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It is shown here that Bevir and Grey’s ac helicity-injection current-generation scheme does not
depend on Taylor’s relaxation principle. Instead, ac helicity injection is identified as the beating of
a compressional Alfvén mode with a resistive diffusion mode to produce a surface current. This
has the interesting consequence that the mode frequencies can be much higher than Taylor relaxa-
tion would allow. Although Taylor’s principle is not needed to generate the surface current, it is re-
quired for the current to diffuse into the plasma because it is also shown that the current will not

diffuse in classically.

PACS numbers: 52.55.Dy, 52.30.Jb, 52.35.Mw, 52.50.Gj

The conventional way to drive the dc current re-
quired for toroidal plasma confinement and heating is
transformer-type induction which has the shortcoming
of being pulsed. There is consequently great interest
in finding steady-state (i.e., nonpulsed) schemes for
current drive. Bevir and Grey,! using the context of
reversed-field toroidal pinches (RFP’s), proposed one
such scheme. Their scheme, based on Taylor’s
description? of RFP relaxation, involves very-low-
frequency modulation (w << 77! where 74 is the
tearing time scale) of the toroidal and poloidal fields.
Specificaily, this modulation is such that B, ~ cosw?,
B, — sinw? and is designed to sustain the plasma’s
helicity K = fA-BdV ~ (poloidal flux) x (toroidal
flux). This scheme has been proposed by Shoenburg
et al.? as a means of steady-state current drive for the
Los Alamos ZT-40 RFP and by Janos* for the Prince-
ton S-1 spheromak.

Jensen and Chu’ further developed the ideas of
Refs. 1 and 2 and derived the exact helicity-conserva-
tion equation

9K"/9t+V (Quet+ Qyc) = —21J -B. 1

Here K*= A -B is the helicity density, Qg = 2®¢jeB is
the dc helicity flux (g is the voltage on an elec-
trode), Q,.= A% 9A/dtis the ac helicity flux, and the
right-hand side of (1) corresponds to the resistive dis-
sipation of helicity.

Jensen and Chu have shown that Bevir and Grey’s
scheme amounts to balancing the right-hand decay
term with a time-averaged ac helicity injection:

V- (Ax3A/dt) =—2n]B, )
where A= ;\pol+ A, and Apol ~coswt and A~
Sinw t.

The author® showed that Eq. (2) is equivalent to the

beating between an oscillatory ExXB velocity and an
oscillatory magnetic field; i.e., Eq. (2) is equivalent to

(fJxB)-B=nJ-B, 3)
where U=ExB/B2. ) )

In this Letter, I would like to identify U and B in

terms of known plasma modes, discuss how this pro-

cess relates to the Taylor principle, and finally present
some preliminary experimental measurements of one
of the plasma modes. The governing equations are the
linearized momentum equation
p&=_v 13+B-B +B-VB+ B-VB’ (
ot Mo Mo Mo

4)

and the linearized magnetic equation

0B/91=Vx (UxB) + (n/uy) V?B. (5
Because of the toroidal and poloidal symmetry of the
driving method (cf. Fig. 2 of Ref. 3), 8/06 =9/9¢ =0,
where 6 and ¢ are, respectively, the poloidal and
toroidal angles. Thus, both equilibrium and perturbed
quantities depend only on the minor radius . To sim-
plify the analysis, the toroidal geometry will be re-
placed by a slab geometry, ie., r— x, 06—y, ¢— =z
Figure 1(a) shows a sketch of these slab coordinates;
all quantities depend only on x, a is the minor radius,
and the directions of the fields and currents are indi-
cated. _ _

Since V -B=0, it follows that B,=0 and for low-8
plasmas (i.e., P << B:B/uq) Eq. (4) becomes

a0 _ . o (BB
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because B-VB=B-VB=0. If an exp(— iwt) time
dependence is assumed and Eq. (6) is substituted into
Eq. (5) then one obtains
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FIG. 1. (a) Slab coordinates; symmetry of B, ~ By, field
and B, ~ By, field. (b) Symmetries of Alfvén and resistive
modes for By, >> Byor.
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The first (i.e., Alfvén) term on the right-hand side of product of Eq. (7) with xxB):

Eq. (7) is ~ (w7}) !, where 75, =a/v, is the Alfvén - n 82 -
time (v = B%pu, is the Alfvén velocity); the second —iwB =—- 5—23L~ (10)
(i.e., resistive) term is ~ 75!, where 7 g '=n/uga? is Ho x ) )
the resistive diffusion time. For all plasmas of interest Although the Alfven term in Eq. (7) is, in general,
T >> 174 and for the lower frequencies involved much larger than tl’le resistive term, for the orthogonal
wTa << 1, so that the Alfvén term should dominate Qirection the Alfven term vanishes leaving the resis-
the resistive term [i.e., (w73) ! >> 7'l tive term to dpmmate (as in a tearing layer).
Consider the component of Eq. (7) parallel to B, The dispersion of the resistive diffusion ‘““mode”’ is
ie., iw=k™n/ug (11
— ioB-B or Rek=Imk=38;"", where 8,=(2n/wug)¥? is the
_ resistive skin depth.
o m 32| BB Mpg. 9% B (8) The structure of these two orthogonal modes can be
9x2 | iwpug wo  9xr understood by considering (for example) tokamak
geometry, where By, >> B,,. In this case B is mainly
Since (wri)~!>> 7! the resistive term may be 'toroidal and'it is seen that the Alfvén mode is dom-
dropped. Assuming an exp(ikx) spatial dependence, inantly toroidal with a subdominant poloidal com-
one finds ponent (for an RFP the toroidal and poloidal directions
3 interchange, but the concept of a compressional mode
B-B(w?— k%3%)=0, 9) parallel to B and a diffusion mode orthogonal to B still

