From axion inflation to turbulence

Abstract.

Using 241 dimensional numerical simulations, we study the emergence of the radiation
dominated era of the early universe when the inflaton decays into radiation and, at the same
time, drives magnetic fields. This intricate process changes the way how the magnetic field
decays during the radiation limited era. Bulk motions of the plasma play an important role
in driving the inverse cascade of the magnetic field toward larger length scales. We show that
a significant amount of kinetic energy can be driven during the decay of the inflaton field.
This changes the magnetic decay from a magnetically to kinetically dominated one, which
is no longer fully controlled by the approximate magnetic helicity conservation. During the
reheating era, there is sustained driving of turbulent electromagnetic energy from the inflaton.
This modifies the inverse cascade and suppresses the forward cascade. Once the inflaton has
decayed, the electromagnetic energy can only decrease and the forward cascade is no longer
suppressed. This leads to a distinct change in the inverse cascade between the reheating and

subsequent radiation-dominated epochs.
(July 23, 2026)
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1 Introduction

Axion inflation provides a possible means of amplifying magnetic fields from quantum fluc-
tuations through the Chern-Simons coupling of a pseudoscalar axion-like field to gauge fields
[1-5]. Toward the end of inflation, Schwinger pair production leads to an electrically conduct-
ing plasma [6-9]. Viscous and resistive heating processes provide an early source of radiative
energy. During the reheating era, the decay of the inflaton contributes the main part of radia-
tive heating until the inflaton has fully decayed. By that time, the system is fully described by
the equations of magnetohydrodynamics (MHD), when the displacement current has become
unimportant.

Schwinger pair production leads to electric currents and a nonvanishing Lorentz force
that drives bulk motions in the plasma. Those motions are turbulent and affect the magnetic
field evolution. They produce not only an accelerated decay of the magnetic field, but they
can also transfer magnetic energy to progressively larger length scales [10]. This process of
turbulent decay has previously been studied either in isolation without the underlying mag-
netogenesis that produces the magnetic field [11-14], or under rather simplifying assumptions
about the emergence of a conducting plasma [15-18].

Here we study the MHD evolution of a radiation-dominated plasma in combination with
the magnetogenesis process. We do this by extending recent lattice simulations of Schwinger
currents in gauge-field preheating simulations [19]. In the present work, however, we include
the evolutionary equations for the plasma bulk motions and its viscous and resistive heatings
as well as the decay of the inflaton. To enable a broad exploration of relevant parameter
regimes, we focus here on two-dimensional simulations.

Our paper is structured as follows. We motivate our model in detail in section 2. In
particular, we discuss the flow of energies between the relevant energy reservoirs and state the
governing equations. In section 3, we present our results both visually in real space and in
terms of spectra, and compare models with different axion masses. We discuss the results in
an evolutionary diagram of characteristic comoving magnetic field strengths versus comoving
characteristic length scale. We conclude in section 5.

We use Planck units by setting G = h = ¢ = kg = 1. Electromagnetic quantities are
expressed in Lorentz-Heaviside units. We use comoving quantities for most fields, except for
the inflaton field. We denote all other physical fields with the superscript “ph”.

2 The model

2.1 Basic equations

In this paper, we couple the equations of axion inflation with those of magnetohydrodynamics
(MHD), which provides the relevant description of the plasma in the radiation dominated
era. We employ the conformal time 7 = [ d¢/a(t), where t is the cosmic time and a(t) is the
scale factor of the universe. It is convenient to work with comoving electric and magnetic
fields, E and B, respectively. They are related to the physical fields via E = a2Eph and
B = aQBph. Likewise, the comoving radiation energy density, p, which includes the rest mass
energy density, is related to the physical one via p = a4,oph. The comoving and physical bulk
velocities of the plasma are the same as the physical one and denoted by u (= upn). When
using comoving variables and conformal time, the scale factor drops out of the MHD equations



