l 2!ª$l1l 12l2l 21ã;l1 ,l i.0,~ ã,l i !50,i 51,2%. ~I.5.2!

It is easy to see that the two definitions result in the same set of wedges. The two defin
coincide if $t, s% and $ l 1 ,l 2% span the same two-plane and ifs5l1l 12l2l 2 with positive coeffi-
cients.

The opposite wedge of a wedgeW is the negative ofW and it is usually denoted byW8. It is
obtained by replacings by 2s in the first description and by interchanging the two lightli
vectors in the second description.
~iii ! Given a wedgeW there is exactly a one-parametric subgroup of the Lorentz boosts w
maps this wedge onto itself. In the above example of the zero- and one-direction, the L
transformations are the boosts in the~0,1!-plane. We will write these transformations~in case the
wedge is the right wedgeWR in the ~0,1!-plane! as

L~ t !5S cosh 2pt 2sinh 2pt 0 0

2sinh 2pt cosh 2pt 0 0

0 0 1 0

0 0 0 1

D . ~I.5.3!

~iv! Let A be aC* -algebra andp1 , p2 be two equally faithful representations. These repres
tations are calledquasi-equivalentif the isomorphism betweenp1(A) andp2(A) extends to an
isomorphism of the associated von Neumann algebras

p1~A!9>p2~A!9.

Two representationsp1 and p2 of a theory of local observables are called locally norma
p1(A(O)) andp2(A(O)) are quasi-equivalent for every bounded open regionO.

I.6. Things not treated

It is clear that I am not able to handle all subjects of QFTLO which are not in the boo
Haag. There is the reason of space, and more important, there are others who are more e
that particular field than myself.
~i! Low dimensional QFT’s:

If the dimension of the Minkowski space is two, then the set of points spacelike to the o
is no longer connected. This has for the definition of statistics the consequence that not o
permutation—but also the braid group is of importance.

It is well known that in the classical theory, the solution of the free wave equation is the
of two functions depending only on one light-cone coordinate. A similar phenomenon appe
two-dimensional conformal QFT’s. This means there exist quantum fields depending only o
of the light-cone coordinates. These are often called right- or left-movers. One can map th
line onto the circle and often one finds that such theory has an additional symmetry, name
rigid rotation of the circle. Such theories are usually called chiral field theories.

The braid group and the additional symmetry of chiral field theories opens a ‘‘wonderlan
new possibilities. Whether or not it is possible to get some important inspiration for the
dimensional QFT from these theories will only be answered in the future.
~ii ! General relativistic quantum fields:

It is a dream that one day it will be possible to combine quantum field theory with ge
relativity. As a first step it is probably reasonable to treat the QFT of test particles. Thes
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theories where the quantum fields are influenced by the gravitational field~which is treated clas-
sically!, but where the energy of the quantum field does not appear as a source of the gravit
field.

The main problem of this theory is the replacement of the spectrum condition. At the mo
it is not clear whether or not there exist states describing a finite number of particles. At le
theories with a horizon the Hawking–Unruh effect45,46 seems to indicate that no such states ex
in this situation. Therefore, the main stream of investigation focuses on the aspect that the
of particles should not be higher than that of light~defined by the gravitational field!. These
investigations use extensively the theory of wavefront sets.
~iii ! Renormalization group:

For a long time the renormalization group method has been used mainly in connection
perturbation theory. This theory is designed in order to understand the physics at very low o
high energies. Not long ago Buchholz and Verch47 were able to transcribe the renormalizatio
group technique to QFTLO. In this scheme there are no serious obstructions, that mean
method uses a sound mathematical basis. In examples they could show that the limiting t
can be different from the original theory. In some cases there is even more than one li
theory. In my opinion this is an important new aspect of QFT which deserves one’s atte
Buchholz will give a representation of this theory in the same volume.

An appendix to the references will be added containing a list of papers on the subjec
treated. This incomplete list might be a help for a start for those interested in some more det
one or more of these fields. I am obliged to K. H. Rehren and R. Verch for preparing these

II. ON VON NEUMANN SUBALGEBRAS

From the axioms of QFTLO there has been extracted a large number of beautiful resul
of them are in accordance with our physical intuition. Examples are the collision theory an
theory of superselection sectors described in the book of Haag,8 or the properties of the spectrum
of the translations presented in the lecture notes by Borchers.27

However, up to now it is not clear how to distinguish the theories with different dynam
from each other. Since for two different theories the local nets as a whole are not isomorp
each other, one should look~as a start! at the embedding of the algebra of one regionO1 into the
algebra of a bigger regionO2 . What is known about this question will be collected in this secti

II.1. Order by inclusion and order of modular operators

Let N be a von Neumann subalgebra ofM acting on the Hilbert spaceH. Assume that both
algebras have a common cyclic and separating vectorV. Then one hasNV,MV and hence the
Tomita conjugationSM of M is an extension of the Tomita conjugationSN of N.

Dropping the indexM of the Tomita conjugation, the operatorShas the following properties
~see I.3!:
~i! S is a densely defined closed antilinear operator with domain of definitionD(S) andMV is a
core forS.
~ii ! S251 on D(S).
~iii ! VPD(S) andSV5V.

SinceS is closed it has a polar decompositionS5JD1/2. The modular operatorD is invertible
andJ is a conjugation. Equation~I.3.2! reads

JDJ5D21, J5J* 5J21.

These properties follow from the conditionS251. ~See, e.g, Bratteli and Robinson, Ref. 32, Pro
2.5.11.!

Usually a Tomita conjugation will be a densely defined unbounded operator. The best w
describing an unbounded operatorX is by its graph. This is the set$@c,Xc#PH% H;c
PD(X)%. If the operator is closed then the graph ofX is a closed linear manifold ofH% H.
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Therefore, it can be characterized by the projectionP(X) onto the graph. The projectionP(X) can
be written as a two by two matrixpi ,k ,i ,k51,2 of operators onH fulfilling

pi ,k* 5pk,i , (
j

pi , j pj ,k5pi ,k . ~II.1.1!

If the operatorX is antilinear thenp1,2 andp2,1 are antilinear also. The domain ofX is given by
D(X)5p1,1c1p1,2w, c, wPH and its rangep2,1c1p2,2w. Therefore, one getsp2,15Xp1,1 and
p2,25Xp1,2. From these relations and from Eq.~II.1.1! one can easily expresspi ,k in terms ofX.
Of interest isp1,1 which has the form

p1,15~11X* X!21. ~II.1.2!

If X1 is an extension ofX then the graph ofX is a subset of the graph ofX1 . This implies in
particular P(X1)>P(X). If E1 is the projection onto the first Hilbert space then we g
E1P(X1)E1>E1P(X)E1 , and with Eq.~II.1.2!

~11X1* X1!21>~11X* X!21.

The matrix representing the projection onto the graph has been introduced by Stone.48 It is often
called the Stone- or characteristic matrix of the operator. More details can be foun
Nussbaum.49

If the operatorX is antilinear, then one has to replace the second Hilbert space by
conjugate complex Hilbert space. In this case the operatorsp1,2 andp2,1 are antilinear. With this
change one can deal with the graph in the same manner as if the operator would be linear
feels uneasy with this procedure one can fix a conjugationK on H and multiply the antilinear
operatorX by K. SinceKX is a linear operator the usual arguments can be applied. In the
N,M one obtains

~11DN!21<~11DM!21,

or

DN>DM . ~II.1.3!

This implies in particular that the domain ofDN
1/2 is contained in the domain ofDM

1/2. Since the
domain ofDN

1/2 is the range ofDN
21/2, the expression

DN
21/2DMDN

21/2

is a densely defined bounded and hence a closable operator, and one gets

closure DN
21/2DMDN

21/2<1. ~II.1.4!

As an application of this discussion we obtain:

II.1.1. Theorem:
Let Mi be an increasing family of von Neumann algebras, i.e., Mi,Mi 11 . Let

M5$ø
i
Mi%9.

AssumeV is cyclic and separating forMi and forM. Denote by(D i ,Ji) and ~D, J! the modular
operators and modular conjugations ofMi andM, respectively. ThenD i converges toD in the
resolvent sense and Ji converges strongly to J.

A similar result holds for decreasing sequences. This result has first been obtain
D’Antoni, Doplicher, Fredenhagen, and Longo.50
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II.2. The first fundamental relation

There are other aspects of the relation~II.1.4! which give some more information. Since th
result is needed several times, I quote it as in the report at the IAMP conference in Paris.51

Theorem A:
Let M,N be two von Neumann algebras with the common cyclic and separating vectorV. Denote
the modular operators and conjugations byDM ,JM andDN ,JN , respectively. Let VPB(H) be a
unitary operator with
~i! VV5V, and
~ii ! Ad VN,M,
then the function V(t)ªDM

2 i tVDN
i t has the properties:

~a! V(t) is * -strong continuous in tPR.

~b! V(t) possesses an analytic extension into the strip S(0,1
2)5$tPC;0,Imt, 1

2% as holomorphic
function with values in the normed spaceB(H).
~c! In this strip we have the estimate

iV~t!i<1. ~II.2.1!

~d! V(t) has boundary values atImt50 and atImt5 1
2 in the * -strong topology.

~e! On the upper boundary the value is given by

V~ t1 i 1
2!5JMV~ t !JN , ~II.2.2!

hence by (a) also this function is* -strong continuous in t.
II.2.1. Remarks:

~i! With N8.V* M8V one obtains

V* ~ t !5V~2t !* .

Notice that the functionV( z̄)* is again an analytic function holomorphic inS(2 1
2,0)

5$tPC;2 1
2,Imt,0%. Therefore, the last relation reads in the complex

V* ~z!5V~2 z̄!* . ~II.2.3!

Idea of the proof:The continuity properties are shown by standard methods. The intere
parts are the analyticity properties. Let us identify for a momentVNV* with P,M. SinceA
→Aa,0<a<1 is an operator monotone function on positive operators~see, e.g., Pedersen, Re
52, Prop. 1.5.8.! we obtain from Eq.~II.1.3!

DP
a>DM

a , 0<a<1

and hence

closure $DP
2aDM

2aDP
2a%<1, 0<a< 1

2.

This implies

iclosure DM
a DP

2ai<1, 0<a< 1
2.

From this one easily derives the statements of the theorem except Eq.~II.2.2!. This relation is
obtained by applyingV(t) to vectors of the formA8V with A8PN8 and then using the propertie
of the operatorsSN* andSM . h

A proof of the last theorem can be found in Ref. 51. A short version of the proof is du
Florig.53
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II.3. Characteristic functions and von Neumann subalgebras

In the special caseV51 one uses the following notations:

II.3.1. Definition:
AssumeN is a von Neumann subalgebra ofM andV is cyclic and separating for both algebra
We set

DM,N~ t !5DM
2 i tDN

i t . ~II.3.1!

The functionDM,N(t) satisfies the following relations:

II.3.2. Lemma:
For the function D(t)ªDM,N(t) defined in Eq.~II.3.1! the following holds:
~1! D(t) is unitary and strongly continuous in t. Moreover D(0)51.
~2! D(t)V5V, for all t PR.

~3! D(t) has a bounded analytic continuation into the strip S(0,1
2) and has strongly continuou

boundary values atImt50 and Imt5 1
2.

~4! D(t1 i/2) is unitary and strongly continuous in t.
~5! D(t) fulfills the following cocycle relation:

D~s1t !5sM
2t~D~s!!D~ t !. ~II.3.2!

~6! For complex values of the arguments one finds

D~ t1 i/2!* JMD~ t !5D~ t !* JMD~ t1 i/2!

is independent of t.
~7! Ad $D(t)D(i/2)* %M,M holds for all tPR.

All these properties follow from the definition ofDM,N(t).
Notice that the properties ofD(t) described in Lemma II.3.2 do not contain any reference to
algebraN. Therefore, we introduce the following notation:

II.3.3. Definition:
Let M be a von Neumann algebra acting onH with a cyclic and separating vectorV.
1. By Sub(M) we denote the set of von Neumann subalgebrasN of M which haveV as cyclic
vector.
2. An operator-valued functionD(t) which fulfills the properties~1!–~7! of Lemma II.3.2 will be
called a characteristic function ofM.
3. The set of characteristic functions belonging toM will be denoted byChar(M).

II.3.4. Theorem:
Let M be a von Neumann algebra with a cyclic and separating vectorV. Then to every charac-
teristic function D(t) of M exists a von Neumann subalgebraNPSub(M) such that D(t)
5DM

2 itDN
it . The correspondence

Sub~M!⇔Char~M!

is one to one.

Idea of the proof:First one defines

U~ t !5DM
i t D~ t ! and K5JMD~ i/2!, ~II.3.3!

and showsK5K* 5K21 and U(t)K5KU(t). For obtaining this one uses the cocycle relati
~II.3.2! and Lemma II.3.6~6!. Next one wants to construct the von Neumann algebraN or better
the algebraN8 which we define
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N85 ∨
tPR

Ad U~ t !M8. ~II.3.4!

This algebra is invariant under AdU(t). (s t
ªAd U(t).) First one shows thatKJMMJMK com-

mutes withs t(M8) and hence withN8. SinceKJM is unitary and mapsV onto itself it follows
that V is cyclic for N. The demonstration of this needs property~7! of Lemma II.3.2 and the
cocycle relation. Consequences are the relations

@s t1~A18!,Ks t2~A28!K#50, A18 ,A28PM8;t1 ,t2PR. ~II.3.5!

If one writesU(t)5D i t , one shows forA8PM8

D21/2s t~A8!V5Ks t~A8* !V. ~II.3.6!

The proof of this relation needs the analyticity property ofD(t). In order to extend this relation to
all of N8 one defines by integration the elementss f(A8) for A8PM8 and f PL1(R) entire
analytic. For such elements AdD i ts f(A8) is an entire analytic operator valued function. With su
elements one can extend Eq.~II.3.6! to products and by density arguments to arbitrary element
N8. With this result it is easy to show thatU(2t) fulfills the KMS-condition for N8 which
implies that it is the modular group for that algebra. It remains to show the uniqueness
mapping. IfD1(t) andD2(t) are different then follows from the construction used above that
algebras are different. Conversely assumeN1 ,N2PSub(M) andD1(t) andD2(t) coincide. Then
D1

i t and D2
i t coincide and alsoJ1 and J2 coincide by Eq.~II.3.3!. This implies thatN1ùN2 is

invariant underD1
i t5D2

i t . SinceJ1M8J1 is contained in the intersection it follows thatV is cyclic
for N1ùN2 . HenceN1 and alsoN2 coincide withN1ùN2 . ~See Ref. 33, Thm. 9.2.36.! Hence
the mapSub(M)⇔Char(M) is one to one.

The content of this subsection is taken from Ref. 54.

II.4. The second fundamental relation

There is a second fundamental relation which has to be used several times also. A spec
appeared first in Ref. 55. The present formulation is taken from Ref. 51 and this proof is d
Florig.53 It uses only functions of one variable and not of two variables as in the original dem
stration.

Theorem B:
Let M, N be two von Neumann algebras with the common cyclic and separating vectorV. Let
W(s)PB(H) be an operator family fulfilling the following requirements with respect to the tri
(M,N,V).
~i! For sPR the operators W(s) are unitary and strongly continuous and fulfill the equatio
W(s)V5V.

~ii ! The function W(s) possesses an analytic continuation into the strip S(0,1
2) with strongly

continuous boundary values.
~iii ! The operators W( i /21t) are again unitary.
~iv! The function W(s) is bounded, henceiW(s)i<1.
~v) For tPR one has W(t)NW(t)* ,M and W( i /21t)N8W( i /21t)* ,M8.
In this situation the modular operator and the transformations W(s) fulfill the following trans-
formation rules:

DM
i t W~s!DN

2 i t5W~s2t !,

JMW~s!JN5W~ i /21s!.

II.4.1. Remark:
In some applications one has to face the situation thatW(t1 i/2) has eventually a discontinuity a
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one point, but all other properties remain valid. Such singularity is harmless. The reason
follows: The proof of Theorem B is based on the continuation across a line, applied to m
elements of the operator valued function

~ t,s!°DM
i t W~s1t !DN

2 i t . ~II.4.1!

These matrix elements have bounded analytic continuations, which are continuous at the bo
of their domain with the possible exception of one point withImt5 i/2. By the dominated con-
vergence theorem and the boundedness of Eq.~II.4.1!, this piece-wise continuity is sufficient to
ensure coincidence of boundary values in the sense of distributions. The edge-of-the-wedg
rem, Thm. I.4.1, then implies analyticity in the coincidence region, so continuity in the except
point holdsa fortiori.

Proof: ChooseAPN andBPM8 and define for fixeds the two functions of the variablet:

F1~ t !5~V,BDM
i t W~s1t !DN

2 i tAV!,

F2~ t !5~V,ADN
i t W* ~s1t !DM

2 i tBV!.

SinceBPM8 andAPN and sinceW(t) has a bounded analytic extension into the stripS(0,1
2),

also the two functions have bounded extensions,F1(t) into the stripS(0,1
2) andF2(t) into the

strip S(2 1
2,0). Using modular theory one can compute the functionsF1(t1 i/2) and F2(t

2 i/2). By the assumption about the mapping property ofW(s1t) and ofW(s1t1 i/2) we obtain:

F1~ t !5F2~ t !, and F1~ t1 i/2!5F2~ t2 i/2!.

By these coincidences we obtain a periodic entire analytic function. Since this function is bo
by max$iB*Vi iAVi,iA*Vi iBVi% it is constant. This implies

~V,BDM
it W~s1t !DN

2 itAV!5~V,BW~s!AV!.

Since V is cyclic for N and for M8 follows the first statement of the theorem. The seco
statement is the same as Eq.~II.2.2!. h

II.5. Half-sided translations

From the general theory of von Neumann subalgebras described in Subsec. II.3 we
special cases. We start with half-sided translations.

II.5.1. Definition:
Let M be a von Neumann algebra acting onH with cyclic and separating vectorVPH.
1. Hstr(M)1 denotes the set of one-parametric continuous unitary groupsU(t), tPR with the
properties:

a. U(t) has a positive generator, i.e., we can write

U~ t !5exp$ iHt %, with H>0.

b. U(t)V5V;tPR.
g. Ad U(t)M,M for all t>0.

2. Hstr(M)2 denotes the set of one-parametric continuous unitary groupsU(t), tPR with g
replaced by

g8. Ad U(t)M,M for all t<0.
We call the groups belonging toHstr(M)6 6half-sided translations associated withM.

In the definition of the1half-sided translations it is not possible to replaceR1 by R because

Ad U~ t !M,M ;t
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implies together with the positivity of the spectrum and the invariance of the vacuumU(t)51 for
all tPR.

An example where half-sided translations appear, is the algebra of the wedgeM(W). If W
5W( l 1 ,l 2), then the translations along the directionl 1 fulfill the assumptions of1half-sided
translations and those along thel 2 direction the assumptions of2half-sided translations.

II.5.2. Theorem:
Let M be a von Neumann algebra with cyclic and separating vectorV and let U(t)
PHstr(M)1. Then holds:

D i tU~s!D2 i t5U~e2pts!,

JU~s!J5U~2s!.

This theorem appeared first in Ref. 55. The following proof is based on Theorem B.
Proof: If U(a) fulfills the assumptions of the theorem then it has an analytic continuation

the upper half plane. By assumptionU(a) mapsM into itself for positive arguments and henc
U(a) mapsM8 into itself for negative arguments. Therefore, we can apply Theorem B to
family W(s)5U(e2ps) and obtain together with the analyticity ofU(a)

Ad D i tU~e2ps!5U~e2p~s2t !!,

Ad D i tU~a!5U~e22pta!,

Ad JU~a!5U~2a!.

This shows the theorem.
II.5.3. Remarks:

~i! If U(t)PHstr(M)2 then one obtains the relations

D i tU~s!D2 i t5U~e2pts!,

JU~s!J5U~2s!.

~ii ! For a wedgeW( l 1 ,l 2) the two lightlike directions span the characteristic two-plane of
wedge. Ifx is in this plane then one finds the transformation formula

D itU~x!D2 it5U~L~ t !x!,

whereL(t) are the Lorentz boosts of the wedge described in Eq.~I.5.3!.
~iii ! Let U(t)PHstr(M)1 and defineN5D i1MD2 i1 then one finds by the last theorem

D itND2 it,N for t<0.

II.6. Half-sided modular inclusions

The last point of Remark II.5.3 led Wiesbrock56,57 to introduce the concept of half-side
modular inclusions.

II.6.1. Definition:
Let M be a von Neumann algebra acting onH with cyclic and separating vectorVPH. The
modular operator and conjugation of this pair will be denoted byD andJ.
1. By Hsmi(M)2 we denote the set of von Neumann subalgebrasN of M with the properties:

a. V is cyclic for N. It is also separating forN sinceN,M.
b. D itND2it

ªAd D itN,N for t<0.
2. By Hsmi(M)1 we denote the set of von Neumann subalgebrasN of M with the properties:

a. V is cyclic for N. It is also separating forN sinceN,M.
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3620 J. Math. Phys., Vol. 41, No. 6, June 2000 H. J. Borchers
b. D itND2it
ªAd D itN,N for t>0.

The elements ofHsmi(M)7 will be called the von Neumann subalgebras fulfilling the condit
of 7half-sided modular inclusion.

It should be remarked, that one cannot replaceR2 by R because

Ad D itN,N ;t

implies N5M. The principle of half-sided modular inclusion is closely related to the half-si
translations by the following result:

II.6.2. Theorem:
Let NPHsmi(M)2. Then there exists a group U(t)PHstr(M)1 such that the equation

N5Ad U~1!M

holds.
Theorem II.6.2 is in some sense the converse of Thm. II.5.2. In some cases where o

compute the modular group one can find subalgebras fulfilling the conditions of half-sided m
lar inclusion. In these cases the corresponding half-sided translations are known only if th
geometric groups. But this is not always the case.

Idea of the proof:If the theorem is true andN5U(1)MU(21) then one hasDM
2 i tDN

i t

5DM
2 i tU(1)DM

i t U(21)5U(e2pt21). Therefore, one has to show that the productDM
2 i tDN

i t

ªD(t) commutes for different values of the arguments. For this one uses Thm. B again. By

A D(t) has an analytic continuation into the stripS(0,1
2). On both boundaries the expression

unitary. By assumption of the modular inclusion one obtains:

D~ t !ND~ t !* ,N, for t>0,

D~ t !N8D~ t !* ,N8, for t<0,

D~ i /21t !N8D~ i /21t !* ,N8, for tPR.