holds). From Fig. 1(a) it is seen that the (toroidal)
Alvén field must be symmetric in x while the (po-
loidal) resistive mode must be antisymmetric, i.e.,

i.e., B-B=0 corresponds to the compressional (fast)
Alfvén wave.

Now consider the component of Eq. (7) orthogonal ° N
to B (i.e., the component obtained by taking the dot Bair= BaiBcos(kax)sinws, (12)

I where ky=w/v, and B=B/B, and

By = BresX X Blexpl (x — a)/8,]cos[ (x — a)/8,+ wil —exp[ — (x + a)/8,lcos[ (x + a)/d;,—wtl}. (13)

Figure 1(b) shows the relative symmetries of these Alfvén and resistive modes (their subdominant directions will
have the opposite symmetries).

Now consider how Eq. (3) describes the mode mixing. Equation (6) shows that the Alfvén mode has an associ-
ated plasma velocity; but that the resistive mode does not. Integration of Eq. (6) using Eq. (12) gives

Upir= —v4X (B B)sink o x coswt. (14)

Substitution of Egs. (12)-(14) in Eq. (3) shows that (UaxBay) =0, but (Uarx B,e)=0. Furthermore, both
U,yr and B, are antisymmetric in x so that their prouct is symmetric. Because the resistive mode is finite only for
|x| = a the product becomes

. o - ~ L~ = q,
(UXB) = (UnipX Bres) x| = o| = Bup sin(kxa) BayBie/ 2B = Boabiaibie/25, 1] (15
0, Ix|l<<a
where sin(kja) = ka has been used since w << 73!, | -

Combining Egs. (3) and (15) gives the current drive (pointed in the % x B direction) cut radially across the
as plasma with the quiver velocity U, The sign of the
waBeBay/2, |x|=a, resistive field reverses when U, reverses, and so the
nJ -B= 0 |x| (16) rate of change of flux always has the same sign. Thus,
» IXi<<a there is a steady pumping of poloidal flux into the skin
A physical interpretation of this process is as fol- layer at |x|= a, which (from Faraday’s law) produces

lows: For the Alvén mode, the plasma position a steady electric field in the B direction.
quivers radially with the velocity U,y and the field Note that this model did not invoke tearing or the
lines associated with this mode are glued to the Taylor principle. To emphasize this point, the current
plasma—i.e., do not cut across the plasma. In con- could also be produced in a torus of nonplasma materi-
trast, for the resistive mode, there is no associated al provided the torus is (i) resistive and (ii) compressi-
plasma motion and so the field lines associated with ble in the minor radius. For example, an automobile
the resistive mode are not glued to the plasma. tire inner tube made of moderately conducting rubber
Hence, in the plasma frame, the resistive field lines could be used. Here the radial velocity Uy could be
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produced by modulation of the inner tube pressure
while the diffusion mode would be produced by induc-
tion (same configuration as a tokamak Ohmic heating
transformer).

Large field modulation amplitudes will have un-
desirably large amounts of reactive energy and also
might destroy the plasma equilibrium; hence, a mea-
sure of ‘‘efficiency’” for this scheme would be the
current driven for a given percentage of modulation.
Equation (16) shows that this efficiency scales with .
References 1-3 and Ref. 6 assumed that the upper
bound on w was 77 ! because they assumed that Taylor
relaxation (i.e., tearing) was necessary for current gen-
eration. In contrast, this model did not invoke tearing
for current generation, and so 71 1 is not the upper
bound for w [here, w < (7gx/7o)7x! was assumed, a
much less restrictive condition].

Tearing, however, is required to diffuse the flux
from the skin layer into the bulk plasma, because clas-
sical diffusion will not work. To see this, consider Eq.
(5) recast’ in quasilinear form,

0B/t + VXnug !V xB=Vx (UgexBsy. (17)

The right-hand side of Eq. (17) is the nonlinear driv-
ing term, while the left-hand side describes the classi-
cal diffusion of the field associated with the driven
current. It is trivial to see that, unlike conventional
skin currents, the nonlinear skin current is a steady-
state (i.e., B/9t=0) solution of Eq. (17) because the
nonlinear skin current is nJ=mug 'V xB= (Uyy
xB,.). Thus, the nonlinear skin current will stay lo-
calized so far as Eq. (17) (.e., classical diffusion) is
concerned. However, a stationary localized skin
current is in violation of Taylor’s principle®® which
states that the plasma will relax via tearing to the
force-free state J=oB, where o is a constant
throughout the plasma. Hence, one would expect Tay-
lor relaxation (i.e., tearing) to cause the nonlinear skin
current to penetrate the plasma. These tearing modes
will, in general, have 8/96=0, 9/0¢=0 and so the
anomalous penetration will involve a decay of the
highly symmetric modes described by Egs. (12) and
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FIG. 2. Experimental setup.