[10]. For the axion field, ¢, on the other hand, it is more convenient to work with the physical
field. We therefore drop the subscript “ph” on ¢. Thus, our full system of evolution equations
for ¢, E, B, u, p, and a is
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where H is the comoving Hubble parameter, I'y is the decay rate of the inflaton into photons,
J is the current density, « is the axion coupling constant, f is the axion decay constant, v
is the viscosity, S is the rate-of-strain tensor with the components S;; = (;u; + 0ju;)/2 —
0ijOkur /3, o is the electric conductivity, and m, is the axion mass. We solve these equations
together with a constitutive relation for J through an Ohm’s law and the axion potential V'(¢),
constraint equations for E and B, and the Friedmann equation relating the comoving Hubble
parameter H with the four energy densities in the Friedmann equation are [20]. Near the end
of inflation, V(¢) is well approximated by a quadratic potential. Thus, we have

V(g) = ymad?, (2.7)

J =op(E +ux B), (2.8)

V-E:—%B-ng, V.B=0, (2.9)
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H2 = (s + pis + P + ), (2.10)
(2.11)
where

po =3¢ +3(V9)?* +d’V(9), pp=E*/2, and pp=B*/2 (2.12)

The mean radiation energy density p is given by equation (2.5). There is also the mean kinetic
energy density,

prn = Zpu, (2.13)
but it does not constitute a separate entity in the Friedmann equation, because it is already

included as part of p in the 7% component of the energy-momentum tensor; but see ref. [21]
for subtleties regarding the 2/3 factor.

2.2 Flow of energy

The energy that leads to the establishment of a radiation-dominated universe with magnetic
fields at the end of inflation comes from the inflaton field ¢. The Chern-Simons coupling
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Figure 1. Flow of energy showing the sourcing of radiation energy density (p) through the decay of
inflaton energy density (pg), as well as the dissipation of electromagnetic and kinetic energy densities,

(pr + pp) and {pyin) , respectively.

o ¢/ F'F with the electromagnetic field tensor F and its dual F, which is here the pseudoscalar
¢, leads to an exponential growth of electric and magnetic fields. Those electromagnetic fields
then also drive plasma motions. As alluded to in the introduction, the plasma motions are
important for establishing an inverse cascade that leads to progressively larger length scales
of the magnetic field. The development of large length scales of the magnetic field is an
important property that is unique to MHD and is not found in purely hydrodynamic flows.
Large length scales help seeding the growth of astrophysical magnetic fields. There are also
lower and upper limits on such fields. Kiloparsec fields also facilitate their detectability using,
for example, radio waves |22]| and gamma rays |23]. The Schwinger current leads to resistive
and viscous heatings, which provide an early source of radiation energy density.

At the end of inflation, the inflaton itself decays into radiation and provides an even
stronger source of radiation energy density. All these processes are sketched in figure 1,
where (py) is the comoving mean energy density of the inflaton, —(a/f) (¢ B - E) is the
source term of electromagnetic energy from the conformal time derivative of the inflaton, ¢/,
(pE) = (E?/2) and (pg) = (B?/2) are the electric and magnetic energy densities that also
exchange energies among themselves through the term (B -V x E) until the conductivity
has become large enough and the magnetic energy density dominates over the electric energy
density. Next, (pkin) = %(pu2> is the mean kinetic energy density of an ultrarelativistic
plasma, sourced by the work done by the Lorentz force, (u - (J x B)). Both kinetic and
magnetic energies dissipate with the fluxes (2vpS?) and (J?/og) and contribute to reheating
the universe. However, most of the reheating comes from the decay of the inflaton with the
flux (o/f) (¢ B - E).

In earlier work [19], the symbol p, has been used for all the electromagnetically dissipated
energy, but part of this goes first into kinetic energy via the work done by the Lorentz force,
(u-(J x B)), before being dissipated viscously, while the other part goes directly into radiation
through resistive heating. In the MHD equations describing the radiation-dominated era of
the universe, the radiation energy density pyaq, which includes the rest-mass energy density



of the plasma, is analogous to the usual gas density in MHD [10]. To avoid excessive use of
the subscript “rad”, and to facilitate the similarity with the usual MHD equations, we omit
the subscript in the following and simply refer to it as p. Thus, we have p, = p + pyin for
all the electromagnetically dissipated energy. The reason for the 2/3 factor in the expression
for the kinetic energy is related to the 4/3 factor in equations (2.4) and (2.5); see ref. [21] for
details.