The last statements follow fromD( i /21t)5JMD(t)JN . JN mapsN8 ontoN,D(t) maps this into
M and finallyJM maps this intoM8,N8. Consequently one can apply Thm. B to the express

W~s!5DS 1

2p
log~e2ps11! D .

If we setU(e2pt21)5D(t) then we obtain

U~e2pt21!U~e2px21!5U~e2px1e2pt22!.

This shows thatU(a) is additive for positive arguments and by analytic continuation it follo
that it is an additive unitary group with positive generator. It remains to show thatN is of the form
U(1)MU(21). To this end we introduce:

II.6.3. Definition:
Let N be a2modular inclusion then we set

N~e22pt!5DM
i t NDM

2 i t ,

N~2e22pt!5$DM
i t JMNJMDM

2 i t%8.

N~0!5$ø
t
N~e22pt!%9.

With this one finds
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II.6.4. Lemma:
The von Neumann algebrasN(t), defined above, fulfill the following relations:

t1,t2 implies N~ t1!.N~ t2!,

N~0!5M.

The first line follows from the definition of half-sided modular inclusions. The algebraN~0! is
a subalgebra ofM which is invariant under the modular group ofM, hasV as cyclic vector and
hence coincides withM. ~See. Ref. 33, Thm. 9.2.36.!

Proof of the theorem, continuation:From the observation thatU(a) is a continuous group it
follows that the familyN(t) is also continuous at zero. Hence we obtain

M5U~21!NU~1!.

This shows the theorem.
We end this subsection with some uniqueness result which is taken from Ref. 58.
II.6.5. Theorem:

Let Ma and Na , aPR be two families of von Neumann algebras on the Hilbert spacesHm ,Hn

with the cyclic and separating vectorVm , Vn , respectively. Assume there are continuous unit
one-parametric groups UM(a),UN(a) both fulfill spectrum condition and leaveVm ,Vn un-
changed. Assume

Ma5UM~a!M0UM~2a!, Na5UN~a!N0UN~2a!.

Let moreover

Ma,Mb , Na,Nb for a.b.

If there exists a unitary map W with WHn5Hm and WVn5Vm and in addition

M05WN0W* and M15WN1W* ,

then follows

Ma5WNaW* ; aPR,

UM~a!5WUN~a!W* .

The same is true if we require thatM0 and M1 as well asN0 and N1 both fulfill modular
inclusion for negative arguments of the modular groups.

The proof follows from Thm. II.5.2 and the uniqueness of the modular groups.

II.7. Remarks, additions, and problems

~I! For the definition of half-sided translations one has used that the groupU(s) maps the cyclic
and separating vector onto itself and thatU(s) has a positive generator. From this one conclud
Thm. II.5.2. The arguments can be reversed and one finds

II.7.1. Theorem:
Let U(s) be a continuous unitary group fulfilling U(s)MU(2s),M for s>0. Then any two of
the three conditions imply the third

a. U(s)5eiHs with H>0.
b. U(s)V5V for all sPR.
c. Ad D it(U(s))5U(e22pts),

JU(s)J5U(2s).
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The implicationb1c→a has been shown by Wiesbrock59 anda1c→b can be found in Ref.
60.

II.7.2. Remark: The conditions a, b, and c of Thm. II.7.1 do not imply the relati
Ad U(s)M,M for s>0. This is due to the fact that the modular groupD it does not determine
the algebraM. But if we know AdU(s0)M,M for one s0Þ0 then one findss0.0 and
Ad U(s)M,M for all s.0. The first line of c implies the inclusion for a half-line, and th
conditions a and b imply, together with the proof of Thm. II.5.2, that this is the positive half-
~II ! Let M be a von Neumann algebra with cyclic and separating vectorV. Assume there exists
a unitary groupU1(x1)PHstr(M)1 and a unitary groupU2(x2)PHstr(M)2. If these groups
commute, then one can construct a two-dimensional theory, which eventually does not fulfi
weak additivity property.
We set:
~a! U(x)5U1(x1)U2(x2) wherexPR2 and x1,x2 are the light-cone coordinates. ThisU(x)
fulfills the spectrum condition sinceU1 andU2 are half-sided translations.
~b! M(WR)5M and M(WL)5M8. The algebras of the shifted wedges are defined by
translations:M(WR1x)5Ad U(x)M(WR) andM(WL1x)5Ad U(x)M(WL).
~g! Notice that in the two-dimensional Minkowski space a double cone is the intersection
shifted right-wedge with a shifted left-wedge. Fora2bPWR we putDb,a5(WR1b)ù(WL1a)
and

M~Db,a!5M~WR1b!ùM~WL1a!.

It is easy to check that this defines a Poincare´ covariant net on the two-dimensiona
Minkowski space. We only do not know whether or notV is cyclic for M(Db,a).

II.7.3. Problem: Can one characterize those algebrasM which fulfill the assumption de-
scribed under~II ! and for whichV is also cyclic forM(Db,a)?
~III ! The spaceChar(M) can easily be furnished with a topology.

II.7.4. Definition:
Let M be a von Neumann algebra with a cyclic and separating vectorV. We introduce on
Char(M) the topologyt of simultaneous*-strong convergence ofDa(t) andDa(t1 i/2), andthis
uniformly on every compactK of the real line. The neighborhoods of an elementD(t) are given
by

U~c1 ,...,cn ,K,D~ t !!5$D8~ t !PChar~M!;i~D~ t !2D8~ t !!c i i1i~D~ t !* 2D8~ t !* !ci

1i~D~ t1 i/2!2D8~ t1 i/2!!ci1i~D~ t1 i/2!* 2D8~ t1 i/2!* !ci<1,

i 51,...,n;tPK%.

With this topology one obtains:
II.7.5. Theorem:

The spaceChar(M) is t complete.
For details see Ref. 54.
~IV ! Using the modular automorphisms ofM one sees thatSub(M) contains a continuous family
of different elements if it contains a nontrivial element. With help of the Longo endomorp
one can construct a decreasing family~by inclusion! of elements.~For NPSub(M) the Longo
endomorphism applied toN is Ad (JNJM)N.)

If NPSub(M), then there is a natural injection ofSub(N) into Sub(M). Hence if
Sub(M) is nontrivial it must have a rich structure.

II.7.6. Problems:~a! Since finite algebras have a trace it follows that the setSub(M) consists
of only one point, namely,M itself. That this is not the case for local algebras has first b
shown by Kadison61 and by Guenin and Misra.62 If the von Neumann algebra is infinite, does th
Sub(M) contain nontrivial points?
~b! The definition ofSub(M) ~Def. II.3.3! depends on the cyclic and separating vectorV. If V
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andC are two different cyclic and separating vectors ofM, does this imply thatCharV(M) and
CharC(M) are homeomorphic?
~V! II.7.7. Problem:If the algebraNPSub(M) is connected with a half-sided translation~or a
half-sided inclusion! then the characteristic functionD(t) is Abelian. AssumeD(t) is Abelian,
then do there exist two commuting half-sided translationsU1PHstr(M)1, U1PHstr(M)2,
such thatN5Ad (U1(1)U2(21))M holds?~One of the factors could be trivial.!

III. ON LOCAL MODULAR ACTION, EXAMPLES

Since the modular group of the pair~M(O), V! is defined but not very concrete, one wou
like to have examples where this group can be computed explicitly. These are those whe
modular group of the algebra, associated with some domain in the Minkowski space, defi
geometric transformation. We start with the result of Bisognano and Wichmann63,64 at which we
look in some detail. Afterwards the other examples known up to now will be discussed. Si
promotes the feeling for the modular groups, if they act local, it is interesting to look for o
possibilities. As the result of Trebels65 shows, there are no other cases in the vacuum sector

III.1. The result of Bisognano and Wichmann for the wedge domain

The first explicit determination of a modular group is due to Bisognano and Wichmann.
assumed that the local algebras are generated by Wightman fields, and that the Lorentz t
mations act on the indices of the fields by finite dimensional representations of the Lorentz
i.e.,

U~L!Ai~x!U* ~L!5(
j

Di
j~L!Aj~Lx!,

whereDi
j (L) is the direct sum of finite dimensional representations. In this situation the theo

also PCT invariant~Jost66!. Here the case of only one scalar field will be treated. For the gen
case see Ref. 64. All our calculations use theR4.

III.1.1. Remark:
~1! Let L(t) as in Eq.~I.5.3! and let the forward tubeT1 be defined by

T15$z;ImzPV1%.

Then we have:
For xPWR one hasL(t)xPT1 in the range2 1

2,Imt,0, and ifxPWL , one hasL(t)xPT2 for
0,Imt, 1

2.
For Imt50, or 6 1

2, the vectorL(t)x belongs again toR4.
~2! Let A(x) be the field operator, thenU(iy)A(x)V5A(x1 iy)V is defined foryPV1.
~3! Let x5(x0 ,x1 ,x2 ,x3)PWR then

L~2 i/2!~x0 ,x1 ,x2 ,x3!5~2x0 ,2x1 ,x2 ,x3!,

and hence

U~L~2 i/2!!A~x!V5A~2x0 ,2x1 ,x2 ,x3!V.

~4! On the other hand the PCT operatorQ gives

QA~x!V5A~2x!V.

This suggests for the modular conjugation the representation

J5QU~p,e1!5U~p,e1!Q,
Downloaded 25 Oct 2012 to 136.167.2.214. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



leads

tensor

field

e
saki

e

p of
ce.

3624 J. Math. Phys., Vol. 41, No. 6, June 2000 H. J. Borchers
whereU(p,e1) represents the rotation around thex1 axis andp is the angle of rotation.
~5! If U(L(2 i/2)) is the square root of the modular operator of the wedge algebra then this
for any testfunction to the relation

JU~L~1 ip!!A~ f !V5A~ f̄ !V.

To show that all the remarks are true we need some notations from the theory of the
algebra.

III.1.2. Notations:
~1! SI denotes the tensor algebra generated byS(R4).
~2! For fIPSI , A( fI ) denotes the smeared field operator. As domain of definition for the
operators we choose

D5$A~ fI !V; fIPSI %.

~3! If G is a domain, then we denote byP(G) the algebra generated by elementsA( f ), wheref
has its support inG.
~4! We call a pointy right of x, if yPx1WR . If G1 ,G2 are two domains, then we sayG1 is right
of G2 if this is true for all pairs of points inG1 andG2 .

Now we are in the position to formulate the result of Bisognano and Wichmann.
III.1.3. Theorem:

Let A(x) be a scalar quantum field. SetD5U(L(2 i/2)) and J5QU(p,e1), as introduced in
III.1.1.~4!. Then holds:
~a! JP(WR)J5P(WL),
~b! D itP(WR,L)D2 it5P(WR,L), tPR,
~c! JD1/2XV5X* V ;XPP(WR),
JD21/2YV5Y* V ;YPP(WL),
~d! P(WR)V is a core forD1/2.

Statement~a! is Jost’s PCT theorem. Statement~b! is nothing else but the Lorentz covarianc
of the theory. We have added~d! because this is an important aspect of the Tomita–Take
theory.

Idea of the proof:If Gi 11 is right of Gi andxiPGi thenA(L(t)x1)A(L(t)x2)¯A(L(t)xn)V
has an analytic continuation int into the stripS(21/2,0). At the lower boundary it has the valu
A(L(t)x1

j )¯A(L(t)xn
j )V with xj5(2x0 ,2x1 ,x2 ,x3).

Since the domainsGi are chosen in such a way that the field operatorsA(xi) and alsoA(xi
j )

commute for different lower index one finds for suppf i,Gi and with the above definition ofJ the
relation

U~L~ i/2!!A~ f 1!¯A~ f n!V5J$A~ f 1!¯A~ f n!%* V. ~III.1.1!

Now let us denote byQ the set of operatorsA( fI ) where thef’s have the following properties:
~a! To fI exists a sequence of domainsGi , i 51,...,n such thatGiPWR andGi 11 is right of Gi .
~b! f is a product function with support offI,G13¯3Gn . Then Eq.~III.1.1! holds also for this
set. It remains to show that one can extend~III.1.1! to all of P(WR). To this end one first has to
show thatQV is a core forU(L(2 i/2)). Knowing this one can extend Eq.~III.1.1! to all of
P(WR). For the first problem one observes thatQV is invariant underU(L(t)) so that one can
use Nelsons theorem. For the second question one uses the commutativity ofJA( f ) with P(WR)
which follows from the fact thatxj belongs to the left wedge. h

III.1.4. Definition:
A representation of a QFTLO fulfills the Bisognano–Wichmann property if the modular grou
every wedge acts local, like the associated group of Lorentz boosts, on the underlying spa
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III.2. Other examples

~i! In a field theory of massless, noninteracting particles every influence travels alon
boundary of the light-cone. Therefore, there holds not only spacelike, but also timelike co
tativity. This implies that the vectorV is cyclic and separating also for the algebra of the forw
light-coneV1. In 1978, Buchholz67 determined the modular group for this situation. It coincid
with the dilatations.

III.2.1. Theorem:
In a field theory of noninteracting massless particles the modular group of the algebra o
forward light-cone V1 acts as follows:

DV1
i t

5V~e22pt!,

where

V~l!A~x!V1~l!5A~lx!, l.0

holds. This means V(l) implements the dilatations.
Since the calculation is similar to that of the Bisognano–Wichmann case, it will no

repeated here.
~ii ! If the theory is conformally covariant then the algebra of the double cone can be transfo
onto the algebra of the wedge or the forward light-cone. Since the modular groups are kno
the last two algebras, the modular group for the algebra of the double cone can be obtai
transformation. The result is:

III.2.2. Theorem:
Assume we are dealing with a conformal covariant theory. Let D be the double cone

D5$x:ux0u1ixW i,1%

and denote by

x65x06ixW i .

Then the modular group of the pair~M(D), V! induces on D a geometric transformation
given by the formula:

x6~l!5
2~12x6!1e22pl~11x6!

~12x6!1e22pl~11x6!
.

The modular group of the double cone has first been computed by Hislop and Longo.68

~iii ! The examples treated before and those of the next subsection are based on the
representation. There are also situations where one can compute the modular groups for
representations. These investigations are due to Borchers and Yngvason.69 In these cases the
domain is the forward light-cone or the wedge in two-dimensional models that factorize in
cone coordinates. In order that one obtains local action for the modular groups one has to de
Wightman fields of scale dimension 1. The results are as follows:

III.2.3. Theorem:
Assume we are dealing with a Weyl system over the two-dimensional Minkowski spac
factorize in light-cone coordinates. Letv be the quasi free KMS state andp the corresponding
representation of the Weyl algebra for a field of scale dimension 1. Then the modular grou
the forward light-cone and the wedge act local on the corresponding algebras. The transf
tions are:
For the forward light-cone:

x°wV1~ t,x!, xPV1.
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For the wedge:

x°wW~ t,x!, xPW.

Here t is the element of the modular group and the functionsw are given by

wV1~u,x!5~w1~u,xL!,w1~u,xR!!,

wW~u,x!5~w2~u,xL!,w1~u,xR!!,

with

w2~u,x!52w1~2u,2x!,

w1~u,x!5
b

2p
log$11e22pu~e2px/b21!%.

III.3. The counterexamples of Yngvason

The examples of Yngvason70 are treated separately, because they show examples of the
with special properties. From the result on half-sided translations~Sec. II.5! we know, that the
modular group of the wedge acts on the translations as the Lorentz boosts of the wedg
might give the impression that the modular group of this algebra acts local. That this is not t
general is shown by the first example. If one defines the algebras of the double cones by
section then the modular group acts local in the characteristic two plane of the wedge, b
necessarily local in the perpendicular direction, as shown by the last example.

SupposeF is a Hermitian Wightman field which transforms covariantly under space–
translations, but not necessarily under Lorentz transformations, and depends only on one
cone coordinate, sayx1. Locality implies that the commutator@F(x1),F(y1)# has support only
for x15y1. Moreover, from the spectrum condition it follows that the generator for translat
in the x1 direction is positive semidefinite. This implies that the Fourier transform of the t
point function has the form

W̃2~p!5u~p!pQ~p2!1cd~p!.

In this formulaV is the vacuum vector,Q(p2) is a positive, even polynomial inpPR andu(s)
51 for s>0 and zero else, andc5(V,F(x1)V)2>0 is a constant. Subtractingc1/2 from F if
necessary, we may drop thed(p) term. For simplicity of notation from now on we writex,y
instead ofx1,y1.

For our future investigations we can restrict our attention to the one-particle Hilbert s
HQ,1 . We know that the modular group of the half line acts as a delatation by the factore22pt.
This amounts in momentum space to a dilatation by the factorl5e2pt. This information is
sufficient to compute the action ofD1

i t and of D2
i t on the one-particle Hilbert space. Since t

modular groups do not change the support properties of the half-line, i.e., the analyticity pro
in momentum space, one obtains:

Since the algebra and its commutant have the same modular group we see that wedge
is fulfilled iff Q(p) has only real zeros.

The duality condition for bounded intervals is a little more difficult. Yngvason has shown:
The duality condition is violated if Q(p) is not a constant.

Finally we consider fields inn-dimensional Minkowski space. Guided by the low-dimensio
examples considered above we shall compute the modular groups of the wedge algeb
generalized free fields onRn. We treat the special case where the two-point function has in Fo
space the form
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W2~p!5M ~p!dm~p!,

wheredm is a positive Lorentz invariant measure with support in the forward light cone andM is
a polynomial that is positive on the support ofdm. The polynomialM allows a factorization,

M ~p!5F~p!F~2p!,

whereF(p) is a function~in general not a polynomial! with certain analyticity properties.
To describe the properties ofF we use the light-cone coordinatesx65x06x1 for x

5(x0,...,xn)PRn and denote (x2,...,xn) by x̂. The Minkowski scalar product is

^x,y&5 1
2 ~x1y21x2y1!2 x̂• ŷ.

There is no lack of polynomialsM allowing such a factorization; one example is

M ~p!5~p1!21¯1~pn!21m2

with

F~p!5Ap̂• p̂1m21 ip15Ap̂• p̂1m21~ i/2!~p12p2!.

By analogy with the first example we define forl.0 the unitary operatorsVR(l) on the Fock
spaceH over the one-particle spaceH15L2(Rn,M (p)dm(p)) by

f̃ l~p!5
Ap̂• p̂1m22~ i/2!~lp12l21p2!

Ap̂• p̂1m22~ i/2!~p12p2!
f̃ ~lp1,l21p2,p̂!.

This example demonstrates also that the modular group ofM(WR) may act nonlocal in thex̂
directions. In fact, letf be a test function with compact support inWR . Under this transformation
f̃ is no longer the Fourier transform of a function of compact support in thex̂ directions, because
it is not analytic inp̂. From this lack of analyticity it is not difficult to deduce thatW( f l) does not
belong to any wedge algebra generated by the field unless the wedge is a translate ofWR or WL ,
but we refrain from presenting a formal proof. The operatorW( f l) is still localized in thex0,x1

directions in the sense that it is contained in

M~WR1a!ùM~WR1b!8
for somea,bPWR .

III.4. The result of Trebels on local modular action

In the last subsections we saw that under special assumptions the modular groups of a
belonging to definite domains, can be computed. In many of these examples the modular
formations led to geometric transformations of the underlying sets. Therefore, it is natural
whether or not there might exist other cases where the modular group of the algebra of a s
as geometric transformations on the underlying set. It is impossible to answer this questi
arbitrary sets. Therefore we restrict the sets to the family of double cones and their limits, i
wedges, forward and backward lightcones. The following results are taken from the the
Trebels.65

III.4.1. Definition:
A unitary transformationV which mapsM(G) ~G open! onto itself and which mapsV onto itself
is called geometric, causal and order preserving if there exists a one to one mapg:G→G with the
properties:
~i! xPG implies xgPG,xg21PG.
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~ii ! x,yPG andx2y are spacelike, thenxg2yg andxg212yg21 are spacelike.
~iii ! x2yPV1 implies xg2yg andxg212yg21 belong toV1.
~iv! For everyG1,G one has

Ad VM~G1!5M~Gg
1!, with Gg

15$xg ;xPG%.

Notice thatg→xg maps double cones onto double cones. Since double cones form a b
the topology ofRd we see thatx→xg is continuous. Our first observation is the following.

With this notation the following result holds:
III.4.2. Theorem:

Assume we are dealing with a quantum field theory in the vacuum sector, and that the dim
of the Minkowski space is larger than two. Let D be a double cone and letD it be the modular
group ofM(D). Assume this group acts geometric and causal on D. ThenD it coincides with the
group of Hislop–Longo transformations (up to a positive scale transformation of the group
rameter).

If G is the generator of the Hislop–Longo transformation then we have shown thatg(t) is of
the formg(t)5exp$mGt% wherem is a positive constant. One would like to prove thatm51. To
this end one has to use the KMS condition.~See Sec. I.3.! With the methods available up to now
we are not able to give a general proof for the statementm51. However, if we would deal with
a finite number of Wightman fields then the modular transformation would beD itFk(x)D2 it

5Dk
j (t)F j (g(t)x). Here Dk

j (t) is a finite dimensional representation of the dilatations. In t
situation one can at least show thatm is bounded by one. We do not want to give the calculatio

III.4.3 Remark:The casem50 can be excluded. This case would mean that the algebr
every subdomainD1,D is invariant under the modular group ofD. But this implies by the
cyclicity of V thatM(D1) andM(D) coincide.~See Ref. 33, Thm. 9.2.36.! Such situation is only
possible if the theory is Abelian.

Idea of the proof:The dimension of the Minkowski space shall always be larger than 2.
us start with a geometric causal and order preserving mapg of the domainG. Sinceg is continu-
ous it maps closed light conesV1 onto closed light cones. From this one concludes thatg maps
light like lines onto lightlike lines.

It is our intention to look at the possible geometric, causal and order preserving maps
double cone. But, by an order preserving conformal transformationg we can send the double con
onto the forward light cone. Thenggg21 is a geometric, causal and order preserving map ofV1.
These are much easier to handle.