(13) into less symmetric modes.

The requirement for less-symmetric modes can also
be seen by considering what happens if o is set to be
below 77 1 and the mode symmetry is assumed to be
as given in Egs. (13) and (14). The diffusion-mode
skin depth would broaden, but this broadening could
not extend the nonlinear skin current all the way to
the magnetic axis, because both U, and B, are an-
tisymmetric and so vanish on the magnetic axis (i.e.,
x =0 in slab coordinates).

A test for the diffusion mode has been performed
on the high-repetition-rate Encore tokamak at Califor-
nia Institute of Technology (vacuum-chamber major
and minor radii of 0.38 and 0.12 m, respectively, Ar
gas, n ~ 1011-102 cm3, T, ~ 5-10 eV, I,,,~ 1-5 kA,
B, —0.1-1.5 kG, 15 shots/sec, plasma duration
~ 2-4 msec). Because the Ohmic heating system is
driven by an amplifier® it is straightforward to modu-
late B,,. Figure 2 shows the experimental setup. A
magnetic probe,® oriented to measure B, traverses
the plasma minor radius. The probe 9 B/9¢signal is in-
tegrated, filtered, and then digitized. The digitizer
output is displayed as a function of time and position,
as shown in Fig. 3(a). Here, darker regions corre-
spond to larger-amplitude signals, the vertical axis cor-
responds to the signal for 400 wsec after a trigger
reference, and the horizontal axis corresponds to the
probe minor-radius position. The tilt of the r-¢charac-
teristics in Fig. 3(a) is caused by the cosine phase
dependence in Eq. (13). By fitting the data of Fig.
3(a) at each radial position with the function
B,o = A coswt + u sinwt, the local phase [tan™!(u/ \)]
and amplitude [(A2+ x2)Y2] were determined [cf. Fig.
3(b)]. The radial derivative of the phase gave Rek
while the amplitude e folding gave Imk. Measure-
ments were made from 5 kHz (limited by requirement
that plasma duration >> »~!) to 130 kHz (limited by
amplifier cutoff).

Equation (11) predicts that Rek and Imk should
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FIG. 3. (a) Typical data; w/2m =40 kHz, B,,,=690 G,

3.5%10~% Torr argon, Vip=8 V, I\;=1 kA. (b) Ampli-
tude and phase for (a); solid lines are least-mean-squares
fits used to evaluate Rek, Imk.
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FIG. 4. o vs (Rek)? (circles) and (Imk)? (triangles); solid
line is theoretical prediction using locally measured 2m/go,
Bior=690 G, 6x 1075 Torr argon, Viep=8 V, lior=2 KA.
(b) Measurement of 2n/uo (right-hand scale) for each w
(open circles and hand-fitted dashed line, both left-hand

scale).

satisfy the dispersions w/(Rek )?=w/(Imk)?=2n/u,.
Figure 4(a) plots the measured (Imk)? and (Rek)? vs
w. It was found that there was a radial gradient in
2n/uo (corresponding to the plasma temperature gra-
dient) and also that the signal location moved radially
outward as w increased. To compare the Fig. 4(a) data
with theory, 2n/u, was measured—cf. Fig. 4(b) —at
the actual signal location for each w. In Fig. 4(b) the
dashed line is a hand-drawn fit to the locus of signal
positions (open circles, left-hand scale) and the solid
line is the locally measured 2m/u, obtained from the
relation 20/ 1mo=2(Vipop/ 2 R)/ [r =18 (rByo)/dr1,
where R is the major radius. The actual value of
2m/uq for each frequency is then used to give the solid
line in Fig. 4(a).

There is excellent agreement between theory and
data for (Rek)? but (Imk)? is small by a factor of 2-3.
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This represents either anomalous skin penetration,
measurement error caused by random plasma radial
motion smearing out a sharper skin layer, or possibly a
Vn effect.

Significantly, the resistive diffusion mode is unaf-
fected by ion cyclotron resonance [cf. w,; in Fig. 4(a)]
and continues on to frequencies several times w,;, i.€.,
beyond the validity of magnetohydrodynamics theory.
Since the diffusion mode has EIl B, it is not surprising
that it persists to such high frequencies. Of equal sig-
nificance, the perpendicularly propagating compres-
sional Alfvén wave is also unaffected at w = w,;, and so
ac helicity injection should also work above w,;, which
will greatly increase the efficiency (as defined above).
The Rotamak!® may be an example of high-frequency
ac helicity injection in a slightly different geometry,
since the Rotamak involves two quadrature phased
orthogonal magnetic fields oscillating at w > w;.

An experiment to modulate the toroidal field as well
is under construction.
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