2.3 Inflaton evolution and decay

Dotting equation (2.1) with ¢/, volume averaging, and integrating by parts, we obtain

d{pg)
dr

a
f

We assume I'y = 0 prior to the end of inflation, which is marked by dH/dr = 0. After that
moment, we set I'y = 'y, where I'yg is taken to be an input parameter. By taking it to be
larger than the theoretical value [24, 25|, we can artificially reduce the transition time to a
radiation dominated era.

Once the system begins to enter the radiation-dominated era, the oscillations of ¢ become
progressively more rapid. This is because of the a? factor in front of the V(¢) term of the
evolution equation for ¢. Therefore, once the comoving value of the inflaton energy a4p¢
drops below a certain critical value, we set ¢ = 0 and omit its evolution equation from then
onward.

+ (2H + aTy)(¢*)/2 = (¢ E - B)/d?, (2.14)

Let us now discuss the momentum and continuity equations that describe turbulent
flow and which also make the magnetic field turbulent. The nonrelativistic limit has been
derived from the fully relativistic equations |10, 26|. The continuity equation for the comoving
radiation and energy density p also includes source terms from the decay from the decay of
the inflaton as well as resistive and viscous heatings.

2.4 Schwinger pair production

A crucial step in producing an MHD plasma from the vacuum left at the end of inflation is
the emergence of an electric current density through the Schwinger effect. The u x B term
results from the Lorentz boost to a rest frame. It corresponds to the electromotive force and
leads to a feedback of the plasma velocity onto the electromagnetic field. For op, we adopt
the prescription of ref. [27] with

(el@])’ 7 Bims
OB = "5 o By coth — ) (2.15)

see also refs. [28-30] for earlier work. Here, e is the gauge coupling constant and @ is the par-
ticle’s charge. In equation (2.15), the ratio |B|/|E| is at early times between 1/2 and 1, and
later much larger than unity. However, because of the additional 7 factor, the coth(w|B|/|E|)
factor is always approximately unity and can be omitted. Thus, we find that, to a good ap-
proximation, o ~ 0.004 x |B|/H in our units. This prescription therefore corresponds to an
Ohm'’s law with a conductivity that depends essentially only on |B| and H. In particular, it
does not depend on the axion mass or other parameters that we vary in this study. Further-
more, In earlier work, it was found in earlier work [19] that the results with spatially varying
and spatially uniform prescriptions are rather similar. Therefore, we use in the following the
prescription based on the rms values of E and B.



2.5 Induction equation

To obey V - B = 0 at all times, we write equation (2.3) in terms of the magnetic vector
potential A and solve the uncurled form of equation (2.3), which yields

0A

where B = V x A. For reasons that we explain below, we use the resistive gauge [31],
Ag=0,'V - A. (2.17)

This formulation has the computational advantage that in the high conductivity limit, when
the displacement current can be omitted, the uncurled induction equation attains a diffusion
operator in the form proportional to VZA.

Inserting equation (2.8) into equation (2.2) and solving for E, we have

aiE'i‘UEE—I-gV(;SXE:VXB—O'EUXB—Q(ZSB. (2.18)
or f f

The operator on the left-hand side can we written in matrix form as

~ME =u x B+o,' <?¢’B—V xB) , (2.19)
which has the components
Mij = (1 + 0518/67) 51’]’ — €k Ay (220)

with A = agl(a/f) V¢ being a vector with the components Ag, where k = 1, 2, and 3 are
the three spatial components. It is then also convenient to define a temporal component as
Ao = oz (a/f) ¢, so that we can write equation (2.16) in the form

A
% =ux B+ AB+0, V’A+R, (2.21)
-
where oF
R:A(uxB—i—AOB—aEleB)—i—aEla— (2.22)
T

is a rest term, A is a matrix with the components A;; = €;;, Ay. The minus sign on the
left-hand side of equation (2.19) has been applied in view of equation (2.16) and its role as
induction equation in MHD. The present form with the time derivative in M will be useful in
connection with magnetic helicity considerations.