If we take a light rayl insideV1 then the closure of the setø$Vx
2ùV1,xP l % is the inter-

section of a closed half-space withV1. g maps such sets onto sets of the same kind. This is
true for the boundary of such half-spaces, sinceg is continuous. Henceg maps affine tangen
hyperplanes intersected withV1 onto sets of the same kind. Now one can draw the follow
conclusions:
~i! g maps parallel light rays onto parallel light rays.
~ii ! Since spacelike straight lines are intersections of tangent hyperplanesg maps spacelike straigh
lines onto spacelike straight lines.
~iii ! Since every two-plane containing a timelike direction is generated by a family of parallel
rays passing through one light ray one gets from~i! that every two-plane containing a timelik
direction is mapped onto a two-plane of the same kind.
~iv! Since every timelike line is the intersection of two such two-planes we see thatg maps also
timelike straight lines onto timelike straight lines.

From this one deduces thatg is a linear transformation. More precisely one finds
III.4.4. Proposition:

Every geometric, causal and order preserving map of the forward lightcone is an element
Lorentz group extended by the dilatation.

The modular group is a one-parametric group. This implies that every element is the squ
another element. Hence if the group acts geometric and causal on the underlying domain,
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3629J. Math. Phys., Vol. 41, No. 6, June 2000 On revolutionizing QFT with modular theory
acts automatically order preserving. If the modular group induces a geometric and causal ac
the underlying domain then we know from the last proposition that it is a one-parametric sub
of the (d(d21)/211)-dimensional Lie group generated by the Lorentz group and the dilatat
In order to restrict the possibilities we have to use the following properties:
1. The groupg(t) is induced by the modular group ofM(D), whereD is a double cone. This
implies that forAPM(D) the expression

D i tAV

has an analytic continuation into the stripS(2 1
2,0).

2. We are dealing with a quantum field theory in the vacuum sector. This implies in particula
the translations fulfill spectrum condition.

We want to compare the geometric modular action with the action of the translation
technical tool we need the following result which can easily be proved with help of the do
cone theorem, Thm. I.4.4. Here we will not present the proof.

III.4.5. Theorem:
Assume we are dealing with a quantum field theory in the vacuum sector, and that the dim
of the Minkowski space is larger than two. Let D1 , D2 be two double cones with center x1 , x2 ,
respectively. If x12x2 is lightlike and ifM(D1) and M(D2) commute then the whole quantu
field theory is Abelian.

We want to look at the modular group of the double coneD. Let xPD and if D i t acts
geometric and causal onD then g(t)x can be differentiated with respect tot since g(t) is a
subgroup of a Lie group. We want to investigate the direction ofg8(t)x and want to show

g8(0)xPV̄2. To this end we look at the situation described in Fig. 1.
With BPM(WL1y) andAPM(Dx) we set

f 1~l,t!5~V,BU~lt !D i tAV!,

f 2~l,t!5~V,AD2 itU~2lt !BV!,

whereU(x) is the representation of the translations. Using techniques of analytic functions o
complex variables one can deduce thatg8(0)x must lie inV1.

Since the considerations about the structure of the coincidence are stable under con
transformations, we will transform the double cone onto the forward lightcone. In this settin
have to show that the groupg(t) coincides with the dilatations. If we writeg(t)5exp$Mt% then
g8(t)xPV2 implies that~y,Mx! is smaller zero for allx,yPV1. By means of the structure of th

FIG. 1. Position of the double conesD, Dx and the wedgeW( l 8,l )1y.
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Lorentz group we find thatM is diagonal and henceM52m1, mPR1. Therefore, the trans
formedg(t) coincides with the scaled dilatations and consequently the original group coin
with the scaled Hislop–Longo transformations. h

III.5. Remarks, additions, and problems

~I! The result of Trebels deals only with double cones. Therefore, it is not possible to
that the factorm has to be 1. This is due to the fact that the Hislop–Longo transformationg(t

2 i 1
2) mapsD to real points but they are not all spacelike with respect toD. If, however, we replace

the double cone by the wedge then one can argue thatm must be 1.
III.5.1. Problem:Does there exist a convincing argument showing, thatm must be 1?~II ! In

the Trebels situation, the algebra of a subdouble cone with either the same upper or low
fulfills the condition of 2half-sided or1half-sided modular inclusion, respectively. If one
dealing with a conformally covariant theory, then the corresponding half-sided translations
for a proper chosen~finite! group element, the algebra of the double cone onto the algebra o
backward respectively forward light cone.
~III ! If the Bisognano–Wichmann property~Def. III.1.4! is fulfilled only for the subsets of the
wedge, then the modular group of the wedge define geometric transformations only for this w
This can be extended to geometric transformations of the wholeRd. ~See Guido, Ref. 71.!
~IV ! As shown by Kuckert72 the assumptions can be changed. If one replaces the Bisogn
Wichmann property for the wedge by other symmetry conditions, with some locality property
for the whole space, then one finds thatJW and DW

i t act local as in the Bisognano–Wichman
situation. A similar result holds for the forward light-cone, providedV is cyclic and separating fo
M(V1). In these cases the assumptions are: The symmetry shall map the local netinto the local
net. The associated modular groups shall transform the local algebras in the correspondin
ner.

One can replace the transformation property of the local net by transformation propert
localized operators. In this case one has to make more restrictive assumptions on the tran
tions and the net. For details see Ref. 72.

IV. THE PCT THEOREM AND CONNECTED QUESTIONS

The PCT theorem tells us that the product of time reversal, space reflection, and c
conjugation is always a symmetry. Reading the paper of Pauli73 on this subject one gets th
impression that a precurser of the PCT “theorem has been discovered by Schwinger.74 But it was
a mysterious transformation containing the interchange of operators. The first development
PCT theorem in the frame of Lagrangean field theory is due to Lu¨ders.75 This result has triggered
the clarification of the connection between spin and statistics and the role of the positive e
~See Pauli73 and also Lu¨ders and Zumino.76!

In 1957, Jost66 gave a proof of the PCT theorem in the frame of Wightman’s field theory.
beauty of this proof is the clarification of the role of the different conditions one has to imp
These are
1. Covariance of the theory under the~connected part of the! Poincare´ group.
2. Positivity of the energy.
3. There are only fields, which transform with respect to finite dimensional representations
Lorentz group.~Transformation of the index space.!
4. Locality, which means that for spacelike distances the Bose fields commute with all other
and the Fermi fields anticommute with each other.
5. The Minkowski space has even dimensions.
6. To every field in the theory appears its conjugate complex partner.

From the spectrum condition it follows that the Wightman functions have an analytic
tinuation into the forward tubeTn

1

Tn
15$z1 ,...,znPC4;Im~zi2zi 11!PV1%.
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Using locality, Poincare´ covariance of the theory, and the appearance of only finite dimens
representation of the Lorentz group in the index space, Hall and Wightman77 could show that the
analytically continued Wightman functions can be considered as functions on the complex L
group. If the index space transforms under infinite dimensional representation of the Lorentz
then the Hall–Wightman theorem fails because of lack of analyticity. Examples are give
Streater78 and by Oksak and Todorov.79 The Hall–Wightman theorem was the starting point
Jost’s investigation. If the Minkowski space has even dimensions then the complex Lorentz
contains the element21. This transformation is the product of time reversal and space reflec
But there is the time translation ei Et with the positive energy operator. In order to keep the ene
positive one has to change i into2i. Therefore, the time reversal has to be an antiunitary opera
If Q is an antiunitary total reflection one obtains for a scalar field

QF~x!Q5F* ~2x!.

The passage to the conjugate complex is closely related to the charge conjugation. Therefo
has to look at the product ofC andPT. One remark more to the role of locality: The transition
the conjugate complex interchanges the order of an operator product. At totally spacelike
the original order can be restored. Putting things together one gets the PCT theorem for
fields. The general case needs in addition the handling of finite dimensional matrices which
with fields of higher spin.

For a long time it was impossible to show the PCT theorem in the theory of local observ
because one did not know the meaning of condition 3 and 6 in the setting of local observa

A good candidate for the CPT operator is

Q5JWU~RW~p!! ~IV.0.1!

provided the origin is contained in the edge of the wedge.RW(a) denotes the rotation in the
two-plane perpendicular to the characteristic two-plane of the wedge, andJW the modular conju-
gation of the algebra of the wedge.

If the Ansatz~IV.0.1! is correct, then the representation of the Lorentz group and the mo
groups of the wedges have to fit together. Since on the vacuum sectorQ is a geometric transfor-
mation, alsoJW has to act local. Moreover the transformation (QU(RW(p)) maps the algebra o
the wedge onto the algebra of the opposite wedge. Therefore, the theory has to fulfill w
duality. First we treat the question of wedge duality and afterwards that of the locality ofJW .

IV.1. The wedge duality

The problem of this subsection is: When does a Lorentz covariant theory fulfill wedge
ity?

The result we present here is essentially a two-dimensional statement. In the proof w
think of sets which are cylindrical in all directions perpendicular to the characteristic two-pla
the wedge. Hence all the expressions depend only on two variables. In this situation we onl
two wedges which we call the right wedgeWr and the left wedgeWl . The wedges obtained b
applying a shift bya will be denoted byWa

r andWa
l , respectively. If we denote the double con

by K then this can be characterized by the intersection of two wedges.

Ka,b5Wa
r ùWb

l , b2aPWr .

Let Ma,b
0 be the given von Neumann algebra associated withKa,b fulfilling the mentioned as-

sumption. Starting from this we obtain for the wedges the algebras:

Ma
r 5$ ø

K,Wa
r

MK
0 %9, Ma

l 5$ ø
K,Wa

l

MK
0 %9. ~IV.1.1!

Moreover, we set
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Ma8
r5$Ma

r %8, Ma8
l5$Ma

l %8. ~IV.1.18!

Without loss of generality we can construct a net which might be slightly larger:

Ma,bªM~Ka,b!5Ma
r ùMb

l . ~IV.1.2!

This net fulfills again all requirements listed in the beginning. Moreover, the wedge alg
constructed withM(K) coincides with the wedge algebra constructed with theM0(K). In what
follows we only will work with the algebrasM(K).

In Wightman field theory one is dealing with quantitiesFn(x) localized at a point. Ifx
belongs to the right wedge one can analytically continue the expressionU(L(t))Fn(x)V into the
strip S(2 1

2,0). This is due to the fact that the representation of the Lorentz group in the i
space is defined for complex Lorentz transformations. The result which one obtains is an e
belonging to the left wedge, namely,U(L(t))Fn(2x)V ~for entire spin!. There are two problems
if one wants to generalize this:

First our objects are not localized at a point but in bounded domains. Here we will fi
natural generalization of the description.

The second problem consists of understanding the exchange of the left and the right we
the complex Lorentz transformations because of the following

IV.1.1. Remark:
If we are dealing with a von Neumann algebraM and a one-parametric, strongly continuo
group of automorphismsa t then one can define the analytic elementsManal for which a tA has an
entire analytic extension. The setManal is a * -strong dense subalgebra ofM and the elements
azA, APManal also belong toM.

Therefore, it is not easy to understand why for an elementA, localized in the right wedge, the
expressionU(L(2 i/2))AV can be written asÂV with an elementÂ localized in the left wedge.

From Remark II.5.3.~ii ! we know thatD r
i t and D l

i t act on the translations as the Loren
transformations. From this we obtain:

R~ t !D r
i t5U~L~ t !!, L~ t !D l8

i t5U~L~ t !!. ~IV.1.3!

HereD l8 denotes the modular operator of (M0
l )8. SinceU(L) commutes with the modular group

and acts on the translations in the same manner as the modular groups we obtain the fo
commutations:

@R~s!, D r
i t#5@R~s!, U~L!#5@R~s!, T~a!#5@R~s!, Jr #50,

~IV.1.4!
@L~s!, D l8

i t#5@L~s!, U~L!#5@L~s!, T~a!#5@L~s!, Jl #50.

The aim of this investigation is to show thatR(t) andL(t) coincide. Since the proof of this
result is rather involved we have to refer to the original paper80 or to the complete script. There
fore, we only quote the results.

IV.1.2. Proposition:
(i) For every APMa,b with aPWr such that U(L(t))AV has a boundes analytic extension in

the strip S(2 1
2,0) with continuous boundary values there exists an element Aˆ hM2b,2a such that

the following relation holds

U~L2~ i/2!!AV5ÂV.

(ii) For every APMa,b with bPWl such that U(L(t))AV has a bounded analytic extension in

the strip S(0,1
2) with continuous boundary values there exists an element A˜ hM2b,2a such that the

following relation holds

U~L~ i/2!!AV5ÃV.
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As mentioned before we have to establish a map fromMr to Ml and viceversa. This mean
there must exist sufficiently many elements which satisfy Prop. IV.1.2. In order to formulat
result we need some notation about the localization of operators.

Let APM be a local operator then we denote byK0 the smallest double cone such thatA
PM(K0). By K we denote the translate ofK0 such that the center ofK coincides with the origin.
Let K05K1x then we can write every localized operator in the form

A5A~K,x!. ~IV.1.5!

With this concept we can formulate the exact result about wedge duality.
IV.1.3. Theorem:

Given a Lorentz covariant QFTLO in the vacuum sector, then the following conditions are eq
lent:
~1! The theory fulfills wedge duality.
~2! The set$A(K,x)%, such that

~a! K1x,Wr ,
~b! U(L(t))A(K,x)V has a bounded analytic continuation into the strip S(2 1

2,0) with con-
tinuous boundary values,

~g! U(L(t))A* (K,2x)V has a bounded analytic continuation into the strip S(0,1
2) with

continuous boundary value,
is * -strong dense inM0

r .

IV.2. The reality condition and the Bisognano–Wichmann property

In the discussion at the beginning of this section we saw that we must solve two pro
before we can prove the PCT theorem. The first was the wedge duality, corresponding
properties of the index space of Wightman fields. The second was the reality condition imp
that every Wightman field has its conjugate complex partner. In analogy we pose:

IV.2.1. Reality conditon:
We say a Poincare´ covariant theory of local observables in the vacuum sector, which satisfie
wedge duality, fulfills the reality condition if:
~i! Every A(K,x) with K1x,Wr which fulfills the relation of Prop. IV.1.2 satisfies the equati

A*̂ ~K,PWx!5$Â~K,PWx!%* . ~IV.2.1!

PW is the reflection in the characteristic two-plane of the wedge.
~ii ! V is cyclic for the set$A(K,x);K1x,Wr which satisfy Eq. (IV.2.1)%.

With this notation we obtain:
IV.2.2. Theorem:

In a representation of a Poincare´ covariant theory of local observable in the vacuum sector
modular group associated with the algebra of any wedge coincides with the corresponding
entz boosts iff the theory fulfills wedge duality and the above reality condition with respect
Lorentz transformations.

Proof: If we know thatU(L(t)) andDW
i t coincide then by Thm. IV.1.3 one has wedge duali

Moreover, the reality condition is fulfilled because for everyA(K,x)PM(Wr) one has

A*̂ ~K,x!V5U~L~2 i/2!!A* V5DW
1/2A* V5JAJV,

and

DW
1/2Â~K,x!V5JA* JV5$JAJ%* V.

Hence the reality condition is fulfilled.
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Next assume wedge duality and the reality condition. LetA(K,x)PM(Wr) fulfill the reality
condition. Take an elementBPM(Wl) and look at the matrix elements

F1~s,t !5~V,BD isU~L~ t !!A~K,x!V!,

F2~s,t !5~V,A~K,x!U~L~2t !!D r
2 i sBV!.

By choice of the elementsB andA(K,x) we getF1(s,t)5F2(s,t). Moreover, wedge duality and
the modular theory yields

F1S s1
i

2
,t2

i

2D5F2S s2
i

2
,t1

i

2D .

By both coincidences and the edge of the wedge theorem, Thm. I.4.1, we obtain a bo
periodic functionF(s,t)5F(s2 i, t1 i). Since bounded entire functions are constant we find

F~s,2s!5const5F~0,0!,

~V,BD isU~L~2s!!A~K,x!V!5~V,BA~K,x!V!.

SinceM(Wl)V and$A(K,x)V% are dense inH we obtainD r
i sU(L(2s))51. h

IV.3. The PCT theorem

Now we are prepared for the proof of the PCT theorem under the assumption that the
duality and the reality condition are fulfilled. Starting from the Ansatz Eq.~IV.0.1! one has to
solve two problems:
~1! SinceQ shall be a local transformation, alsoJW must be local. Since the mapAV→A* V is
local, and since by Thm. IV.2.2DW

1/2 andU(LW(2 i/2) coincide, we know that the product

SW5JWDW
1/25JWU~LW~2 i/2!! ~IV.3.1!

acts local. Therefore,JW andU(LW(2 i/2)) must act local at the same time. The answer to t
question is closely related to the next one.
~2! The operator productJWU(RW(p)) shall be independent of the choice of the wedgeW. Using
Eq. ~IV.3.1! we obtainJW5U(LW(2 i/2))SW and consequently

JWU~RW~p!!5U~LW~2 i/2!!U~RW~p!!SW , ~IV.3.2!

where we have used the fact thatU(RW(p)) maps the algebraM(W) onto itself, which implies,
that SW and U(RW(p)) commute. We will apply the expression~IV.3.2! to vectors of the
form A(K,x)V with K1x,W. Therefore, problem ~2! is solved if
U(LW(2 i/2))U(RW(p))A* (K,x)V is independent ofW. ~As long asK1x,W.) The product
U(LW(2 i/2))U(RW(p)) is nothing else but the element21. Since we get to
U(LW(2 i/2))U(RW(p))A(K,x)V by analytic continuation, we have to make sure that the c
tinuation gives for differentW a unique answer.

We start with the uniqueness problem because its answer is needed for the solution
locality question. For simplicity of notation we restrict ourselves to the four-dimensi
Minkowski space. In this case the Lorentz group is six-dimensional. First, with help o
Malgrange–Zerner theorem I.4.2 we will construct a function on the complex Lorentz group
pointsU(LW(2 i/2)) will be points on the boundary of the domain which we construct. Theref
we must convince ourselves thatU(L) is single valued on that domain.

Let D be a double cone such that its closure does not contain the origin. We choose a
with D,W. Let G be the~connected! Lorentz group and set

N~D !5$gPG;D,gW%. ~IV.3.3!
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3635J. Math. Phys., Vol. 41, No. 6, June 2000 On revolutionizing QFT with modular theory
SinceW is open,N(D) is open and contains the identity of the group. From this one can ch
g1 ,g2 ,...,g6PN(D) and T1 ,...,T6.0 such that the productsLg6W(t6)¯Lg1W(t1) for ut i u,Ti

are still in N(D) and that the generators ofLgiW
(t) are linearly independent.

Since by assumption the unitary groupsU(LgiW
(t)) coincide with the modular groups o

M(giW) one can analytically continue the vector valued function

U~Lg6W~ t6!!¯U~LW~ t1!!AV, APM~D !, D,W ~IV.3.4!

in the variable t i into the strip S(2 1
2,0), provided one hasut1u,T1 ,...,ut i 21u,Ti 21 ,ut i 11u

,Ti 11 ,...,ut6u,T6 . Using the Malgrange–Zerner theorem I.4.2 one obtains a function holo
phic in all variables.

The domain of holomorphy of this function can be determined. This calculation will be d
by mapping the stripS(2 1

2,0) biholomorphic onto itself in such a way that the intervaluxu,T is
mapped ontoR and the rest of the boundary onto2 i/21R. In these new variables the domain
holomorphy is convex and hence the function is one-valued. Hence there are no mono
problems in these variables. Therefore, we have to show that the inverse transformation se
boundary points to some set where the inverse map is unique. The result of these investigat
collected in.

IV.3.1. Proposition:
Let D be a double cone such that the closure of D does not contain the origin. Then
PM(D) and g such that D,gW

U~LgW~2 i/2!!U~RgW~p!!AV

is independent of g.
Knowing this it is easy to show thatJW acts local and one obtains forD,W

JWAJWPM~PWD !.

This together with Prop. IV.3.1 and Eq.~IV.0.1! leads to
IV.3.2. Theorem:

Every QFTLO which fulfills wedge duality and the reality condition is PCT convariant.

IV.4. The Bisognano–Wichmann property and the construction of the Poincare ´ group

We saw that the PCT theorem is closely connected with the Bisognano–Wichmann pr
~see Def. III.1.4!, i.e., the modular group of every wedge acts like the associated group of Lo
boosts. If we assume that the theory fulfills the Bisognano–Wichmann property, then one c
whether or not all these modular groups fit together and give rise to a representation
Poincare´ group. If the dimension of the Minkowski space is two then one has only the right
the left wedge and their translates. Since the Bisognano–Wichmann property implies th
translates of the wedge along the lightlike vectors fulfill the condition of half-sided mod
inclusion, the translations are obtained by the construction of Wiesbrock56,57 ~see II.6! which
together with the modular group of the wedge give rise to a representation of the Poincare´ group.55

Hence the construction procedure contains new aspects if the dimension of the Minkowski
is at least three.

A first treatment of this problem is due to Brunetti, Guido, and Longo.81 They used the first
and the second cohomology of the Poincare´ group and showed that the modular groups of
wedges give rise to a representation of the covering of the Poincare´ group. In a second pape
Guido and Longo82 generalized their method to charged fields and showed that in this fram
connection between spin and statistics is fulfilled.

Here we will use a construction that is based entirely on the principle of half-sided mo
inclusions. It has the advantage that it gives directly a representation of the Poincare´ group and not
of its covering.83 In order to avoid index manipulation we represent the result for the fo
Downloaded 25 Oct 2012 to 136.167.2.214. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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3636 J. Math. Phys., Vol. 41, No. 6, June 2000 H. J. Borchers
dimensional Minkowski space. The construction is in three steps. First we construct the tr
tions by using the half-sided modular inclusions of wedges and their translates. Then we sho
the algebra of the intersection of two wedges with a common lightlike vector fulfill the cond
of half-sided modular inclusion with respect to the algebras of the wedges. This will allow
construct the translational part of the stabilizer group of the common lightlike vector. Since
group connects the modular groups of different wedges we can, in the third step, constru
whole Poincare´ group.
First step:Construction of the translations

We start our investigation by looking at a wedgesW@ l ,l 8,a# and its translateW@ l ,l 8,a
1l l #,l.0. The algebra of the second wedge fulfills the condition of2half-sided modular inclu-
sion with respect to the algebra of the first wedge. Hence by Thm. II.6.2 we obtain a unitary
U@a,l l #(t). The uniqueness Thm. II.6.5 implies that this group does not depend ona and that
U@l l #(t) can be written asU@ l #(lt). Moreover, we know thatU@ l #(t) acts local, which implies,
that U@ l #(lt) does not depend on the choice of the second light ray entering in the definiti
the wedge and hence ofU@ l #(lt).

It remains to show that the groupsU@ l #(s) and U@ l 8#(s) commute. This follows from the
uniqueness of the modular groups.

IV.4.1. Lemma:
Assume all modular groups of the wedge algebras act like their associated Lorentz groups
a unique continuous representation of the translation group V(a) exists which fulfills spectrum
condition and acts geometrically on the local algebras

Ad V~a!M~D !5M~D1a!,

where D denotes a double cone. @It is assumed, thatM(D) coincides with the intersection of th
wedge algebras of all wedge containing D.# This representation V(a) is contained in the algebra
generated by the modular groups.

Moreover, the modular groups of the wedges and the translations transform each othe
they were members of a unitary representation of the Poincare´ group.

Since Lemma IV.4.1 implies that we have a representation of the Poincare´ group on every
characteristic two-plane, where the boosts of the wedge are the same as the modular tran
tions, we obtain from Sec. IV.1:

IV.4.2. Proposition:
Let a representation of a theory of local observables fulfill the above-mentioned conditions.
this representation fulfills wedge duality, i.e.,

M~W@ l ,l 8# !85M~W@ l 8,l # !.

Second step:The stabilizer group of a light ray
Next we want to construct the translational part of the stabilizer group of any light rl

P]V1. To this end we look at the family of wedges having one light ray in common,

$W@ l ,l 2#; l fixed%. ~IV.4.1!

It is well known that the stabilizerS( l ) of a lightlike vector is isomorphic to the Euclidea
transformation ofR2. ~See, e.g., Gelfand, Minlos, and Shapiro.84! The rotations are the transfor
mations around the space direction of the light ray. In order to understand the translations
introduce a second lightlike vectorl 2 which we choose in such a way thatl, t, l 2 lie in one
two-plane. LetT( l ) be the tangent hyperplane at the forward lightconeV1 containing the vector
l. Then the affine hyperplanel 21T( l ) intersects]V1 in a two-dimensional set~parabola! homeo-
morphic toR2. The translations ofS( l ) have this set as orbit.

In the concrete examplel 5(1,1,0,0), l 25(1,21,0,0), these translations becomea
5(a1 ,a2)PR2)
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L l~a!5S 11
a2

2
2

a2

2
a1 a2

a2

2
12

a2

2
a1 a2

a1 2a1 1 0

a2 2a2 0 1

D . ~IV.4.2!

~See also Jost, Ref. 85, Appendix.! It is easy to check that this is a representation of the tw
dimensional translation group.

Starting with the above vectorl 2 and definel 2(a)5L l(a) l 2 one obtains betweenL l(a) and
the Lorentz boosts of the wedge the relation

L l~a2b!5 lim
t→`

L@ l ,l 2~a!#~ t !L@ l ,l 2~b!#~2t !. ~IV.4.3!

In order to show that the corresponding limits of products of modular operators exist and de
commutative group we need once more the principle of half-sided modular inclusion. The c
result is:

IV.4.3. Theorem:
Let the theory fulfill the Bisognano–Wichmann property. Then the algebraM(W@ l ,l 1#ùW@ l ,l 2#)
fulfills the condition of2half-sided modular inclusion with respect to both algebrasM(W@ l ,l 1#)
and M(W@ l ,l 2#).

Using this result and its generalization to the intersection of three wedges one can sho
the product

D@ l ,l 2~a!# itD@ l ,l 2~b!#2 it

converges fort→` strongly to a unitary operatorUl(a,b). Furthermore, this operator depen
only on the differencea2b, and gives rise to a unitary representation of the groupL l(a) @~see Eq.
~IV.4.2!!#. By construction this group acts local. The continuity of this group representa
follows from the relation between half-sided translations and the modular groups.

Third step:construction of the rotations
Up to now we have representations of the Lorentz boosts, the translations, and of the

lational part of the stabilizer group of the light rays. In order to get a representation of th
Poincare´ group one needs a representation of the rotation group.

Let x0 be a timelike vector in the two-plane spanned byl and l8, and letL l(a) be an element
in the stabilizer group ofl. ThenL l(a)x0 is a vector on which we can applyL l 8(b). There will
be an elementb(a) such thatL l 8(b(a))L l(a)x0 belongs to the two-plane containingl, l8 andx0 .
In this situations(a) exists such thatL@ l ,l 8#(s(a)) maps this vector back tox0 . Therefore, the
product represents a rotation

L@ l ,l 8#~s~a!!L l 8~b~a!!L l~a!5R~ l ,a!. ~IV.4.4!

Lengthy calculations show that the corresponding unitary groups

U~R~ l ,d,w!!5D@ l ,l 8# is~a!Ul 8~b~a!!Ul~a! ~IV.4.5!

do not depend onl and that they depend continuously ond.
Special care has to be taken about the rotationp. This problem can be solved by showing th

the rotations around a fixed axisd form a true representation of the circle group. Using this a
Mackey’s method of induced representation86 one obtains a single valued representation of
whole rotation group. Putting all results together we get
Downloaded 25 Oct 2012 to 136.167.2.214. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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IV.4.4. Theorem:
Assume the modular group of every wedge algebraM(W@ l 1 ,l 2 ,a#) acts on every algebra of a
double cone like the associated group of Lorentz boosts. Then the modular groupsD it@ l 1 ,l 2 ,a#
define a representation of the Poincare´ group.

IV.5. The approach of Buchholz and Summers

We saw that the Bisognano–Wichmann property for the modular groups implies Lo
covariance, wedge duality, and the PCT theorem, provided the algebras of the double cones
intersection of the wedge algebras. This implies in particular, that the modular conjugations
wedge algebras act as reflection, i.e.,

JWM~D !JW5M~PWD !. ~IV.5.1!

HerePW is the reflection in the characteristic two-plane of the wedgeW, which leaves the apex o
the wedge unchanged. Ifa is in the characteristic two-plane ofW andW5W( l 1 ,l 2 ,a) then with
x5l l 11m l 21x' one obtains

PWx52l l 12m l 21x'12a. ~IV.5.2!

If the theory fulfills Eq.~IV.5.1! for every double cone then we say it fulfills the Bisognan
Wichmann property for the modular conjugations. Since the Poincare´ group is generated by th
reflections~if the dimension of the Minkowski space is larger than two!, it is natural to ask
whether or not one can derive the Poincare´ covariance also from the Bisognano–Wichma
property for modular conjugations. Using some additional assumptions this question has
answered for the translation positively by Buchholz and Summers.87

Since every double cone is the intersection of wedges, it is no restriction if one require
~IV.5.1! only for wedges. In a recent paper Buchholz, Dreyer, Florig, and Summers88 have gen-
eralized this setting by requiring that the modular conjugation of every wedge algebra map
the family of all wedge algebras onto itself. This contains a hidden version of the wedge du
Adding to this the assumptions that the modular conjugations preserve~I! isotony and~II ! stability
of nonintersection, they were able to show the following: Every transformationT of the set of
wedges onto itself, and which together with its inverse fulfills~I! and~II !, is a Poincare´ transfor-
mation. If, in addition, the considered set of transformationsT is a group, which acts transitively
on the set of wedges and if the Minkowski space is four dimensional, then this group contai
identity component of the Poincare´ group. In a very recent paper Buchholz, Florig, and Summe89

showed that the adjoint representation of the translations of this group, acting on the
algebras, is necessarily continuous.

The group representation obtained from the modular conjugations must not fulfill the
trum condition. In order to obtain this condition one has to add additional assumptions
authors of Ref. 88 called one of the possibilities the modular stability condition.

It is interesting to notice that the method of Buchholz, Summers, and co-workers ca
transcribed to quantum field theories on de Sitter space. Whether or not this method c
generalized to other manifolds can only be answered by future calculations.

Here we will present the construction of the Poincare´ group and show the continuity propert
of the translations. The continuity of the Lorentz transformations will only be discussed.
construction of the Poincare´ transformation differs in some points from that of Ref. 88.

In this section we define wedges slightly different from the notation in Sec. I.5. H
W( l 1 ,l 2 ,a) means that the lightlike vectorsl 1 ,l 2 belong either to]V1,]V2 or to ]V2,]V1, i.e.,
( l 1 ,l 2),0, and that the wedgeW( l 1 ,l 2 ,a1r1l 11r2l 2),W( l 1 ,l 2 ,a) for r1 ,r2>0. This descrip-
tion is symmetric in both lightlike vectors and is better suited for dealing with time or sp
reflections.

IV.5.1. Definition:
Let W denote the set of all wedges. ByT we denote the set of all transformationsT,
Downloaded 25 Oct 2012 to 136.167.2.214. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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T:W→W,

such thatT21 exists andT as well asT21 fulfill:
~I! Isotony, i.e.,W1,W2 implies T(W1),T(W2) andT21(W1),T21(W2).
~II ! Stability of nonintersection, i.e.,W1ùW25B implies T(W1)ùT(W2)5B and
T21(W1)ùT21(W2)5B.

With these assumptions we will show:
IV.5.2. Theorem:

Let the dimension of the Minkowski space be larger than2. Then every transformation TPT is an
element of the full Poincare´ group enlarged by the dilatations.

The proof of this theorem is complicated. Therefore, we have to refer to the original pa88

or better to the complete script, where a shorter proof is given.
A special consequence of Thm. IV.5.2 is
IV.5.3. Theorem:

Let TW fulfill the requirementsIV.5.1, then one has TW5PW , where PW is the total reflection in
the characteristic two-plane. This implies in particular the wedge duality

TW~W!5W8.

Let Tj be the subgroup generated by the modular conjugations of all the wedges iW.
Assume one is dealing with a QFT on a Hilbert spaceH and that there exists a vectorVPH,
which is cyclic and separating for all wedge algebrasM(W). Assume, moreover, that the modul
conjugationJW fulfills the relation

JWM~W1!JW5M~TW~W1!!,

JWJW1
JW5JTWW1

, JW5JW8 .

Then theJW generate an adjoint representation of the determinant11 part of the Poincare´ group.
It is easy to see that this representation is a central extension of the Poincare´ group. Using the

above relation one obtains for arbitraryW and the equationP i 51
21 nTWi

51

)
i 51

n

JWi
JW5)

i 51

n

JWi¯
JTWn

WJWn
5¯5JTW1

•••TWn
W )

i 51

n

JWi
5JW )

i 51

n

JWi
.

Therefore,P i 51
n JWi

belongs to the center of the group generated by theJW’s. We now restrict to
the four-dimensional situation. Later we will see that the group representation is continuo
remains to show that we are dealing with a true representation of the Poincare´ group. We know
from Sec. IV.4 how tedious such calculations are. Therefore, we skip this demonstration an
to the original paper.88

Collecting the results we obtain
IV.5.4. Theorem:

The representation of the‘‘ 1’’ part of the Poincare´ group induced by the JW’s is a true repre-
sentation.

Next we come to the continuity problem and its solution described in Ref. 89.
IV.5.5. Proposition:

Let U(L,a) be the representation of the Poincare´ group obtained by the products of the JW’s.
Then U(1,a) is strongly continuous.

The proof of this result is based on Thm. II.1.1 from which we know that the mod
conjugations depend continuously on the algebras, if the algebras are continuous from ins~or
outside!.

The proof of the continuity of the Lorentz transformations will not be presented here. H
ever, one can imagine how the above proof can be adapted to the situation where one l
Downloaded 25 Oct 2012 to 136.167.2.214. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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one-parametric subgroupsL(t) of the Lorentz group. One wants to compare the alge
M(L(t)W) with M(W). In order to do this one must assume, thatV is also cyclic for the
algebrasM(L(t)WùW), providedt is sufficiently small. If this is the case one can look at t
limit t↘0 and argue as above.

Finally we come to the spectrum condition. As mentioned before, the representation
translations induced by theJW’s does not have to fulfill it. In order to obtain the spectru
condition, Buchholz, Dreyer, Florig, and Summers introduced a new assumption, which
called:

IV.5.6. Modular stability condition:
The modular group of every wedge is contained in the group generated by the modular co
tions.

Since the group generated by theJW’s is the1 part of the Poincare´ group, it is easy to see tha
the modular group of the wedge coincides~up to a scale factor! with the group of the Lorentz
boosts associated with the wedge. SinceV is also cyclic for the shifted wedges one can conclu
as in Sec. IV.4, that the spectrum of the translations is contained in the closure of eitherV1 or V2.
In order to obtain this result one can also use the method of Wiesbrock59 which leads to the same
conclusion.

We end this section with some
IV.5.7. Remarks:

~i! If one knows that the operatorsJW fulfill all the conditions we have used in this section, and
one knows from other sources that the theory enjoys the spectrum condition, then the
generated by theJW’s must not necessarily contain the modular groups of the wedge alge
Even in the situation where one knows that theJW are modular conjugations and that the spectr
condition is fulfilled, a proof is missing thatTj contains the modular groups of the wedges.
~ii ! There exist QFTLO’s which do not fulfill wedge duality, or others where the Lorentz cov
ance is missing~also for the wedge algebras!. Such theories do not fulfill the Bisognano
Wichmann property neither for the modular groups nor for the modular conjugations. Hence
criteria are a selection criterium for both, the field theory and the vacuum state. The criteri
Ref. 88 has the advantage that it also applies to certain theories without spectrum condi
these methods apply to QFT’s on curved manifolds this might be an advantage. Whether o
is an advantage for theories on Minkowski space is a question of taste, in particular sin
so-called modular stability requirement is a sufficient but not a necessary condition implyin
the spectrum is contained in the forward or backward light cone.

IV.6. Remarks, additions, and problems

~I! If the local algebras are generated by Wightman fields with finite components the
result of Bisognano and Wichmann Thm. III.1.3 shows that the modular groups of the w
coincide with the associated Lorentz boosts. On the other hand if we know the Bisogn
Wichmann property then we can derive Poincare´ and PCT covariance for the local net~Secs. IV.4
and IV.3!. But it is still an open problem whether or not the Bisognano–Wichmann propert
a local net implies that this net is generated by Wightman fields. The existing attempts o
structing Wightman fields from local nets try to relate the field operator to the Hamilton ope
~generator of the time translationsH-bounds methods! Fredenhagen and Hertel.90 It might be
useful to try to find relations with respect to the modular operator of the algebra of the we
~II ! The construction of the Poincare´ group from the modular groups of the wedges is possibl
the Bisognano–Wichmann property holds. The first construction under this condition has
given by Brunetti, Guido, and Longo.81 Their method is based on group cohomology and there
more elegant than the method presented here. However, their method has the disadvantag
leads to a representation of the covering group. In order to obtain a true group represe
Guido and Longo82 enlarged the group by the modular conjugations. In addition they incorpor
charged fields. In this frame they proved the PCT and the spin and statistics theorem. This
implies that in the vacuum sector one has a true representation of the Poincare´ group.
~III ! In Tomita’s modular theory one makes statements about the action of the modular grou
Downloaded 25 Oct 2012 to 136.167.2.214. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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3641J. Math. Phys., Vol. 41, No. 6, June 2000 On revolutionizing QFT with modular theory
on the algebra and its commutant. Therefore, it is unnatural to formulate the Bisogn
Wichmann property for all local algebrasM(D). It should only be formulated for suchD which
belong toW or to W8. If one does this one does not lose any information. This is a consequ
of the following reason: The knowledge about the action insideW suffices to conclude that th
algebras associated with the translates of a wedge along one of its defining lightlike vectors
the condition of7half-sided modular inclusion with respect toM(W). With the help of Thm.
II.6.2 one obtains the translations in the characteristic two-plane ofW. Since by Thm. II.5.2 one
knows the commutation between these translations and the modular group one can determ
action of this group on arbitraryM(D). One finds the full Bisognano–Wichmann property for t
modular groups. This procedure has been worked out by Guido.71

Unfortunately the Bisognano–Wichmann property for the modular conjugations cann
replaced by a local version. If we only know the action inside the wedge then we cannot co
the action ofJW1

on JW2
. Therefore, we are not able to conclude that the productsJW1

JW2
give

rise to a representation of a central extension of the Poincare´ group. Hence if we assume that th
modular group of the wedge algebra is contained in the group generated by theJW’s, we are not
able to conclude that the modular groups fulfill the Bisognano–Wichmann property.
~IV ! The Bisognano–Wichmann property for the modular groups is essential for the derivat
the CPT theorem. Since this condition is probably hard to verify in concrete examples, one
look for conditions which imply this property. The whole Buchholz Summers program, if
stricted to the Minkowski space, is of this nature. If we start from a Poincare´ covariant theory, then
the wedge duality and the reality condition also implies the Bisognano–Wichmann proper
the modular groups. One should add other assumptions implying this property.
~V! If a Poincare´ covariant QFTLO fulfills the Bisognano–Wichmann property for the modu
groups then it can happen that the theory is covariant under two different representations
Poincare´ group. In this case holds:91

IV.6.1. Theorem:
Assume we are dealing with a local quantum field theory in the vacuum sector, which is cov
under two different vacuum representations of the Poincare´ group. Let U0(L,a) be the represen-
tation generated by the modular groups of the wedge algebras and U1(L,a) the second repre-
sentation. Then there exists a local gauge transformation of the Lorentz group G(L) with

U1~L,a!5U0~L,a!G~L!.

Moreover, G(L) commutes with U0(L8,a) for all a, L, L8. In addition G(L) is a gauge
transformation, i.e., it maps every local algebra onto itself.

That this situation occurs shows the following example: Take an infinite number of copi
a finite component Wightman field. LetU(L,a) be the representation of the Poincare´ group
transforming the Wightman field. LetG(L) be a representation of the Lorentz group which a
on the indices numbering the copies. ThenU(L,a) ^ 1 is the group generated by the modul
groups andU(L,a) ^ G(L) is the second representation.
~VI ! The reality condition together with the wedge duality implies the Bisognano–Wichm
property. Recently Guido and Wiesbrock~see Schroer and Wiesbrock92! have given a different
condition which replaces the reality condition IV.2.1.

IV.6.2. Theorem:
Assume we are dealing with a QFTLO on the vacuum sector. Assume that for every wedge t

AV→U~LW~2 i/2!!A* V

is bounded for APM(W). Here U(LW(t)) denotes the group of boosts associated with W. Then
the theory fulfills the Bisognano–Wichmann property.
~VII ! Inspired by the result thatM(W@ l ,l 1#)ùW@ l ,l 2#),l 1Þ l 2 fulfills the condition of 2half-
sided modular inclusion with respect to both algebrasM(W@ l ,l 1#) andM(W@ l ,l 2#) ~see Thm.
IV.4.3! Wiesbrock has introduced the concept of ‘‘modular intersection.’’
Downloaded 25 Oct 2012 to 136.167.2.214. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



con-
y in

f the

e to
up by
re

clu-

cones.
rts

stions
metry
kesaki

states.
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IV.6.3. Definition:
Let M, N be two von Neumann algebras with a common cyclic and separating vectorV. One says
that ~M, N, V! have the7modular intersection property if:
I. MùN fulfills the condition of7half-sided modular inclusion with respect to both algebrasM
andN.
II. There holds

JN~s2 lim
t→6`

DN
i t DM

2 i t !JN5~s2 lim
t→6`

DM
i t DN

2 i t !.

In a QFTLO which fulfills the Bisognano–Wichmann property the modular intersection
dition is fulfilled for the algebras of two wedges which have the first- or the second light ra
common. The condition II can be derived from Thm. IV.4.3. In particular the existence o
strong limit is guaranteed by the first condition. If we set (s2 lim t→6` DN

i t DM
2 i t)5U then condi-

tion II readsJNUJN5U* .
Using a finite number of pairs fulfilling the condition of modular intersection one is abl

reconstruct the algebras of all nontranslated wedges. This program has been taken
Wiesbrock,93,94 where he solved the problem forR3. Here he needs three wedges which a
localized in such a way that the algebras of every pair fulfills the condition of2 or 1modular
intersection. Adding one shifted wedge which fulfills the condition of half-sided modular in
sion, he was able to construct the algebras of all wedges~including the translated ones! and a
continuous representation of the Poincare´ group which fulfills the spectrum condition.

Taking the intersection of wedge algebras on can construct the algebras for the double
Unfortunately one is not able to conclude thatV is also cyclic for these algebras except one sta
from a QFTLO.

V. PROPERTIES OF LOCAL ALGEBRAS

For several applications one wants to know the structure of the local algebras. The que
of interest are usually the factor property, the type of the algebra, and the action of sym
groups. Before entering into the subject we have to collect some results of the Tomita–Ta
theory.

V.1. Some mathematical consequences of the modular theory

The first concept is the generalization of the center of a von Neumann algerbra.
V.1.1. Definition:

Let M be a von Neumann algebra with cyclic and separating vectorV. Setv(A)5(V,AV), A
PM. The centralizer ofv consists of all elementsZPM for which

v~ZA!5v~AZ!, ; APM
holds.

If Z belongs to the centralizer, then the KMS condition implies

s t~Z!5Z, tPR

and vice versa. In particular the center ofM belongs to the centralizer.
It might happen that a von Neumann algebra is too large in order to possess separating

In this case one has to generalize the concept of states. They are called weights.
V.1.2. Definition:

~a! Let M be a von Neumann algebra. A weight is a mapping

v:M1→@0,`#

with the properties:
~a! v(rA)5rv(A), rPR1,APM1
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3643J. Math. Phys., Vol. 41, No. 6, June 2000 On revolutionizing QFT with modular theory
with the multiplication rule 0.̀ 50.
~b! v(A1B)5v(A)1v(B), A,BPM1

~b! A weight v is called semifinite if

nvª$APM;v~A* A!,`%

is strongly dense inM.
~c! v is called faithful if APM1 andv(A)50 impliesA50.
~d! A weight is called normal if for every increasing netAaPM1 there holds

v~ lim
a

Aa!5 lim
a

v~Aa!.

The setnv is a linear space and by the linear extension ofv this becomes a pre-Hilbert spac
Moreover,nv is a left ideal so that one gets a representation ofM by

pv~B!A&5BA&.

If v is a normal, faithful, semifinite weight, then one can handle the Tomita–Takesaki th
in almost the same manner as with normal faithful states.~See Haagerup, Ref. 36.! The advantage
of this concept is the existence of normal, faithful, semifinite weights for every von Neum
algebra. We need weights only for the discussion of symmetries in Sec. V.4. Otherwise w
only von Neumann algebras which have normal, faithful states.