2.6 Relevance of the displacement current

When the conductivity is large, the displacement current, and therefore the time derivative
in M, can be neglected. This is the case well after the end of inflation, when J has become
important. This is what we refer to as the strict MHD limit. In that case, the Ampére
equation for J can be written in the form

9¢

J:VxB-jj((%B+V¢xE>. (2.23)



Note, however, that this equation cannot be used as a prognostic equation, because it contains
the unknown E on the right-hand side. Therefore, we have to work with the inverse of M,
which has the components

(M_l)i]‘ = (6ij + €ijx Ak + AiAy) / det M, (2.24)

where det M = 1 + (V¢)? is the determinant of M. The induction equation can then be
written as

‘Z—A =M (uxB+AB -0,V xB). (2.25)
-

Equation (2.25) is similar to the induction equation with the chiral magnetic effect included
[32], and also similar to the induction equation in mean-field electrodynamics, where the term
¢’ acts as an « effect; see [33] for a more detailed comparison between those two. It turns out
that we can seamlessly switch from solving the combined equations (2.2) and (2.3) to solving
just equation (2.25) when op is large enough.

2.7 Model parameters

A crucial input parameter of a model is the inflaton mass m,. Here we compare our three
runs with In the present work, we vary the value of m, between 10~ and 107°. We note,
however, that there are tight upper limits on the value of m,.

The conductivity, as given by equation (2.15), can reach large values at late times. This
leads to the development of turbulence where magnetic dissipation occurs at very small length
scales that cannot be resolved with the limited number of mesh points.

For the viscosity, we fix the value of the magnetic Prandtl number, Pry; = vog. For all
our runs, we choose the values Pry = 1, 10, and 100. Likewise, we quantify the radiative
diffusivity  in terms of the Schmidt number, Sc = v/k.

2.8 Diagnostic quantities

Important insight into the evolution of the system is provided by time series of py, pE, pB,
p, and prin. We always show them as comoving quantities. We also study comoving energy
spectra. We define the spectrum of a scalar quantity v(x) as

Sp(u(x)) = 74 5k ? K2 Sy, (2.26)

where € is the solid angle in k space, denoted by a tilde. The spectrum of a vectorial
quantity as given by the sum of the spectra of it components. The comoving energy spectrum
of the inflaton is then given as

Ey(k,7) = 3a* [Sp(¢') + Sp(V¢) + a®maSp(¢)] . (2.27)
while the electric, magnetic, and kinetic energy spectra are given as
Ep(k,7) = 3Sp(E), Eg(k,7)=1Sp(B), and Euu(k,7) = 3(p)Sp(u). (2.28)

They Obeny¢(k,T) dk = <,0¢>, fEE(k,T) dk = <pE>, fEB(k,T) dk = <,OB>, and fEkin(k,T) dk =

(pxin). We also present the radiation energy variance spectrum as

Ep(k,) = [(p)/{p*)] Sp(p), (2.29)



which is thus normalized to obey [ E,(k,7)dk = (p).
In some cases, we also define helicity-like spectra. They are based on the product (or
dot product) of two quantities (v and v, say) and are written as

Sp(u(z), v(z)) = Re 7{ a* (k)5 (k) k2 dQy., (2.30)

Similarly to the energy spectra, they obey [ Sp(u,v)dk = (uv).
We characterize the resulting magnetic field by its integral scale defined as

En = /I{:_lEB(k,T) dk// kL Eg(k,7) dk, (2.31)

and the (nonrelativistic) Alfvén velocity va = Bims/+/(4/3)p, based in the rms magnetic
field. The level of turbulence is quantified by the Reynolds and Lundquist numbers,

Re = urmsém /v, Lu=wvaém/og, (2.32)

respectively.

We often present our results in terms of the number of e-folds of a after the end of
inflation. It is related given by the logarithm of a(7) and denoted as N = Ina —In aeng, where
In aepq is the value where H is maximum. For our runs with ¢y = 0.7, we have In aeng ~ 3.17.
This value is independent of the value of m,. Alternatively, we give the value of 7m, and
find that certain aspects of the results depend only mildly on the value of m,.

2.9 Initial conditions

Following earlier work [19], we choose our initial conformal time to be 79 = —H ™1, where
a(to) = 1 and H(7p) = (87/3) V(¢) a® with ¢y being the initial value of ¢. As in earlier
work, we choose ¢y = 0.7, which is appropriate for values of a// f below 90.