Another important aspect of the Tomita–Takesaki theory is the natural cone associated
von Neumann algebra. It is often denoted byP\. Here we will use the notationH1.

V.1.3. Lemma:
Let M be a von Neumann algebra acting onH with cyclic and separating vectorV. Let ~D, J! be
the modular operator and conjugation of~M, V!. Then the following sets coincide and are calle
the natural cone of~M, V!.
~i! Closure ofD1/4M1,V.
~ii ! Closure ofD21/4M81V.
~iii ! Closure of$A j(A)V;APM%.

For the proof see Ref. 32, Prop. 2.5.26. Some of the properties ofH1 are listed in the
following:

V.1.4. Proposition:
Let H1 be the natural cone of~M,V!. Then the following holds:
~i! H1 is a proper cone, i.e., H1ù(2H1)5$0%.
~ii ! With Hr5$cPH;Jc5c% one getsHr5H12H1.
~iii ! H1 is a self-dual cone inHr , i.e., cPHr and (c,w)>0;wPH1 impliescPH1.
~iv! For everycPH1 and APM one has A j(A)cPH1.
~v) D itH15H1 for all t PR.

For the proof see Ref. 32, Props. 2.5.26, 2.5.27, 2.5.28. The natural cone has some un
ity properties listed in the following:

V.1.5. Theorem:
Let H1 be the natural cone of~M, V!. Then:
~i! To every normal, positive linear functionalv on M exists a unique vectorcvPH1 with

v~A!5~cv ,Acv!, APM.

~ii ! The mappingv↔cv is continuous in both directions. The following estimate holds:

icv2cri2<iv2ri<icv2criicv1cri .

~iii ! Assume the vectorcPH1 is cyclic and separating forM then the natural cones

H1~M,V! and H1~M,c!
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3644 J. Math. Phys., Vol. 41, No. 6, June 2000 H. J. Borchers
coincide.
~iv! Let aPAut M and define

U~a!cv5c~a21* v!

then by linearity this map can be extended to all ofH. This extension is a unitary operator
The set

$U~a!;aPAut M%

defines a unitary representation ofAut M, the adjoint action of which implements the aut
morphisms.

For the proof see Ref. 32, Thm. 2.5.31, Prop. 2.5.30, Cor. 2.5.32. Another important re
due to Connes95 which says that the algebrasM andM8 are uniquely characterized by the natur
cone. First some notations:

V.1.6. Definition:
~i! A face of a coneC is a subconeF,C with a,bPC,a,b in the order of the coneC andb
PF implies aPF.
~ii ! The setD(H1)ª$dPB(H);etdH15H1;tPR% is a Lie algebra.
~iii ! A map I :D(H1)→D(H1) is called an orientation ofH1 if it fulfills: I 2521, @ Id1 , d2#
5@d1 , Id2#5I @d1 , d2# and I (d* )52I (d)* . @To be precise, for this definition one first has
devideD(H1) by its center.#
~iv! Let F be a face ofH1, thenF' denotes the face ofH1 which is perpendicular toF. By a
result of Connes one has closureF5F''. PF denotes the projection onto the Hilbert subspa
generated byF. H1 is called facially homogeneous if et(PF2PF')H15H1, tPR and this for all
facesF of H1.

The concept of orientation and homogeneity can also be formulated for arbitrary cone
result of Connes is the following:

V.1.7. Theorem:
There is a one to one correspondence between von Neumann algebrasM acting onH and

selfdual, orientable, and facially homogeneous cones ofH.
Von Neumann has classified the factors by three types denoted by I, II, and III. For a

time there were only very few different type III factors known. Using canonical anticommuta
relations, Powers96 was able to construct a continuous family of different type III factors.
attempt to classify these factors were made by Araki and Woods.97 The question of the classifi
cation has finally been settled by Connes.98 This classification is based on the invariantSwhich is
defined as follows:

V.1.8.Definition:
Let M be a von Neumann algebra andv be a normal weight onM. Let EPM be the support of
v. Thenv is faithful on EME. Hence there exists a modular operatorDv for this algebra. One
defines:

S~M!5ù$spectrumDv ;v is a normal, semifinite weight onM%.

If M is of type III, then there are the following possibilities:
V.1.9. Theorem:
Let M be a type III factor, then for the Connes invariant exist the following possibilities

~1! S(M)5$0,1%,
~2! S(M)5$0%ø$ln;nPZ,0,l,1%,
~3! S(M)5R1.

If S(M) is $1% thenM is not of type III.
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3645J. Math. Phys., Vol. 41, No. 6, June 2000 On revolutionizing QFT with modular theory
V.1.10. Notation:
A factor with S(M)5$0,1% is called aIII 0-factor. The factors with the set~2! are calledIII l , and
those withS(M)5R1 are namedIII 1 factors.

Let M be a von Neumann algebra andv be a normal faithful state onM. Then it can happen
that for sometPR the modular transformationsv

t is inner, i.e., there exists a unitaryUPM with
sv

t (A)5UAU* , APM. In this case one shows

Dv
i t 5UJvUJv . ~V.1.1!

If sv
t is inner for one normal faithful state then this is true for every such state.
Connes98 has introduced the invariantT(M), consisting of alltPR such thats t is inner. It is

clear thatT(M) is a subgroup ofR. For instance an algebraM is semifinite iffT(M)5R. We do
not need the full relation betweenT(M) andS(M). We are only interested in the typeIII 1 case.
The result is the following:

V.1.11. Theorem:
A von Neumann factor is of Type III1 iff T(M)5$0%. This means that alls t, tÞ0 are outer
automorphisms ofM.

In every classIII l,0<l<1 no classification is known except for one algebra. These are
hyperfinite factors.

V.1.12. Definition:
A factor M is called hyperfinite if there exists an increasing netNa,M of type I algebras with

M5$ø
a

Na%9.

The importance of this concept is the following result.99,100

V.1.13. Proposition:
Every of the classes IIIl contains exactly one element which is hyperfinite.

V.2. The factor problem

The locality and the spectrum conditions together with the existence of a vacuum vector
that the global algebra is of type I. One finds that the commutant of the algebraM(Rd) is Abelian,
and that the projectionE0 onto all translational invariant vectors is an Abelian projection inM
with central support1. In this case the center is pointwise invariant under the translations. Thi
first been observed by Araki.101 The properties of the projectionE0 is a consequence of the clust
property.

The first proof of the cluster property is due to the author.102 A systematic study of this
property was started by Doplicher, Kadison, Kastler, and Robinson103 using the notation of
asymptotic Abelian systems introduced by Doplicher, Kastler, and Robinson in Ref. 104
independently by Ruelle.105 This notation has been weakend by Lanford and Ruelle106 introducing
the concept ofG-Abelian systems. The most general concept leading to the cluster propert
been introduced by Størmer.107 He called it large groups of automorphisms. One important c
sequence of the cluster property of the vacuum state is the additivity of the spectrum. The
is due to Wightman.108

Next we are looking at the algebra of the wedge. Here the following result is known:
V.2.1. Theorem:

Assume we are dealing with a QFTLO on the vacuum sector. LetM(W) be the algebra of the
wedge domain. Then

Z~M~W!!,Z~M~Rd!!,

whereZ(M) denotes the center ofM.
This result has first been obtained by Driessler.109 Our demonstration is taken from Ref. 6

First we show a result which has its interest of its own, and from which Thm. V.2.1 follows ea
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V.2.2. Lemma:
Let M be a von Neumann algebra with cyclic and separating vectorV. Assume U(s)
PHstr(M)1 or U(s)PHstr(M)2. Then:

a. If we write U(s)5eiHt and denote byD(H) the domain of definition for H then

D i tD~H !,D~H !.

b. If E0 denotes the projection onto the eigenspace to the value 0 of H then E0 commutes with
D it.

c. If F1 denotes the projection onto the eigenspace to the value 1 ofD, then one has

F1<E0 .

Proof: We show the lemma forU(s)PHstr(M)1. For U(s)PHstr(M)2 the arguments
are essentially the same.
a. Letw, cPD(H) then we obtain from Thm. II.5.2 (w,D itHc)5e22pt(Hw,D itc). Since the left
side is continuous inw it follows that D itcPD(H).
b. Let Hc50 then we obtain 05D itHc5He22ptD itc. From this we concludeD itE0H,E0H.
Because of the group property ofD it we getD itE0H5E0H.
c. Keep s real ands>0. From the assumption AdU(s)M,M for s>0 and fromD(D1/2)
5$XV;XhM,VPD(X)ùD(X* )% we conclude that onD(D1/2) the relation D itU(s)
5U(e22pts)D it can be analytically continued int as long as2 1

2<Imt<0. If we chooset

52 i 1
4 then we find

D1/4U~s!5e2HsD1/4, s>0.

Multiplying this equation from both sides withF1 we find F1U(s)F15F1e2HsF1 . This is only
possible forE0>F1 .

Next we have to show that the elements inZ(M) commute with the half-sided translation
V.2.3.Lemma:

Let U(t)PHstr(M)1, then

@U~ t !, Z#50 ;ZPZ~M! and ;tPR.

This result can also be found in Ref. 109.
Proof: Let Z5Z* PZ(M) and setZt5Ad U(t)Z. For t>0 the elementZt belongs toM and

for t<0 to M8. This implies thatZ commutes withZt for all tPR. Applying AdU(s) to the
commutator we obtain@Zt1

, Zt2
#50. Hence$Zt% generates an Abelian von Neumann algeb

invariant underU(t). SinceU(t) has a positive generator it follows that AdU(t) is inner in
$Zt%9.

110 This impliesZt5Z. h

For the algebras of the double cones no similar result can be obtained. Even in the case
M(Rd) is a factor, one can easily construct examples whereM(D) has a nontrivial center.@See
V.5.~II !.# Up to now there are no conditions known, implying, thatM(D) is a factor.

V.3. The type question

From the investigations of Kadison61 and from Guenin and Misra62 it is known that the local
algebras cannot be of finite type. In 1967, Borchers111 showed the following result:

V.3.1. Theorem:
~1! Let O1,O2 such that there existsO3,(O2ùO18). Assume E is a projection inM(O1), then
E is equivalent to its central support inM(O2),modM(O2).
~2! If O11x,O2 for x in some open neighborhood ofRd, then the central support of E inM(O2)
belongs to the center of the global algebra.
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3647J. Math. Phys., Vol. 41, No. 6, June 2000 On revolutionizing QFT with modular theory
There is not known more under the general assumptions. If one wants to obtain better r
one has to impose additional requirements.

The situation is much better for the algebra of the wedge. This is due to the existen
half-sided translations. The first result in this direction is due to Driessler.109 But he uses the
additional assumption that the spectrum has a mass gap. Here we follow the method of Lo112

with a slight variation, applying Thm. V.1.11. There exists also a proof which uses the inva
S(M) and Prop. V.1.9.~See Ref. 60.!

V.3.2. Theorem:
In a QFTLO on the vacuum Hilbert space with one vacuum vector, the algebraM(W) is of type
III 1 .

This result has used only the existence of half-sided translations. Therefore, the th
remains true for arbitrary algebras with half-sided translation. In conformal field theory thes
the algebra of the forward light cone and the algebras of the double cones.

The determination of the type of local algebrasM(D) is burdened with some difficulties. It is
known from examples, as the free massive field, that local algebras fulfill the split property113 if
specific conditions are fulfilled. This property is the following: LetD1,D be such thatD1

1x,D for x in some open neighborhood of the origin. In that case one can find a type I al
N with M(D1),N,M(D). This implies that one cannot expect any statement about the
from purely local considerations. Some more information about the structure ofM(D) has to be
used.

This difficulty has been circumvented by Fredenhagen114 by observing that there exists n
intermediate type I algebra if the domainsD1 andD have boundary points in common. Therefor
he puts the double coneD into the corner of the wedge and tries to compare the Connes inva
Sof M(D) andM(W). To do this he needs the assumption that the local algebras are gen
by Wightman fields which have the Haag–Narnhofer–Stein property.115

Let us first explain this concept. LetF(x) be a Wightman field, then we say forF(x) exists
a scaling limit if there exists a non-negative functionN(l) defined forl.0 such that for alln

N~l!n~V,F~lx1!¯F~lxn!V!

converges forl→0 to some nontrivial Wightman functional. With this concept we introduce
following

V.3.3. Requirement:
There exists a Wightman fieldF(x) such that:
~i! For everyf PD with supp. f PD the operatorF( f ) is affiliated withM(D).
~ii ! F(x) fulfills the Haag–Narnhofer–Stein scaling property.
~iii ! The theory fulfills the Bisognano–Wichmann property.~If the set of Wightman fields, which
fulfill ~i!, generateM(D) then ~iii ! is implied by the result of Bisognano and Wichmann Th
3.1.3.!

With this requirement Fredenhagen has shown the following result:
V.3.4. Theorem:

We are dealing with a QFTLO in the vacuum sector, such that the global algebra is a factor
which fulfills the RequirementV.3.3. Let W be a wedge such that zero belongs to its edge.
D,W be a double cone such that zero belongs to the boundary of D. LetN be a von Neumann
algebra with

M~D !,N,M~W!.

ThenN is of type III1 .
For details of the proof see the complete file or the original article of Fredenhagen.116

More about the structure of the local algebras can be said if in addition one assum
nuclearity condition introduced by Buchholz and Wichmann.117

First we must explain this concept. LetH be the generator of the time translation andV the
vacuum vector. The mapQb :M→H defined by
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Qb~A!5e2bHAV

is called nuclear if one can write it

Qb~A!5(
n

w~A!cn , wPM* , cnPH ~V.3.1!

with (n iwniicni,`.
The expression

N~Qb!ª infH(
n

iwniicni J ,

where the infimum is taken over all possible representations Eq.~V.3.1!. Buchholz and Wichmann
suggested the nuclearity condition by comparing the situation in a bounded region with tha
thermodynamical system in a box. If one does so, one obtains some suggestion about the b
of the normN(Qb) as function ofb, the dimension of the Minkowski space and the diamete
the double coneD, whenQb is applied toM(D). In the coming investigation we only need th
behavior inb. This we formulate as an assumption.

V.3.5. Condition:
We say a QFTLO fulfills the Buchholz–Wichmann property if the mapM(D)→H defined by

Qb~A!5e2bHAV, APM~D !

is nuclear and the nuclear norm fulfills the estimate

N~Qb!<Me~b0 /b!n
,

whereM ,b0 ,n are constants which may depend on the dimension of the space and the dia
of the double coneD.

With help of this condition Buchholz, D’Antoni, and Fredenhagen118 showed the following
result:

V.3.6. Theorem:
Assume a QFTLO fulfills the Buchholz–Wichmann property, Condition V.3.5. Let D1,D such
that the closure of D1 is contained in the interior of D. Then there exists a type I factorP with

M~D1!,P,M~D !.

For the proof of this theorem we refer to the original paper.118 We want to combine this resul
with Thm. V.3.4 and obtain:

V.3.7. Theorem:
Assume we are dealing with a QFTLO in the vacuum sector. Assume that the theory fulfi
Haag–Narnhofer–Stein assumption, Requirement V.3.3, and the Buchholz–Wichmann property,
Condition III.5.5.Assume in addition thatM(D) is continuous from inside or from outside. ~The
first statement meansM(D)5$øM(Di)%9 with closure Di, interior Di 11 and øDi5D.)
Then every local algebra is isomorphic to

M~D !>R^̄ Z,

whereR is the unique hyperfinite type III1 factor andZ is the center ofM(D).

V.4. On the implementation of symmetry groups

Assume we are describing a physical theory in terms of aC* -algebraA and a symmetry
groupG, i.e., we have a representation ofG by automorphisms ofA
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a:G→Aut ~A!.

This situation is usually called aC* -dynamical system and denoted by the triple$A, G, a%. For
applications it is of interest to characterize those representationsp of A, for which there exists in
Hp a continuous unitary representationU(g) of the symmetry group which implements th
automorphism:

U~g!p~x!U* ~g!5p~agx!. ~V.4.1!

Let ag act strongly continuous, which means that the functiong→ag(A) is a continuous function
on G with values in the normed spaceA. If in addition the group is locally compact, then one c
integrate over the group. This led Doplicher, Kastler, and Robinson104 to introduce the
C* -completion of the algebra of continuousL1 functions onG with values inA. They called it the
covariance algebra. Nowadays it is called the crossed product ofA with G. The importance of the
covariance algebra stems from the fact that there is a one to one correspondence of co
representations ofA and representations of the covariance algebra. For details see the bo
Pedersen.52

If one is dealing with aC* -dynamical system and a representation$p, H% of A, then it is
usually hard to decide whether or not this representation can be extended to a representatio
covariance algebra. The difficulties are twofold: Ifp(A) has a center then the multiplicity prob
lem may appear. Moreover, by passing to the adjoint representation of the group, one ha
aware of central extensions of the group. Both problems can be circumvented by pass
quasi-equivalent representations. The reason for the first problem is clear. The reason
second problem is the following: IfU(g) is a ray representation ofG on H, then there exists a
second representationÛ(g) which is also a ray representation, but with the complex conjug
phase factor. ThereforeU(g) ^ Û(g) is a representation of the group onH^̄ H. Replacingp by
p ^ 1 we obtain a covariant representation. This leads to the following notation:

V.4.1. Definition:
Let $A, G, a% be aC* -dynamical system and$p, H% be a representation ofA then$p, H% is called
quasicovariant, if there exists a covariant representation$p1 ,U,H1% such that $p, H% and
$p1 ,H1% are quasi-equivalent.

Quasicovariant representations are much easier to characterize than covariant represe
The first result was obtained in Ref. 119 which was based on the assumptions of strong con
and the locally compactness of the group. Some time later Borchers120 observed, that it is neithe
necessary to assume thatag acts strongly continuous nor thatG is locally compact. To prove this
the natural cone will be used, in particular Thm. V.1.5.~iv!.

V.4.2. Theorem:
Let $A, G, a% be a C* -dynamical system. Letp be a representation ofA. Then this representation
is quasicovariant iff:
~a! The dual actionag* maps the folium ofp(A) onto itself.
~b! ag* acts strongly continuous on the folium ofp. This means the function

g→ag* ~v!

is a continuous function on G with values in the folium ofp, furnished with the norm topology.
The folium of a representation is the set of states, which extend to normal states ofp(A)9.

The proof is a simple consequence of Thm. V.1.5,
This result suggests to investigate closer that part ofA* on whichag* acts strongly continu-

ous. We introduce:
V.4.3. Definition:

By Ac* we denote the set offPA* , ~A* denotes the topological dual ofA!, such that for every
e.0 exists a neighborhoodU of the identity ofG such that

if+ag2fi<e
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holds forgPU.
Some properties of this set are described in the following:
V.4.4. Proposition:

Let $A, G, a% be a C* -dynamical system and assume G(t) is a topological group, then the spac
Ac* has the following properties:
~i! Ac* is a linear norm-closed space.
~ii ! Ac* is invariant under the action of the group, i.e., fPAc* implies f+agPAc* for every g
PG.
~iii ! With fPAc* one finds also thatf* and ufu belong toAc* . Ac* is generated by its positive
elements.

Since this result has no connection with the Tomita–Takesaki theory, we refer for the pr
the original paper.120

Recall that for every positive linear functionalvPA1 exists a vectorjvPH1, ~H1 denotes
the natural cone ofA** ! with v(A)5(jv ,Ajv). Next we introduce some concepts:

V.4.5. Notation:
Let $A,G,a% be a C* -dynamical system with G being a topological group. LetH be the Hilbert
space of the standard representation ofA** and letH1 be the natural cone associated with th
representation then we denote
~i! Hc

15$cv ;vP(Ac* )1%.
~ii ! Hc5smallestsub-Hilbert-space ofH containingHc

1 .
~iii ! Denote the canonical involution associated with the standard representation ofA** by J.
~iv! The algebraA** will usually be denoted byM. ThenA* and M* are the same space.

About this set we know:
V.4.6. Proposition:

With the assumptions and notations of V.4.5 one obtains
~i! Hc

1 is a closed cone.
~ii ! The spaceHc is invariant under the canonical involution J.
~iii ! If Hc

r denotes the vectorscPHc with Jc5c thenHc
1 is a self-dual cone inHc

r and Hc is
algebraically generated byHc

1 .
~iv! If Pc denotes the projection ontoHc then for everycPH1 one has PccPHc

1 .
The proof of this proposition uses Prop. V.4.4 and the modular theory. In particula

properties of the natural cone described in Sec. V.1 are used.
In order to investigate the structure ofAc* in some detail one must look at the coneHc

1 . By
this one wants to show thatHc

1 is the natural cone of some von Neumann algebraNc . One has to
show that the cone is facial homogeneous and oriented in the sense of Connes.95 ~See also Def.
V.1.6.! If this is done, then one wants to connect the algebraNc with some von Neumann
subalgebra ofM5A9.

In order to do this the following von Neumann algebras have to be introduced.
V.4.7. Definition:

~1! We define

Mc
05$APM;@A,Pc#50%.

~2! Let Av(.)ªv(A.) andvA(.)ªv(.A). Then we put

Mm
0 5$APM;AvPM* ,c ,vAPM* ,c ,;vPM* ,c%.

~3! Let Ec be the smallest projection inM with EcPc5Pc .
All these objects are invariant underag . First note that both sets are von Neumann algeb

The two algebras are not different. We have
V.4.8. Lemma:

~1! The two algebrasMc
0 and Mm

0 coincide.
~2! Every element inMc

0 commutes with Ec .
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It turns out that the algebraMc can be used for defining an orientation for the coneHc
1 . By

this Nc can be identified withMc . The precise result is
V.4.9. Theorem:

~1! The coneHc
1 is facial homogeneous and oriented and is, therefore, the natural cone of a

Neumann algebraNc .
~2! The von Neumann algebraNc is isomorphic to the sub-von Neumann-algebraMc,MEc

where
~a! Ec is the smallest projection inM which is larger than the support projections of a

states belonging toM* ,c.
~b! Mc is the set of operators inMEc

which are right and left multipliers ofM* ,c .
~g! The automorphismsag are automorphisms ofMc .

~3! M* ,c is the predual ofMc .
Unfortunately the proof of this result cannot be presented here. For details see the co

text or Ref. 121.

V.5. Remarks, additions, and problems

~I! Since physical observables should be real, i.e., represented by selfadjoint operators
physicists like to start with Jordan algebras instead ofC* - or von Neumann algebras. In thi
connection it is worthwhile to mention that Connes’ theory of the equivalence of von Neum
algebras with cones, fulfilling some properties, extends to certain Jordan algebras, which
analog of von Neumann algebras. This has been worked out by Iochum122 in his thesis.
~II ! It is easy to construct examples of QFTLO, whereM(D) is not a factor. Let
$M(O),H,Rd11% be a QFTLO on the (d11)-dimensional Minkowski space. Define a theory
thed-dimensional space as follows. LetD̂ be a double cone inRd andD its extension toRd11. Let
K(D̂) be the cylindrical set inRd11, i.e., (x0,...,xd21)PD̂ and xd arbitrary. ThenD8ùK(D̂)
contains interior points. Choose an Abelian algebraA(D̂),N(D8ùK(D̂)) and defineM(D̂)
5M(D)∨A(D̂). This algebra has at leastA as center. It is clear that one can chooseA(D̂) in an
Rd invariant manner. Notice that we obtain for the wedge

M~Ŵ!5∨$M~D !;D,W%

because of the double cone theorem I.4.4.
Problem:Do there exist conditions implying thatM(D) is a factor?

~III ! Also for the algebras of spacelike cones one knows their type. Driessler123 showed that the
algebra of a spacelike coneM(C) is of type III. Borchers and Wollenberg124 showed the follow-
ing result:

V.5.1. Theorem:
Let C be a spacelike cone and e be a direction inside C. Let W be a wedge which is invar
the e-direction. ThenM(CùW) is of type III1 .

Notice if C is a cone which is causally stable, i.e.,C5C9 then exists a larger coneC8.C
such thatC5C8ùW. Therefore, the algebras of such cones are of typeIII 1 .
~IV ! If one deals with special assumptions then the result of Sec. V.4 can sometimes be st
ened. If the group is the translation group ofRd and one is interested in those representati
where the spectrum ofU(a) is contained in some proper coneC then one obtains a stronger resu
But first we need some notation.

V.5.2. Definition:
Let $A,Rd,a% be a C* -dynamical system andC,Rd be a closed, convex, proper cone wi
interior points. LetĈ denote the dual cone ofC. Then we denote by
~1! A0* (C) the set of elementswPA* with the properties:

~a! a→w(xaay) is a continuous function onRd, x,yPA.
~b! w(xaay) is the boundary value of an analytic functionW(z) holomorphic in the tube
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3652 J. Math. Phys., Vol. 41, No. 6, June 2000 H. J. Borchers
T~Ĉ!5$zPCd;ImzP interior of C%.

~g! There exists a constantm such that

uW~z!u<iwiixiiyiemiImzi

holds forzPT(C).
~d! w* fulfills the same conditions asw.

~2! A* (C) is the norm-closure ofA0* (C).
With this notation one obtains:
V.5.3. Theorem:

Let $A,Rd,a% be a C* -dynamical system and C,Rd be a closed, convex, proper cone wi
interior points. Then there exists a projection E(C) in the center ofA** with
~1! wPA* (C) iff there holds

w~E~C!A!5w~A!, ;APA.

~2! Let $H,p% be a representation ofA. Then one can find a continuous unitary representat
V(a) acting onH, which implementsaa with spectrum V(a),C if and only if every vector state
vc belongs toA* (C).
~3! The representation V(a) can be chosen to be inp~A!9.

For details see Ref. 27.
~V! Part V.4 has some interest in connection with broken symmetries. If$A,G,a% is a
C* -dynamical system withG a topological group, then one is not only interested in represe
tions where the symmetry is implemented by a continuous unitary representation of the groG,
but also in representations with broken symmetries. By this we mean representations wh
symmetry is no longer exact, but where there is enough symmetry left in order that it c
observed as symmetry on some observables. One possibility is to assume that there is a
symmetry on some subalgebra. Adapting this point of view one should look for some al
which is isomorphic to a subalgebra ofMc , introduced in the last section.~Lagrangean field
theory suggests to look at some deformed algebra. But, in the general theory it is not clea
deformation means.!

VI. TENSOR PRODUCT DECOMPOSITION OF QUANTUM FIELD THEORIES

The axioms of quantum field theory are such that they allow to describe two or more
pendent theories in one object. There are several mathematical procedures which permit
struct a new theory out of two or more independent theories. In all the known examples th
theory does not describe new physics. The simplest example is the direct sum, or more ge
the direct integral of theories. The inverse operation is the integral decomposition with resp
the center of the global algebra. There are effective criteria implementing that a theory is
composable with respect to the direct sum operation. This is the cluster decomposition prop
equivalently the uniqueness of the vacuum vector.102,103

More complicated is the direct product of theories. Starting with two theo

$Mi(O),Ui(L,x),Hi ,V i%, i 51,2 one can define a new theory onH1^̄ H2 by M(O)5M1(O)
^̄ M2(O), U(L,x)5U1(L,x) ^ U2(L,x) and V5V1^ V2 . The new theory
$M(O),U(L,x),H,V% fulfills again all axioms of local quantum field theory. In order to discov
the direct product structure one has to look at the subtheory$M1(O) ^ 1,U(L,x),H,V% which
fulfills the assumptions of the theory of local observables except the cyclicity assumption fo
vacuum vector. In this section we want to develop the theory for the converse operation
decomposition of tensor products. Besides the usual assumptions we require that the glob
bra is a factor, and that the theory satisfies the Bisognano–Wichmann property.

VI.0.1. Remark:
~1! As a consequence of the Bisognano–Wichmann property one concludes that the theory
the wedge duality, i.e., for every wedge the relation
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M~W!85M~W8!

holds, whereW8 denotes the opposite wedge ofW. For the proof see Prop. IV.4.2.
~2! If one identifies the algebra of the double coneD with

M~D !5ù$M~W!;D,W%. ~VI.0.1!

then the general duality property

M~D !85M~D8!

holds, whereD8 denotes the~interior! of the spacelike complement ofD.

VI.1. On modular covariant subalgebras

In order to understand the problem let us start with the assumption that our theory is a
product.

$M1~O! ^̄ M2~O!,U1~x! ^ U2~x!,H1^̄ H2 ,V1^ V2%.

First we look at one algebraM for a suitable chosen domain. Then we haveM5M1^̄ M2 .
SinceV is a product state we know that also the modular group splits, i.e.,

D it5D1
i t

^ D2
i t .

If this is the case thenM1^ 1 is a subalgebra ofM which is mapped bys t onto itself

s t~M1^ 1!5M1^ 1.

Subalgebras which are mapped bys t onto itself are ‘‘modular covariant subalgebras.’’
We start our investigation by introducing modular covariant subalgebras and describing

relations to normal and faithful conditional expectations. In addition we describe Takesaki’s
on the structure of modular covariant subalgebras.125

Let M be a von Neumann algebra acting on the Hilbert spaceH and let the vectorVPH be
cyclic and separating forM. Then we denote byD, J the modular operator and the modul
conjugation associated with the pair~M,V).

VI.1.1. Definition:
A von Neuman subalgebraN,M(1PN) is called modular covariant if it fulfills the equation

D itND2 it5N, ;tPR.

The set of modular covariant subalgebras ofM will be denoted byMcs(M).
Notice that the vectorV is separating forN but not cyclic, because cyclicity impliesN

5M. ~See, e.g., Kadison and Ringrose, Ref. 33, Thm. 9.2.36.!
The symbol@NV# denotes the projection onto the Hilbert subspace generated byNV.

Modular covariant subalgebras have the following well known and easy to verify prope
~See Refs. 125, 126, 127, and 91.!

VI.1.2. Lemma: LetNPMcs(M). Let HN be the closure ofNV and denote by EN the

projection ontoHN . By N̂ we denote the restriction ofN to HN . Then:

1. EN commutes withD it and J. The restriction ofD and J toHN will be denoted byD̂ and Ĵ.
2. D̂ and Ĵ are the modular group and modular conjugation of(N̂,V).
3. The commutant ofN̂ in HN coincides with Jˆ N̂Ĵ.
4. The mapN→N̂ is an isomorphism of von Neumann algebras.
5. APM and @A,EN#50 implies APN.
6. APM and AVPHN implies APN.
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For the proof see the paper of Takesaki125 or the complete script. The results of the last lemm
have been strengthened.

VI.1.3. Theorem: ~Takesaki!
With the assumptions and notations of Lemma VI. 1.2 we obtain:

~1! For APM one has EAEPN̂.
~2! There exists a normal faithful conditional expectationE from M onto N.
~3! E commutes with the modular action:

E~Ad D itA!5Ad D itE~A!, A,M.
(4) There exists also a conditional expectationE8 from M8 to JE(M)J defined by

E8~A8!5JE~JA8J!J, A8PM8.
(5) Let E be a projection with EV5V. If there is a von Neumann algebraN,M with E
PN8 and the central support of E inN8 is 1 and in addition one has EME5NE thenN is a
modular covariant subalgebra ofM.

VI.2. Conditional expectations and half-sided translations

If M is a von Neumann algebra with cyclic and separating vector then we call the anti-
operatorSMªJMDM

1/2 the Tomita conjugation of~M, V!. In this section we will deal with
operators of the same kind, i.e., operatorsS fulfilling:
~i! S is a densely defined closed antilinear operator with domain of definitionD(S).
~ii ! S251 on D(S).
~iii ! VPD(S) andSV5V.
We will call such operators generalized Tomita conjugations.

Since S is closed it has a polar decompositionS5JD1/2. Then D is invertible andJ is a
conjugation, i.e.,

JDJ5D21, J5J* 5J21. ~VI.2.1!

These properties follow from the conditionS251. ~See, e.g., Bratteli and Robinson, Ref. 32, Pro
2.5.11.!

We often deal with the situation that we have a generalized Tomita conjugationS and a
Tomita conjugationSM which is an extension ofS. From Eq. ~II.1.3! we know (11DM)21

>(11D)21. This implies that the operator-valued functionC(t)ªDM
2 i tD it has a bounded ana

lytic extension into the stripS(0,1
2). We are interested in determining the value of this function

the upper boundary. We obtain as in Sec. II.3
VI.2.1. Lemma:

Let S be a generalized Tomita conjugation and SM be the Tomita conjugation ofM such that the
latter is an extension of S. Define C(t)ªDM

2 i tD it. Then C(t) has a bounded analytic continuatio

into the strip S(0,1
2) and at the upper boundary one has

C~ t1 i/2!5JMC~ t !J.

Moreover, the following estimate holds:

iC~t!i<1.

We saw in Sec. III.2 that the elements inChar~M! are in one to one correspondence with t
von Neumann subalgebras belonging toSub~M!. Therefore, it is interesting to know whic
condition of Lemma II.3.2 is the crucial one. It turns out that the conditions~1!–~6! can easily be
satisfied, but that condition~7! is the essential one. In order to overcome the lack of condition
Lemma II.3.2 we will use a property similar to that of half-sided modular inclusions.
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VI.2.2. Theorem:
Let M be a von Neumann algebra onH with cyclic and separating vectorV and let SM be the
Tomita conjugation ofM. Let S be a generalized Tomita conjugation and assume SM is an
extension of S. Assume in addition that S is an extension ofDM

i t SDM
2 i t for t<0. Then:

1. There exists a unitary group U(t) with
(a)U(t)V5V for all t PR.
(b)U(t) has a non-negative generator.

2. Between the modular group ofM and U(t) exist the relations

DM
i t U~s!DM

2 i t5U~e22pts!, JMU~ t !JM5U~2t !.

3. Define

St5DM
i t SDM

2 i t

which is monotonously increasing with t and set

S`5 lim
t→`

St .

Then there holds for s.0

U~s!S`U~2s!5S2~1/2p!log s .

Notice: There exists a variant of this theorem which is obtained by replacing everywhert by
2t.

The statement of the theorem needs some explanation. By assumption the familyDM
i t SDM

2 it is
increasing witht. Hence the projections onto the graphs are an increasing family of projec
which converges strongly. Since all these projections are majorized by the projection on
graph ofSM the limit is smaller or equal to the majorant.

The proof of this theorem is a variation of the proof of Wiesbrock’s theorem on half-s
modular inclusions presented in Sec. II.4 but unfortunately we cannot present it here. For
see the complete script.

From Thm. VI.2.2 one can draw several conclusions. We start with the following result
VI.2.3. Corollary:

Let M be a von Neumann algebra onH with cyclic and separating vectorV and let SM be the
Tomita conjugation ofM. Let S be a generalized Tomita conjugation and assume SM is an
extension of S. Assume also that S is an extension ofDM

i t SDM
2 i t for t<0. If we have in addition

SM5 lim
t→`

St ,

then S is the Tomita conjugation of a von Neumann algebraN which hasV as cyclic and
separating vector. Moreover, one has

N5U~1!MU~21!.

VI.2.4. Remark:
Unfortunately I could not show thatN is a von Neumann subalgebra ofM, although it is
suggested by the fact thatSM is an extension ofSN . Up to now one needs additional informatio
in order to conclude thatN is a subalgebra ofM.

Proof of the Corollary: With S`5 limt→` St we know from Thm. VI.2.2 the relation
S5U(1)S`U(21). With S`5SM it follows S5U(1)SMU(21). SinceMV is a core for
SM it follows with N5U(1)MU(21) that NV is a core for S. Hence the corollary is
proved. h

In connection with conditional expectations one can conclude that the algebraN, described in
Corollary VI.2.3, is a subalgebra ofM.
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A half-sided translation associated withM is a one-parametric unitary groupV(t) fulfilling:
~i! V(t)V5V for all tPR.
~ii ! V(t) has a non-negative generator.
~iii ! V(t)MV(2t),M for t>0 ~or for t<0).
With these concepts we show:

VI.2.5. Theorem:
Let M be a von Neumann algebra onH with cyclic and separating vectorV. AssumeN is a
modular covariant subalgebra ofM and E the associated conditional expectation. (See Th

VI.1.3.) Denote byN̂ resp. Ê the restriction ofN resp. E to the cyclic subspace ofN. Assume V(t)
is a 1half-sided translation forM. Then:
~i! E(V(t)MV(2t)) is dense in the von Neumann algebra$E(V(t)MV(2t))%9.

~ii ! There exists a1half-sided translation forN̂5 Ê(M) with

U~ t !N̂U~2t !5$Ê~V~ t !!M~V~2t !!%9.

Since V(t) has a non-negative generator we conclude by a Reeh–Schlieder type
ment, that EV(t)MV is dense in EH. Let S21/2p log t be the map EV(t)AV(2t)V
→EV(t)A* V(2t)V. It is not difficult to show that this map is preclosed. The closure, denote
the same symbol, fulfills the conditions of Thm. VI.2.2. Hence one gets a groupU(t) with

St5U~e2pt!SN̂U~2e2pt!.

The setsEV(e2pt)MV andU(e2pt)N̂V are both a core forSt which implies thatEV(e2pt)MV

is dense inU(e2pt)N̂V in the graph topology ofSt . Since the graph topology ofSt is stronger
than the Hilbert space topology we get the density in the Hilbert space topology.
V is separating and sinceEV(e2pt)MV(2e2pt)E is convex we conclude tha

EV(e2pt)MV(2e2pt)E is strongly dense inU(e2pt)N̂U(2e2pt). Hence the theorem is proved
For details see Ref. 128 or the complete script.

VI.3. Construction of subtheories

If we start with a wedgeW and assume the algebraM(W) has a modular covariant subalgeb
N(W). Let EW be the associated conditional expectation andEW the projection onto@N(W)V#. If
we now change the wedge toLW1x then of courseU(L,x)N(W)U(L,x)* is a modular cova-
riant subalgebra ofM(LW1x). But in order to obtain a decomposition of the global field theo
the projectionsEW andELW1x have to coincide. If this is the case then we also need conditi
expectations for the algebrasM(D) associated with double cones. In order to be able to cons
such conditional expectations the algebras must be closely related to the algebras of w
Therefore, we set

M~D !5ù$MLW1x ;D,LW1x%.

Now we can define what we mean by the coherence property.
VI.3.1. Definition:

Assume we deal with a quantum field theory in the vacuum sector. Assume with every d
cone D and every wedgeW is associated a modular covariant subalgebraN(D),M(D) and
N(W),M(W). Then we call this family coherent if the projectionsED andEW coincide for all
double conesD and for all wedgesW.

Unfortunately it is not always possible to transport the conditional expectation from
wedge to all others in a coherent way. Half-sided translations can be used only if the po

linear mapsLt(A):M→N̂ defined by

Lt~A!5U~2t !EV~ t !AV~2t !EU~ t !
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3657J. Math. Phys., Vol. 41, No. 6, June 2000 On revolutionizing QFT with modular theory
are trivial. These half-sided translations ofM(W) would be necessary in order to transport t
conditional expectations to the shifted wedges or to pass to other wedges with one light
common.~See Sec. IV.4.!

In case one knows that the translations in the characteristic two-plane of the wedgeW com-
mute withEW one can conclude more:

VI.3.2. Lemma:
Let the dimension of the Minkowski space be larger than 2. LetN(W) be a modular covariant
subalgebra ofM(W). Assume EW commutes with the translations in the characteristic two-pla
of W. Then EW commutes with all translations.

This is an easy consequence of the spectrum condition. Assume we have a coherent fa
modular covariant subalgebras for all wedges.

It remains to construct a modular covariant subalgebra for every double cone.
VI.3.3. Lemma:

Let N(W) be a coherent family of modular covariant subalgebras ofM(W). Define for any
double cone

N~D !5ù$N~W!;D,W%.

ThenN(D) is a modular covariant subalgebra of

M~D !5ù$M~W!;D,W%.

Moreover, one has

@N~D !V#5@N~W!V#.

One knowsN(W)5M(W)ø$E,1%8. In analogy one defines

N~D !5M~D !ù$E,1%8. ~VI.3.1!

Because ofN(D)V5EM(D)V we get thatV is cyclic for N̂(D) in EH. Using the fact thatV
is also separating forN(D) one finds that Thm. VI.1.3 is applicable, which shows thatN(D) is a
modular covariant subalgebra ofM(D).

We saw that the coherence property is not automatic. Therefore, we have to assume thi
future. Using the results of Sec. IV.4 one finds:

VI.3.4. Lemma:
Let $M(D),U(L,x),V% be a theory of local observables fulfilling the Bisognano–Wichmann
property. Let $N(W),N(D)% be a coherent family of modular covariant subalgebras and
5EW be the associated projection. Then EH is invariant under the Poincare´ transformations

U(L,x). Moreover, for every wedge the restrictionsD̂W
i t and Û(LW(t),0) coincide. HereLW(t)

denotes the Lorentz boosts which map W onto itself.
We collect the main results of this section in the following
VI.3.5. Theorem:

Let $M(D),U(L,x),H,V% be a theory of local observables fulfilling the assumptions of
introduction. Assume there exists a coherent family of modular covariant subalgebrasN(W) of

M(W). Then a local quantum field theory$N̂(D),Û(L,x),EH,V% exists which fulfills the axi-
oms listed in the introduction. In particular one has for every wedge

N̂~W!5∨$N̂~D !;D,W%.

For details of the proof see the complete script.
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VI.4. Decomposition of the global algebra

The investigations of this subsection are based on a result of Takesaki.125 Notice if N is a
modular covariant subalgebra ofM, then this is also true forN c

ªN8ùM.
The existence of the two conditional expectationsE andE c has some important consequence
VI.4.1. Theorem:

Let M be a von Neumann algebra with cyclic and separating vectorV. AssumeNPMcs(M) is
a von Neumann subfactor. LetN c be the relative commutant ofN in M and letR5N∨N c be the
von Neumann algebra generated byN and N c. Then the map

p:( Ai ^ BiPN^ N c→( AiBiPR,M

extends to an isomorphism ofN^̄ N c onto R5N∨N c. Moreover the vacuum state~V,.V! is a
product state onR, i.e., APN and BPN c implies

~V,ABV!5~V,AV!~V,BV!.

In order to apply Takesaki’s result on tensor products we have to know that the mo
covariant subalgebraN(W) of M(W) is a factor, which will be shown under the assumption t
M(W) itself is a factor. This is known to be the case if the global algebra is a factor. Sinc
factor property forM(D) is not known we are not able to show thatN(D) is a factor. Hence we
cannot use Takesaki’s result. Here we will use a characterization of tensor products due to
Kadison.129

For the factor property ofN(W) we use Lemma V.2.2: LetU(t) be a half-sided translation o
the von Neumann algebraM. Denote byE0 the projection onto theU(t) invariant vectors and by
F1 the projection onto the eigenvectors ofDM to the eigenvalue 1. Then one has

F1<E0 .

From this we conclude:
VI.4.2. Proposition:

Let $M(D),U(L,x),H,V% be a theory of local observables. Assume the global algebra
factor and henceM(W) is a factor. Then every modular covariant subalgebra ofM(W) is a
factor.

Proof: Let N(W) be a modular covariant subalgebra ofM(W) and letZ be in the center of

N(W). Then Ẑ is in the center ofN̂(W) and hence it commutes withD̂W
i t . Since the map

N(W)→N̂(W) is an isomorphism we find thatZ commutes withDW
i t . This implies ZV

PF1H,E0H. As the group generated by half-sided translations forM(W) contains the time
translation it followsE0H5CV. HenceZV5zV,zPC and the separability ofV implies Z5z1.
This shows the proposition. h

Knowing thatN(W) is a factor, we can use Takesaki’s result for the construction of te
products. But first we have to look at the relative commutants.

VI.4.3. Lemma:
Assume$N(W)% is a coherent family of modular covariant subalgebras of$M(W)%. Let N c(W)
be the relative commutant ofN(W) in M(W). DefineN p(W)5N(W)∨N c(W). Then$N c(W)%
and $N p(W)% are both coherent families of subalgebras of$M(W)%.

The proof of this lemma uses the covariance of the two families$M(W)% and $N(W)%. In
addition one has to look at the algebrasM(W( l ,l 1)ùW( l ,l 2)) andN(W( l ,l 1)ùW( l ,l 2)), where
the first vectors coincide in order to show thatN c(W( l ,l 1)ùW( l ,l 2)) fulfills the condition of
half-sided modular inclusion with respect to the algebrasN c(W( l ,l 1)) andN c(W( l ,l 2)). From
this one concludes the coherence property.
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VI.4.4. Remark:
The relative commutant ofN p(W) is trivial, because (N p(W))c belongs to the center of the facto
N p(W) ~see Prop. VI.4.1!.