To compare models with different values of m,, we must adjust the size of the domain
correspondingly. Thus, the lowest wave number of the domain is chosen to be k; = 0.1 m, and
the initial position of spectral peak is taken to be k, = 50 m,. We also choose the value of Iy
to be a certain fraction of m, and take I'y, = 1073 my,. Finally, for numerical reasons, to avoid
initially infinite accelerations we limit the initial nominal value of Brns/,/p by beginning our
simulations with a finite initial value of p = pp. Since the magnetic and electric field strengths
scale quadratically with m,, and p scales with the fourth power of m2, and the initial value
of p is chosen to be pg = (0.1m,)* = 1074 mi. Thus, in practice, we use py = 10724 for
ma = 1075, pg = 10728 for m, = 1079, and py = 10732 for m, = 107 ".

2.10 Numerical aspects

We solve our system of equations with the PENCIL CODE [34], where all options for an efficient
solution of the axion inflation with subsequent MHD evolution have been included in its latest
version!. In particular, there are the options to turn on inflaton decay at the end of inflation,
Tend through a step function with an additional f(a) factor for a smooth transition,

Ly(N) =Tg00an (N = Nena), (2.33)

"https://github. com/pencil-code/pencil-code/
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where I'g is considered a free parameter, for which we study different values, independently of
the theoretical value of refs. |24, 25|, which also scales differently with m,. Here, we consider
values in the range 1078 < Ly < 107! and focus on the combinations Lpo/ma = 1073 and
10~%. Tt turns our that for small axion mass (m, = 10~7), a sudden jump in equation (2.33)
leads to numerical problems at N = Ngnq. We therefore smoothen the transition such that the
logarithm of I's(IV) varies linearly between a certain fraction (typically 10™%) of I'sy within
the interval AN.
min

At the end of reheating, which we determine through the condition pg < P with an

assumed minimal comoving energy density of the inflaton, pgﬂ“, we terminate the integration
of ¢ and set ¢ = 0 after that time. This alleviates the progressively more restrictive time step
constraint from the rapid inflaton oscillations.

We also choose a certain time, after which the displacement current is neglected. In
practice, we choose this time to be N = 2, i.e.; two e-folds of a after the end of inflation. This
alleviates the time step constraint for high conductivities, ot < aEl, when the displacement
current is still included. In practice, however, the times step constraint from ¢ is more
constraining and becomes even shorter until the end of reheating. There are a number of
other time step constraints. One of them is the Courant-Friedrich-Levy condition based on
the speed of light (which is unity), so §t < dz.

There are two more time step constraints. One of them results from the viscosity v and
the radiative diffusivity x, namely

61 < Cagdx?/ max(v, k). (2.34)

In the MHD regime, also the magnetic diffusivity ng imposes a similar constraint. Finally,
there is a constraint from the axion mass, i.e., 7 < Cym,. Thus, in summary, we have

47 < min (Cdiﬂcéxz/ max(v, k), ...) . (2.35)

3 Results

3.1 Evolution of energy densities

We begin by inspecting the evolution of the five energy reservoirs, (pg), (pE), (PB): (Pkin):
and (p). The case of a large axion mass is in some ways easier to understand and there are
fewer special effects that require discussion. This is probably related to the fact that in that
case, the energy densities of the different reservoirs entering in equation (2.10) are of similar
order of magnitude. We begin with the case with m, = 10™° and Iy = 1078, see figure 2. In
the beginning, the largest energy reservoir is (pe). It is responsible for driving H? itself, such
that equation (2.10) is obeyed.

As we have seen in section 2.2, the displacement current only plays a role during inflation
when it mediates the energy transfer from the axions field to the magnetic field. Before the
end of inflation, the electric energy gains from the axion term, (a/f)(¢'B - E), but suffer
losses from (B -V x B). Those losses directly feed the magnetic energy. Since Schwinger
currents are still negligible, the (J - E) term is still small.