Since we do not know whether or notM(D) andN(D) are factors, we will defineN c(D)
andN p(D) differently.

VI.4.5. Definition:
With the assumptions as before we set for double cones

N c~D !5ù$N c~W!;D,W%,
~VI.4.1!

N p~D !5ù$N p~W!;D,W%,

Since these definitions are similar to those in Lemma VI.3.3, the conclusion of that lemma
for N c(D) andN p(D) with the obvious changes.

Next we have to look at conditions which imply thatM(D) is isomorphic to a tensor produc
For the proof of such condition we need a result of Ge and Kadison which is based on the
slice mapping introduced by Tomijama.130 First we have to explain this concept.

Let R andS be von Neumann algebras acting on the Hilbert spacesH andK. Let v andr be
normal linear functionals onR and S, respectively. Then their productv ^ r defines a linear

functional onR^̄ S which is defined onH^̄ K. Keepingv fixed and takingc,xPK and choosing

TPR^̄ S then the expressionv ^ rc,x(T) defines a sesquilinear form onK. This form is continu-
ous and defines by the Riesz representation theorem a linear operatorCv(T). Since the commu-

tant ofR^̄ S is R8 ^̄ S8 it is easy to see thatCv(T) belongs toS. This is the tensor slice mappin

introduced by Tomijama. In the same manner there exists a mappingCr :R^̄ S→R.
With this concept the following result of Ge and Kadison129 holds, which we quote withou

proof:
VI.4.6. Proposition:

LetM be a von Neumann subalgebra ofR^̄ S, thenM splits, i.e., M5R1^̄ S1 with R1,R and
S1,S exactly if every tensor slice mapping sendsM into M.

Using this result we obtain:
VI.4.7. Proposition:

Let N(D) be defined as in Lemma VI.3.3 andN c(D), N p(D) as in Eq. (VI.4.1) then one has

N p~D !>N~D ! ^̄ N c~D !.

The proof uses the fact thatM(D),M(W) and that for the latter algebra we know the tens
product structure.

Collecting the results of this section we obtain:
VI.4.8. Theorem:

Let $M(O),U(L,x),H,V% be a theory of local observables fulfilling the assumptions listed in
introduction. Assume that$N(W)% is a coherent family of modular covariant subalgebras
$M(W)%. Let N c(W) be the relative commutant ofN(W) in M(W) and N p(W)
5N(W)∨N c(W). Then:
~1! There exists onH a subtheory of local observables

$N p~D !,N p~W!,U~L,x!%

covariant under the existing unitary group U(L,x). Moreover, $N p(D),N p(W)% are modular
covariant subalgebras of$M(D),M(W)% such thatN p(W) has a trivial relative commutant in
M(W). If Ep denotes the projection onto@N p(W)V# then Ep commutes withN p(D), N p(W)
and the group representation U(L,x). Moreover, V is cyclic forN p(D) in EpH. If we denote the

restriction ofN p(D) and U(L,x) by N̂ p(D) and Û(L,x), respectively, then
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$N̂p~D !,Û~L,x!,EpH,V%

defines a theory of local observables satisfying the axioms listed in the introduction.
~2! There exist two coherent families$N(D),N(W)% and $N c(D),N c(W)% of modular covariant
subalgebras of$M(D),M(W)%. If E and Ec are the projections onto@N(W)# and @N c(W)#,
respectively, then these projections commute with U(L,x) and E withN(D) and Ec with N c(D).
With this we obtain:

$N̂ p~D !,Û~L,x!,EpH,V%>$N̂0~D ! ^̄ N̂c~D !,Û0~L,x! ^ Ûc~L,x!,EH^̄ EcH,V0
^ Vc%.

In this formula X̂0 denotes the restriction to EH and X̂c the restriction to EcH.

VI.5. The hidden charge problem

If we look at the modular covariant subalgebrasN(W) of M(W), then it can happen that th
relative commutantN c(W) of N(W) in M(W) is trivial, i.e., N c(W)5C1. This is called the
hidden charge problem because of the following reason: If we start with a theory of local ob
ables$N(O),U(L,x),H,V% such that the theory has charged sectors which are connecte
localized Bose fields, then we can add these Bose fields and obtain a field a

$F(O),Û(L,x),Ĥ,V% which also fulfills the assumptions of the theory of local observab
Knowing only the latter theory one would like to discover the local net$N(O),U(L,x),H,V% and
the structure of the charged fields. The simplest case has been discussed in Ref. 131, nam
the charged fields are covariant under the action of a compact Abelian group. In this case o
unitary operators inM(W) which define automorphisms ofN(W). This is no longer true in the
general situation. The next, more complicated case is described by Doplicher, Haag
Roberts.132,133Here, or more general in the situation described by Buchholz and Fredenhag134

the commutant ofN(W)∨N(W8) is generated by minimal projections. In general one has to c
with the situation where the commutant ofN(W)∨N(W8) is not generated by minimal projec
tions. In both cases, the tensor product decomposition and the hidden charge situation, on
look at subtheories. Therefore, both problems are mingled and one has to disentangle and
them.

Let $N(W)% be a coherent family of modular covariant subalgebras of$M(W)% and assume
that the relative commutantN c(W) of N(W) in M(W) is trivial. Let E be the projection onto
@N(W)V#. We introduce:

VI.5.1. Definition:
~1! G denotes the set of wedges, double cones, and spacelike complements of double con
~2! For GPG we define

M1~G!5M~G!∨$1,E%9.

~3! N 1
c(G) denotes the relative commutant ofN(G) with respect toM1(G). Since by Remark

VI.0.1 duality holds insideG one has

M1~G!5N~G8!.

~4! N` denotes the von Neumann algebra generated by allN(G).
The following properties ofM1(G) are easy to derive.
VI.5.2. Lemma:

Let M1(G) be the algebra defined in VI.5.1. Then:
~1! For every wedge the algebraM1(W) is a factor.
~2! For the relative commutant ofM(G) in M1(G) one has

M1~G!ùM~G!85M~G8!ùN~G8!85N c~G8!.
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Hence for every wedgeM1(W)ùM(W)8 is trivial.
~3! For the relative commutantN 1

c(G) one has

N 1
c~G!5M1~G!ùM1~G8!5N 1

c~G8!.

~4! Ad DG
i tM1(G)5M1(G) and hence

Ad DG
i tN 1

c(G)5N 1
c(G)

Our first goal is to look at partial isometries inM(W).
VI.5.3. Definition:

Let N(W) be a modular covariant subalgebra ofM(W). We set:
~i! J(W)5$VPM(W);V partial isometry withV* V51,VV* 5R(V)%.
~ii ! P(W)5$VEV* 5..F;VPJ(W)%, whereE5@N(W)V#5@N(W8)V#.
~iii ! By U(W) we denote the set of unitaries inM(W).

With this notation we show:
VI.5.4. Lemma:

~1! Let FPP(W) and P be a projection inM1(W) with P<F. Then:
~a! PPP(W), i.e., there exists an element V1PJ(W) with P5V1EV1* .
~b! There exists an element WPJ(W)ùN(W) with V15VW where V is defined by F
5VEV* .
~g! If F 5P then W is unitary.

~2! Let F15V1EV1* , F25V2EV2* be in P(W). Assume(V1V1* )(V2V2* )50. Then exists an ele
ment VPJ(W) with VEV* 5F11F2 .
~3! Let FPP(W) then exists a unitary element UPU(W) with F<UEU* .

The proof of this lemma is based on the fact thatN(W) is a factor of type III. Hence for every
projectionH in N(W) exists a partial isometry inN(W) with support1 and rangeH.

By the result of the last lemma it is sufficient to look at unitary elements inJ(W), i.e., at
elements ofU(W). Now we introduce the sectors associated with elementsVPJ(W).

VI.5.5. Definition:
Let $N(W)% be a coherent family of modular covariant subalgebras of$M(W)%.
~1! For VPJ(W) we set

S~V!5@N~W!VEH#.

~2! N 8̀ 5ù
D
N(D)8ù

W
N(W)8

Notice that the projectionS(V) does not only belong toN(W)8 but also toN(W8)8. Since the
Hilbert spaceEH is invariant underN(W8) we observe

VI.5.6 Theorem:
Let $N(W)% be a coherent family of modular covariant subalgebras of$M(W)%. Then for every
VPJ(W) the projection S(V) belongs toN 8̀ .

The proof of this theorem consists of three parts. First assumeV belongs toJ(W1a) where
a belongs to the interior of the wedgeW, then the statement is true because of the spect
condition. Next we have to show thatS(Ad U(la)V) depends weakly continuous onl. The third
part consists of showing that the statement remains true if one takes limits of elements de
in the first part.

Little is known about the structure ofN 1
c . A special situation appears if one hasS(V)

5VEV* . In this case we obtain
VI.5.7. Proposition:

Assume VPJ(W) is such that S(V)5VEV* . Then it fulfills the following properties:
~i! V is unitary.
~ii ! S(V) is a minimal inN 1

c(W).
~iii ! V* induces an isomorphism ofN, i.e.,

V* N~W!V5N~W!.
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This proposition follows from the fact thatE is minimal in N 1
c(W).

Finally we are interested in the structure of the set ofV’s such thatS(V1)5S(V2) holds. We
obtain a result only ifS(V1) is a minimal projection inN 1

c(W).
VI.5.8. Theorem:

Assume V1 ,V2PU(W) such that S(V1)5S(V2)ÞE holds. If in addition S(V1) is a minimal
projection inN 1

c(W) then there exist two unitary operators W1 ,W2PM(W) with

V25W1V1W2 .

From this result we learn that the ‘‘minimal sectors’’S(V) are characterized by the left–righ
co-setsU(N(W))VU(N(W)). Hence one can multiply minimal sectors and decompose the p
uct into sectors. Unfortunately it is not known whether or not the algebraN 1

c(W) is of type I.

VI.6. Structure of decomposable theories

In this section it will always be assumed that$N(W)% is a coherent family of modula
covariant subalgebras of$M(W)%.

Having solved the decomposition problem for tensor products and the hidden charge pr
we shall have a look at the situations which might occur.
1. The simplest case is that, whereN(W) andN c(W) together generateM(W). In this situation
the theory is the tensor product of two ‘‘simpler’’ theories.
2. The other extreme is the case whereN c(W) consists of multiples of the identity. This is th
pure hidden charge situation.
3. If N c(W) is not trivial thenN(W) andN cc(W) are not necessarily the same. Since the rela
commutant ofN(W) in N cc(W) is trivial, the passage fromN(W) to N cc(W) is again a hidden
charge problem. If we have solved this problem, then there are again two possibilities:
3.a.N c(W) andN cc(W) generate the whole algebraM(W). This is the same as situation 1.

3.b.N c(W) andN cc(W) generate only a subalgebraN p(W)5N c(W) ^̄ N cc(W). In order to get
to M(W) one has to solve the hidden charge problem for the algebraN p(W).

4. Starting fromN(W) andN c(W) then it can happen thatN(W) ^̄ N c(W)5N p(W) is not the
whole algebraM(W). In this situation one has to solve the hidden charge problem forN p(W).

The discussion of the cases 1–4 can be summarized in the following diagram:

N c5MùN8.

t.p. stands for the construction of the tensor product.
B.f. stands for the construction of the Bose field.

If we have reached the algebraN(W) ^̄ N c(W) then one has to solve a hidden charge probl

in order to get toM(W). But the algebraN(W) ^̄ N c(W) is a subalgebra ofN cc(W)

^̄ N c(W). If these algebras are different then the relative commutant ofN(W) ^̄ N c(W) in

N cc(W) ^̄ N c(W) consists again of the multiples of the identity. Hence the passage

N(W) ^̄ N c(W) to N cc(W) ^̄ N c(W) is a hidden charge problem.
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It remains to explain why the algebraN cc(W) ^̄ N c(W) does not need to coincide wit
M(W), although we have solved a hidden charge problem in order to pass fromN(W) to
N cc(W). It might happen that both theories constructed fromN cc(W) andN c(W) have sectors
associated with Fermi fields. Let us denote these theories by$F cc(O)% and$F c(O)%. Now let us

take the tensor product$F cc(O) ^̄ F c(O)%. In this situation the theoryN cc(W) ^̄ N c(W) has
Bose as well as Fermi sectors because the tensor product of two Fermi fields is a Bose field
restrict the theory to all Bose sectors, then there are sectors which are Bose sectors but no

products of Bose sectors. Therefore,N cc(W) ^̄ N c(W) do not need to coincide withM(W).

VI.7. Remarks, additions, and problems

~i! The decomposition theory is based on the existence of modular covariant subalg
N(W)PM(W). Therefore, the structure of this setMcs(M) defined in VI.1.2 is of interest. In
particular one would like to know whether or not two different modular covariant subalge
must have a nontrivial intersection.
~ii ! The main problem of the decomposition theory is the construction of coherent famili
modular covariant subalgebras. In Sec. VI.2 we have investigated the relation of half-sided
lations to modular covariant subalgebras. Theorem VI.2.5 indicates that the family of mo
covariant subalgebras obtained from one such subalgebra by means of Poincare´ transformations is
often coherent. But conditions are missing implementing that this is the case.
~iii ! If N c(W) is trivial then only little is known about the algebraN 1

c(W). In the usual theory of
superselection sectors (d54) one finds thatS(V)N 1

c(W) is of type I. Is this true in the genera
case of hidden charges? If this holds then with help of the method of Doplicher and Roberts135 one
should be able to construct the compact gauge group. However, ifS(V)N 1

c(W) is of type II or III
then this implies that the gauge group cannot be compact.
~iv! Nothing has been said about the statistics of sectors. It would be nice if one could repe
arguments of Doplicher, Haag, and Roberts in the scheme presented here.
~v! During the investigation of the hidden charge problem we have envisaged the possibilit
continuous family of charged sectors. Can one construct such an example, eventually with
Guichardet’s continuous tensor product?136 During the construction one has to face the probl
that the field algebra shall be countably decomposable. The opposite possibility is the case
the center ofN 1

c(W) is purely atomic. To answer these questions further investigations
needed.
~vi! Although we derived the structure of the superselection sectors only for Bose fields, it s
be possible to do the same also for Bose and Fermi fields. In this caseF(O) is a graded algebra
which can be handled with small modifications as the pure Bose case.
~vii ! The content of Sec. VI has partly been explained in Ref. 128. The structure of subtheo
QFTLO has also been investigated by Davidson in his thesis.137

VII. PROBLEMS FOR THE FUTURE

At the end of every section we have mentioned some problems. Nevertheless, there ar
questions which should be discussed because they are, in my opinion, of importance for the
development of QFTLO.

VII.1. About the restriction to lower dimensions

Axiomatic approach to QFTLO has, compared to the Lagrangean setting, the disadva
that there exist mathematical operations, which allow to construct new theories out of two or
given ones. These new theories do not contain any new physics. Examples of such operat
the direct sum, direct product, and additions of charged Bose fields to the observables. The
one is interested in characterizing theories which are indecomposable with respect to such
tions. However, there is one operation which is of different nature. This is the restriction to
dimensions. For Wightman fields it is known138 that the field operators areC`-functions in
spacelike directions with values in the space of operator valued distributions~in the time direc-
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tion!. Hence one can restrict Wightman fields to lower dimensions, as long as the lower d
sional space contains the time direction. The restriction inx space corresponds to integration
momentum space. Therefore, if the original theory has an isolated mass, then such infor
gets lost by this operation. Hence also this operation is unwanted.

In QFTLO exists a similar operation. Assume$M(O),R d11,a% is a given theory, then one

can construct a theory onR d as follows: LetD̂ be a double cone inR d, then this is the intersec

tion of a double coneD(D̂) in R d11 with R d. On the other hand denote byK(D̂) the cylindrical

set obtained by choosing the firstd variables inD̂ and the last variable arbitrary.D̂ is again the

intersection ofK(D̂) with R d. Now we chooseN(D̂) such that

M~D~D̂ !!,N~D̂ !,M~K~D̂ !!

holds. Then$N(D̂),R d,a% defines a QFTLO provided we choose thatN(D̂) fulfills covariance
~in R d) and isotony, but these conditions are easily fulfilled. Therefore, there exist many diff
restrictions. Notice that for the wedge algebras all these different restrictions coincide an
equal toM(W). This follows from the double cone theorem, Thm. I.4.4.

Since the restriction leads to unwanted effects one would like to reconstruct the or
theory. I hope, that with help of Tomitas modular theory this will be possible one day. Let us
at examples, in order to see, that my hope is not completely unjustified.

VII.1.1. Example:Take a conformal QFT in two dimensions. Choose a fixed timelike di
tion and restrict the theory to this line. As algebra of an interval take the algebra of the asso
double cone, i.e., if~a,b!, a,b is the interval then we associate to it the algebra of the double c
(a1V1)ù(b2V1) whereV1 denotes the forward light-cone. By this we obtain a theory on
line.

The algebraM(V11a) with a not on the linefulfills the condition of half-sided modula
inclusion with respect to the algebra ofR 1. This algebra is not associated with any set ofR 1.
Moreover, the associated translation commutes with the translation along the time axis. Fr
two-dimensional group of translations it should be possible to reconstruct the original theo
R 2.

VII.1.2. Example:Take a standard QFTLO in three dimensions and restrict it to two dim
sions. Then one should be able to recover the original theory since the al
M(W( l 1 ,l 2)ùW( l 1 ,l 3)) fulfills the condition of half-sided modular inclusion with respect to t
wedge algebra. This algebra is not associated to a subset ofR 2. But the corresponding half-side
translations allow to reconstruct the translational part of the stabilizer group ofl 1 . Also here one
should be able to reconstruct the original theory onR 3.

In order to be able to reconstruct the original theory one has to understand the spa
6half-sided translations~and the spaces of half-sided modular inclusions! for the algebras of the
wedge domains. In conformal field theories one has to look also at the algebra of the fo
light-cone.

When we constructed the Poincare´ group from the modular groups of the wedges~Sec. IV.4!
we were able to show that certain half-sided translations commute. One has to understan
the principle behind this phenomenon.

Looking at the example of the forward light-cone in conformal field theory one sees, tha
algebras of any subdomainS fulfilling S1V15S belong toHsmi(M(V1))2. Hence there exists
a half-sided translation associated with it. ForaPS one has the half-sided translation ofM(V1

1a) with its generator denoted byHa . It should be possible to express the generator of the gr
associated withM(S) in terms of the family$Ha%.

The spacesHsmi(M)2 andHsmi(M)1 have certain order and convexity properties. The
are explained in Ref. 139. Moreover, one can introduce an equivalence relation inHsmi(M)2

@and also inHsmi(M)1] as follows:
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VII.1.3. Definition:Let N1 , N2PHsmi(M)2 andUi(t), i 51, 2 their associated translation
Then AdUi(t21)Ni will be denoted byNi(t). We callN1 andN2 equivalent

N1;N2

if there exist two nonzero positive numbersl1 ,l2 with

N1~l1!,N2,N1~l2!.

Because of the decreasing monotony ofN1(l) one must havel2<l1 .
It is interesting to notice that this order structure survives if one passes to the space of equiv
classes. This discussion shows thatHsmi(M)2 has a rich structure, but up to now it is not cle
how to get to the geometric structure on which the algebraM is based.

In the example of the wedge one has to construct the algebraM(W( l 1 ,l 3)) from the knowl-
edge of the algebraM(W( l 1 ,l 2)ùW( l 1 ,l 3)). This is possible since the half-sided translati
connectingM(W( l 1 ,l 3)) with M(W( l 1 ,l 2)ùW( l 1 ,l 3)) is also a half-sided translation of th
latter algebra. Knowing this translation one can reconstructM(W( l 1 ,l 3)). The only problem here
is the normalization of the group. IfU(t)PHstr(M)1 and l.0, then U(lt)PHstr(M)1.
Therefore,l has to be fixed for the correct application.

VII.2. Vacuum states on the hyperfinite III1 algebra

As discussed in Thm. V.3.7 the Buchholz–Wichmann nuclearity property Cond. V.3.5 im
that the local algebras are hyperfiniteIII 1 algebras. Therefore, the algebras belonging to wed
are also hyperfinite and of typeIII 1 . By a result of Haagerup100 there exists~up to unitary
equivalence! only one hyperfiniteIII 1 factor. Therefore, it is tempting to ask whether or not t
vacuum state of a QFTLO can be characterized by algebraic means. What I have in mind
structure of the set of half-sided translations, or equivalently half-sided modular inclusions
nected with the vacuum state of the given theory. The situation shall be explained by exam

VII.2.1. Example:The QFTLO on the line.
Here the wedge algebra is associated with the half-lineR 15$(0,̀ )%. If we look at the

algebra associated with the set~1,̀ !, then this fulfills the condition of2half-sided modular
inclusion and the algebra belonging to~0,1! fulfills the condition of1half-sided modular inclu-
sion. In this situationM((0,1)) is the relative commutant ofM((1,̀ )) in M(R 1) and the
corresponding half-sided translations together with the modular group ofM(R 1) generate the
Möbius group.

VII.2.2. Example:QFTLO on thed-dimensional Minkowski space,d.1.
For d52 one has for the algebra of the wedge two half-sided translations with opposite

These are the translations along the two lightlike directions. In this case the two transl
commute and the two translations together with the modular group of the wedge algebra ge
the two-dimensional Poincare´ group. In higher dimension we will restrict to theories fulfilling th
Bisognano–Wichmann property. In this situation we know from Thm. IV.4.3 that the alg
M(W@ l ,l 1#)ùW@ l ,l 2#) fulfills the condition of2half-sided modular inclusion with respect to th
algebrasM(W@ l ,l 1#) andM(W@ l ,l 2#). In this situation we obtain forM(W@ l ,l 1#) a family of
half-sided modular inclusions labeled by the direction ofl 2 . A precise characterization of thi
situation is still missing. This is due to the fact that one is looking for Loerentz transforma
and not for the group generated by the half-sided translations.

VII.2.3. Example:Conformal field theories in higher dimension.
In this situation the set of half-sided modular inclusions is much larger. This is due to th

that one has timelike commutativity. LetG be a set withG1V15G then it is easy to see tha
M(GùW) fulfills the condition of 2half-sided modular inclusion with respect to the algeb
M(W). But the importance of the associated half-sided translations is not known.

VII.2.4. Example:QFT on the two dimensional de Sitter space.
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The two-dimensional de Sitter space is isomorphic to the one-sheeted hyperboloid
three-dimensional Minkowski space. A wedge in this space is the intersection of the wedge
ambient space with the hyperboloid. It turns out, that also in this situation the translations
the the lightlike directions are half-sided translations. But the situation is different as well from
field theory on the two-dimensional Minkowski space as from the field theory on the line. S
the ‘‘shifted wedges’’ of the de Sitter space can have an empty intersection it follows tha
vacuum vector is not cyclic for the corresponding algebras. This implies that the two transl
do not commute. Hence the situation is different from the Minkowski space theory. The situ
is probably different from that of the line, because it is unlikely, that the different subalge
fulfilling the condition of 6half-sided modular inclusion are relative commutants of each ot
~For details on QFT on de Sitter space, see, e.g., Ref. 140.!

VII.2.5. Problems:
~1! Can one characterize those states on a hyperfiniteIII 1 factor which permit one or more
6half-sided modular inclusions?
~2! If a state permits at least one half-sided modular inclusion, what are the different famil
such inclusions which can appear?
~3! Can one discriminate different theories of local observables by means of the set of half
modular inclusions?

VII.3. Can one interpret the local modular groups as local dynamics?

For many questions in quantum physics it is advantageous to have a local dynamics.
in particular the case if one is interested in defining Gibbs states of a system. If one starts fr
usual quantum theory one chooses as subsystems the particle in a box with reflecting w
periodic boundary conditions. This defines a quantum system and the corresponding Hami
is considered as the local one. In Lagrangean quantum field theory the energy is usually g
an integral over a Hamiltonian density. In this situation one takes as local energy the integ
the energy density over the region one is interested in. Sometimes one has to take for th
gration a smooth test function which is one in the domain of interest and which tends to zer
small neighborhood of that region. In the theory of local observables a definition of a
dynamics or an energy density is up to now only possible if the theory fulfills the nucle
condition of Buchholz and Wichmann.117 For the construction of a local dynamics, see, e
Buchholz and Junglas141 and for the energy density see Buchholz, Doplicher, and Longo.142 Since
for a general QFTLO there exists no concept which could be used as local dynamics, it is tem
to interprete the properly scaled modular groups of local regions as local dynamics.

First we have to explain what we want to understand by a local dynamics. Let us fix a v
x0 in the forward light coneV1 with x0

251. The double conesDR
x0 are defined by

DR
x05$Rx02V1%ù$2Rx01V1%. ~VII.3.1!

Let UR(t) be a family of unitary groups depending continuously onR such that the group
Ad UR(t) belongs to the automorphisms ofM(DR

x0). Then we say that these groups define
local dynamics if for every bounded setO the expression

UR~ t !AV, APM~O!

converges forR→` to T(tx0)AV in the topology of the Hilbert space and this uniformly on eve
compact of thet axis.

That the modular groups might be a good candidate is indicated by the following two
amples.

VII.3.1. Example:For a fixed double cone we chooseD5$x;ux0u1ixW i,1% and the running
double cone will be replaced by a running family of wedgesWRªW2Rx1 with R.1 andx1 is
a fixed vector perpendicular to the time directionx0 with (x1)2521. If we denote the modula
group ofWR by DR

it then we choose as local dynamics
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UR~ t !5DR
2 i~ t/2pR! .

Because of DR
2 i( t/2pR)5T(2Rx1)D0

2 i( t/2pR)T(Rx1) this becomes with Remark II.5.3
5T((LW(2t/2pR)21)Rx1)D0

2 i( t/2pR) , where T(x) denotes the representation of the trans
tions. With Eq.~I.5.3! we find:

S LWS 2
t

2pRD21DRx:15x0R sinh
t

R
1x1RS coshS 2

t

RD21D5x0t1OS 1

RD .

This implies

UR~ t !AV5T~ tx01O~1/R!!D0
2 i~ t/2pR!AV.

SinceD0
i t is strongly continuous we obtain by the unitarity of the operators

s2 lim
R→`

UR~ t !AV5T~ t !AV, APM~D !.

VII.3.2. Example:As a second example we look at conformal field theory, where the mod
groups of the double cones are known~Thm. III.2.2!. We choose as running domains the doub
cones of radiusR and choose

UR~ t !5DR
2 i~ t/pR! .

With the notation of Thm. III.2.2 this corresponds to the transformation

x6S 2
t

pRD5R
2~12x6/R!1e2t/R~11x6/R!

~12x6/R!1e2t/R~11x6/R!
.

For smallx6 and largeR we obtain

x6S 2
t

pRD5x61t1OS 1

RD .

Since the representation of the conformal group is continuous it follows, also in this example
U(t) converges for largeR to the time translation.

There is one essential difference between the two examples, namely, the scaling of th
responding modular groups differs by the factor 2. I think that one has to understand the or
the difference in the scaling factors before one is able to prove thatDR

2 i( t/pR) converges to the time
translation also in the general case.

VII.4. Modular theory in charged sectors

Almost all the results described in this review are based on the fact that cyclic and sepa
vector V for the local algebras is at the same time the only vector which is invariant unde
representation of the Poincare´ group. We do not have this situation in the charged sectors. B
we take a vectorc which has compact energy contribution and if l is one of the lightlike vec
defining the wedgeW( l ,l 8), thenU(l l ), lPR is again a group with positive generator whic
mapsM(W( l ,l 8) into itself. Moreover the vectorU(l l )c is again a vector which is cyclic an
separating forM(W). In addition the modular group ofU(l l )c can be computed from that ofc
with help of the cocycle Radon Nikodym derivative@DU(l l )c:Dc# t .143,144 If we denote the
Radon Nikodym derivative for a moment byut , then the cocycle relation means

us1t5ussc
s ~ut!. ~VII.4.1!

The action of the modular group belonging toU(l l )c can be computed with help of the formu
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sU~l l !c
t ~A!5@DU~l l !c:Dc# tsc

t ~A!@DU~l l !c:Dc# t* , APM~W!. ~VII.4.2!

VII.4.1. Problems:
~i! We know that the groupU(l l ) has an analytic continuation into the upper complex half-pla
What does this imply for the Radon Nikodym derivative@DU(l l )c:Dc# t? Note that for complex
l the vectorU(l l )c is again cyclic and separating forM(O), which implies that the Radon
Nikodym derivative is also defined for those values ofl.
~ii ! Does there exist any relation betweenDc

i t ,@DU(l l )c:Dc# t and U(l l ) besides the known
standard ones?

APPENDIX A: BIBLIOGRAPHY ON THE ALGEBRAIC THEORY OF SUPERSELECTION
SECTORS IN LOW DIMENSIONS

In the last decade, the algebraic theory of superselection sectors was supplemented b
reservoir of examples originating in two-dimensional conformal quantum field theory. As is
known, in low dimensions the possibility of braid group statistics is a new feature beyon
original DHR analysis, which is however easily incorporated into the original framework.
following is a list of prominent references in the algebraic theory of superselection sectors i
dimensions.

The DHR theory was adapted to the case of braid group statistics in Refs. 145 and 14
local von Neumann algebras for specific models based on non-Abelian current algebra
constructed and analyzed in Refs. 147–149. Modular theory was applied to a general st
global properties of chiral nets concerning Haag duality, conformal covariance, spin-sta
theorem and CPT theorem in Refs. 150 and 151. Models with a breakdown of Haag duali
the construction of the associated dual net were discussed in Refs. 152–154. Sufficient con
to reconstruct, using modular theory,55 a chiral net with conformal symmetry and spectrum co
dition from a single half-sided modular inclusion of von Neumann algebras were formulat
Refs. 56 and 57. For models with Haag duality in two dimensions it was shown that the
property for wedges~presumably related to a mass gap! excludes the existence of localize
superselection sectors at all,155 while solitonic sectors will generically emerge. Properties of
latter were studied in Refs. 156–158.

The issue of charged fields which create superselection sectors from the vacuum, an
underlying symmetry principle, was addressed from various sides. A reconstruction theorem
parable to the result by Doplicher and Roberts159 cannot be achieved since non-Abelian bra
group statistics poses an obvious obstruction. In the Abelian case, an anyonic field algeb
constructed in Ref. 160. The reduced field bundle~RFB! of intertwining nonlocal fields was
introduced as a general construction in Ref. 145, and conformal covariance properties o
algebras were analyzed in Ref. 161. Pointlike exchange fields associated with the RFB
constructed in Ref. 162, and the weakC* Hopf symmetry of the RFB was discovered in Refs. 1
and 164. Other, ultimately unsatisfactory, symmetry concepts were discussed in Refs. 1
166. A theory of sector induction and restriction between a theory and a subtheory equippe
a global conditional expectation was initiated in Ref. 167 and was further elaborated with a
on specific chiral models in Ref. 168.

APPENDIX B: REFERENCES FOR APPLICATIONS OF TOMITA–TAKESAKI THEORY IN
QUANTUM FIELD THEORY ON CURVED SPACETIME

Listed below are references containing applications of Tomita–Takesaki theory to qua
field theory on curved space–time.

On a generic curved space–time, there are in general no symmetries~space–time isometries!
present, and hence there is no natural candidate for a vacuum state. Likewise, in a generic
space–time, it is in general not clear which space–time regions, if any, play a similar role
wedge regions in Minkowski space–time in the sense that the modular objects correspon
von Neumann algebras associated with these regions and preferred vacuumlike vectors
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suitable sense geometrical. Therefore, most applications of Tomita–Takesaki theory to qu
field theory in curved space–time so far have been restricted to a class of space–times pos
a structure which to certain extent mimics the geometrical features underlying the Bisogn
Wichmann situation, i.e., there are natural wedge regions and Killing flows leaving these w
regions invariant. In this case, a variety of versions of a geometric action of modular ob
associated with wedge regions and certain preferred states has been investigated
works.169–178 The pioneering work of this list is Ref. 169, where a situation analogous to
Bisognano–Wichmann setting is modeled on Schwarzschild–Kruskal space–time. An op
algebraic version of it appears in Ref. 170. The works171,172 deal with an investigation of this
Bisognano–Wichmann-like situation on black-hole space–times for free scalar field mode
Refs. 173 and 174, Bisognano–Wichmann-like scenarios are investigated on de Sitter spac
in Ref. 175 on black-hole space–times and in Ref. 88 on anti-de Sitter space–time.

An attractive line of thought is to try and characterize vacuum states on a generic space
by a suitable form of geometric modular action with respect to von Neumann algebras asso
with a class of distinguished regions~e.g., wedge regions, cf. also Ref. 173!. On a generic
space–time without isometries such a geometric action of modular objects cannot be expe
be given by point transformations on the underlying space–time manifold. A more gener
proach addressing this issue is developed in Ref. 87.

In Ref. 176 a somewhat different approach, compared to the works just cited, is taken to
the physical interpretation of modular objects in generally covariant quantum theories.

The type of the local von Neumann algebras of a quantum field theory is related to the s
of their associated modular operators~Connes’ invariant! and can, like on Minkowski space–time
be fixed on curved space–time via assumptions on the quantum field theory’s short-di
scaling limits. This question is considered in Refs. 177 and 178.
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76G. Lüders and B. Zumino, ‘‘On the connection between spin and statistics,’’ Phys. Rev.110, 1450–1453~1958!.
77D. Hall and A. S. Wightman, ‘‘A theorem on invariant analytic functions with applications to relativistic quantum

theory,’’ Danske Vidensk. Selskab, Mat.-fysiske Meddelelser31, no 5, 1–41~1957!.
78R. Streater, ‘‘Local Fields with the Wrong Connection Between Spin and Statistics,’’ Commun. Math. Phys.5, 88–96

~1967!.
79A. I. Oksak and I. T. Todorov, ‘‘Invalidity of the TCP-Theorem for Infinite-Component Fields,’’ Commun. Math. P

11, 125 ~1968!.
80H.-J. Borchers, ‘‘When does Lorentz Invariance imply Wedge-Duality,’’ Lett. Math. Phys.35, 39–60~1995!.
81R. Brunetti, D. Guido, and R. Longo, ‘‘Group cohomology, modular theory and space-time symmetries,’’ Rev.

Phys.7, 57–71~1994!.
82D. Guido and R. Longo, ‘‘An Algebraic Spin and Statistic Theorem,’’ Commun. Math. Phys.172, 517–533~1995!.
83H.-J. Borchers, ‘‘Half-sided Modular Inclusion and the Construction of the Poincare´ Group,’’ Commun. Math. Phys.

179, 703–723~1996!.
84I. M. Gel’fand, R. A. Minlos, and Z. Ya. Shapiro,Representations of the Rotation and Lorentz Groups and Th

Applications~Pergamon, New York, 1963!.
85R. Jost,The General Theory of Quantized Fields~American Mathematical Society, Providence, RI, 1965!.
86G. W. Mackey,Induced Representations of Groups and Quantum Mechanics~Benjamin, New York, 1968!.
87D. Buchholz and S. J. Summers, ‘‘An algebraic characterization of vacuum states in Minkowski space,’’ Commun

Phys.155, 449–458~1993!.
88D. Buchholz, O. Dreyer, M. Florig, and S. Summers, ‘‘Geometric Modular Action and Spacetime Symmetry Gro

Rev. Math. Phys.~to be published!.
89D. Buchholz, M. Florig, and S. J. Summers, ‘‘An algebraic characterization of vacuum states in Minkowski spac

preprint hep-th/9905178.
90K. Fredenhagen and J. Hertel, ‘‘Local algebras of observables and point like localized fields,’’ Commun. Math. Ph80,

555–561~1981!.
91H.-J. Borchers, ‘‘On Poincare´ transformations and the modular group of the algebra associated with a wedge,’’

Math. Phys.46, 295–301~1998!.
92B. Schroer and H.-W. Wiesbrock, Modular Theory and Geometry, Preprint~1998!.
93H.-W. Wiesbrock, ‘‘Symmetries and Modular Intersections of von Neumann algebras,’’ Lett. Math. Phys.39, 203–212

~1997!.
94H.-W. Wiesbrock, ‘‘Modular Intersections of von Neumann Algebras in Quantum Field Theory,’’ Commun. Math. P

193, 269–285~1998!.
95A. Connes, ‘‘Caracte´risation des alge`bres de von Neumann comme espaces vectoriels ordonne´s,’’ Ann. Inst. Fourier24,

121–155~1974!.
96R. Powers, ‘‘Representations of uniformly hyperfinite algebras and their associated von Neumann rings,’’ Ann. Ma86,

138–171~1967!.
97H. Araki and E. J. Woods, ‘‘A classification of factors,’’ Pub. R.I.M.S., Kyoto Univ.4, 51–130~1968!.
98A. Connes, ‘‘Un classification de factors de type III,’’ Ann. Sci. Ecole Norm. Sup.6, 133–252~1973!.
99A. Connes, ‘‘Classification of injective factors,’’ Ann. Math.104, 73–115~1976!.
100U. Haagerup, ‘‘Connes’ bicentralizer problem and uniqueness of injective factors of typeIII 1 ,’’ Acta Math. 158,

95–148~1987!.
101H. Araki, ‘‘On the algebra of all local observables,’’ Prog. Theor. Phys.32, 844–854~1964!.
102H. J. Borchers, ‘‘On the structure of the algebra of field operators,’’ Nuovo Cimento24, 214–236~1962!.
103S. Doplicher, R. V. Kadison, D. Kastler, and D. W. Robinson, ‘‘Asymptotically Abelian systems,’’ Commun. M

Phys.6, 101–120~1967!.
104S. Doplicher, D. Kastler, and D. W. Robinson, ‘‘Covariance algebras in field theory and statistical mecha

Commun. Math. Phys.3, 1–28~1966!.
105D. Ruelle, ‘‘States of Physical Systems,’’ Commun. Math. Phys.3, 133–150~1966!.
106O. E. Lanford and D. Ruelle, ‘‘Integral representations of invariant states onC* -algebras,’’ J. Math. Phys.8, 1460–

1463 ~1967!.
107E. Sto”rmer, ‘‘Large Groups of Automorphisms ofC* -Algebras,’’ Commun. Math. Phys.5, 1–22~1967!.
Downloaded 25 Oct 2012 to 136.167.2.214. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



. A

om-

.

Phys.

m field

s.

plex

senta-

hys.

. Phys.

nn.

Lett.

incare

Math.

xchange

3672 J. Math. Phys., Vol. 41, No. 6, June 2000 H. J. Borchers
108A. S. Wightman, ‘‘La the´orie quantique locale et la the´orie quantique des champs,’’ Ann. Inst. Henri Poincare, Sect
I , 403–420~1964!.

109W. Driessler, ‘‘Comments on Lightlike Translations and Applications in Relativistic Quantum Field Theory,’’ C
mun. Math. Phys.44, 133–141~1975!.

110H. J. Borchers, ‘‘Energy and momentum as observables in quantum field theory,’’ Commun. Math. Phys.2, 49–54
~1966!.

111H. J. Borchers, ‘‘A Remark on a Theorem of B. Misra,’’ Commun. Math. Phys.4, 315–323~1967!.
112R. Longo, ‘‘Notes on Algebraic Invariants for Non-commutative Dynamical Systems,’’ Commun. Math. Phys69,

195–207~1979!.
113S. Doplicher and R. Longo, ‘‘Standard and split inclusions of von Neumann algebras,’’ Invent. Math.73, 493 ~1984!.
114K. Fredenhagen, ‘‘On the Modular Structure of Local Algebras of Observables,’’ Commun. Math. Phys.97, 79–89

~1985!.
115R. Haag, H. Narnhofer, and U. Stein, ‘‘On quantum field theory in gravitational background,’’ Commun. Math.

94, 219–238~1984!.
116K. Fredenhagen, ‘‘On the Modular Structure of Local Algebras of Observables,’’ Commun. Math. Phys.97, 79–89

~1985!.
117D. Buchholz and E. H. Wichmann, ‘‘Causal independence and energy level density of states in local quantu

theory,’’ Commun. Math. Phys.106, 321 ~1986!.
118D. Buchholz, C. D’Antoni, and K. Fredenhagen, ‘‘The universal structure of local algebras,’’ Commun. Math. Phy84,

123–135~1987!.
119H. J. Borchers, ‘‘On the Implementation of Automorphism Groups,’’ Commun. Math. Phys.14, 305–314~1969!.
120H.-J. Borchers, ‘‘C* -Algebras and Automorphism Groups,’’ Commun. Math. Phys.88, 95–103~1983!.
121H. J. Borchers, ‘‘Symmetry Groups ofC* -algebras and Associated von Neumann Algebras,’’ in Dynamics of Com

and Irregular Systems, edited by Ph. Blanchard, L. Streit, M. Sirugue-Collin, and D. Testard~World Scientific, Sin-
gapore, 1993!, pp. 12–21.

122B. Iochum,Cones Autopolaires et Alge`bres de Jordan, Lecture Notes in Math., Vol. 1049~Springer-Verlag, Heidelberg,
1983!.

123W. Driessler, ‘‘On the type of local algebras in quantum field theory,’’ Commun. Math. Phys.53, 295–297~1977!.
124H.-J. Borchers and M. Wollenberg, ‘‘On the relation between types of local algebras in different global repre

tions,’’ Commun. Math. Phys.137, 161–173~1991!.
125M. Takesaki, ‘‘Conditional Expectations in von Neumann Algebras,’’ J. Funct. Anal.9, 306–321~1972!.
126H. Kosaki, ‘‘Extension of Jones’ Theory on Index to Arbitrary Factors,’’ J. Funct. Anal.66, 123–140~1986!.
127L. Kadison and D. Kastler,Cohomological aspects and relative separability of finite Jones index factors, Nachr. Akad.

d. Wissensch. Go¨ttingen ~1992!, pp. 95–105.
128H.-J. Borchers, Conditional Expectation and Half-sided Translations, Preprint~1999!.
129L. Ge and R. Kadison, ‘‘On tensor products of von Neumann algebras,’’ Invent. Math.123, 453–466~1966!.
130J. Tomijama, ‘‘On the projections of norm one inW* algebras,’’ Proc. Jpn. Acad.33, 608–612~1957!.
131H. J. Borchers, ‘‘Local Rings and the Connection of Spin with Statistics,’’ Commun. Math. Phys.1, 281–307~1965!.
132S. Doplicher, R. Haag, and J. E. Roberts, ‘‘Fields, observables and gauge transformations I,’’ Commun. Math. P13,

1 ~1969!.
133S. Doplicher, R. Haag, and J. E. Roberts, ‘‘Fields, observables and gauge transformations II,’’ Commun. Math

15, 173 ~1969!.
134D. Buchholz and K. Fredenhagen, ‘‘Locality an the structure of particle states,’’ Commun. Math. Phys.84, 1 ~1982!.
135S. Doplicher and J. E. Roberts, ‘‘Endomorphisms ofC* -algebras, cross products and duality of compact groups,’’ A

Math. 98, 157 ~1989!.
136A. Guichardet, Tensor Products ofC* -Algebras, Mat. Inst. Univ. Aarhus, Lecture notes no12, ~1969!.
137D. R. Davidson, Classification of Subsystems of Local Algebras, Dissertation, U.C. Berkeley~1988!.
138H. J. Borchers, ‘‘Field Operators asC` Functions in Spacelike Directions,’’ Nuovo Cimento33, 1600–1613~1964!.
139H.-J. Borchers, ‘‘On the Lattice of Subalgebras Associated with the Principle of Half-sided Modular Inclusion,’’

Math. Phys.40, 371–390~1996!.
140H.-J. Borchers and D. Buchholz, ‘‘Global Properties of Vacuum States in de Sitter Space,’’ Ann. Inst. Henri Po´

70, 23–40~1999!.
141D. Buchholz and P. Junglas, ‘‘On the existence of equilibrium states in local quantum field theory,’’ Commun.

Phys.121, 255–270~1989!.
142D. Buchholz, S. Doplicher, and R. Longo, ‘‘On Noether’s Theorem in Quantum Field Theory,’’ Ann. Phys.170, 1–17

~1986!.
143A. Connes ‘‘Sur le the´orème de Radon Nikodym pour les poids normaux fide`les semifinis,’’ Bull. Sci. Math.97,

253–258~1973!.
144A. Connes and M. Takesaki, ‘‘Flow of weights on a factor of type III,’’ Toˆhoku Math. J.29, 473–575~1977!.
145K. Fredenhagen, K.-H. Rehren, and B. Schroer, ‘‘Superselection sectors with permutation group statistics and e

algebras, I,’’ Commun. Math. Phys.125, 201–226~1989!.
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