Just after the end of inflation, the electric energy reaches a maximum and then declines;
see figure 3. By that time, the electric energy has sourced the magnetic field, and it has also
at the same time led to heating via the (J?/og) term and to driving kinetic energy through
the (u - (J x B)) term.
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Figure 2. Evolution of the five energy density in the model with m, = 107°. The yellow vertical
lines mark the end of inflation and the reheating interval. The blue vertical lines marks the beginning
of the MHD evolution without displacement current.

We see from figure 3 that heating is rather efficient before the end of inflation and lead
to a rapid growth with (p) oc exp(5N). This is true for all three values of m,. Note that the
mean kinetic energy density growth at about the same rate. Clearly, (p) cannot be sourced by
the axion field, so it can only grow because of the J? /o heating term. This changes only for
N > 0 when p can also grow because of the al'4(py) term. When that happens, pin continues
to grow, but then the contribution from Wi, has diminished, so it can only grow because of
radiative pressure driving through the term w - Vp. This obviously requires nonuniformities
of p, which can only be caused by the heating terms J?/og and 2vpS?. To quantify this, we
monitor the departures from the average through (p?)/{p)? — 1. The can also be seen from
the E,(k) spectra in figure 8.

Interestingly, the E,(k) and Eyiy (k) spectra have similar shapes at different times. This
suggests that there is indeed a strong coupling between p and py;, energy reservoirs, and that
pxin can indeed be driven through p from pg. The uniformity of the axion field is almost
entirely driven by fluctuation in B - E. This will be discussed next.

3.2 Driving gradients in p

The generation of gradients in p is significant, because p gradients can drive kinetic energy.
As alluded to above, the p gradients can be driven by p, gradients, which, in turn, are driven
by fluctuations in B - E. Since the energy in the ¢ field is much larger than that in E and
B, it is possible that there might be some amplification process through the ¢ field.

,10,
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Figure 3. Evolution of the five energy densities in the model with m, = 107°, 107, and 10~".

Note that the number of e-folds after the end of reheating is the same when I'y, scales
with m,. Specifically, we find that the end occurs for N ~ 6 when I'y = 10~3m, and for
N ~ 7 when I'y = 10~*m,. Therefore, also the Lundquist number increases. Eventually, Lu
exceeds the maximum value possible for a given resolution and we can no longer trust the
simulation.

In figure 14, we compare Run C with our usual value Pry; = 10 with one where Pry; = 1.
For Pryy = 1, we expect the kinetic energy dissipation to be lower. This can either lead to
a pile-up of kinetic energy or perhaps also to a reduced energy uptake by kinetic energy and
thereby to a larger electromagnetic energy. It turns out that the former is true, i.e., there
is a pile-up of kinetic energy owing to the reduced dissipation, and also a somewhat less
pronounced pile-up of magnetic fields.

3.3 Dependence on the axion mass

There is an interesting mismatch between the scaling of axion energy density, and radiation
energy density. While (py) is quadratic in ma, pp and pp are quartic in m,. The reason for
the former is evident from equation X.

Figure 4 shows that py scales with m?2

2 while p scales with m2. Interestingly, also pyin
is found to scale with m2, while pp and pg scale with m2; see figure 4, where we study the
scaling of the maxima of the various comoving energy densities with m,. Another important
constraint arises from the finite size of the computational domain. This limits the scale of

the magnetic field.

— 11 —
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Figure 4. Dependence of the maxima of the different energy densities as a function of m,.

Figure 5. Visualizations of J,(x,y, 1) for different values of m, and m,7 for Runs A (top row), C
(middle row), and E (bottom row). [AB: to add color bar.|

3.4 Late magnetic uprise for small axion mass

Comparing the magnetic field evolution for different values of m, in figure 3, we see that the
kinetic energy always exceeds the magnetic energy. However, for a small value of m,, this
difference increases. On the other hand, the magnetic energy now shows an increase toward
late times. This is a consequence of the work done against the Lorentz force.

An increased value of op reduces the resistive dissipation and, therefore, allows pp to
increase due to the continued work done against the Lorentz force.

3.5 Formation of coherent turbulence structures

At the end of inflation, the conductivity is already high enough to produce bulk motions
well before the end of reheating and the beginning of the actual radiation-dominated era.
This leads to turbulent motions, as can be seen from visualizations of J,; see figure 5. Here
we compare our three runs with m, = 10=7 (Run A), 107% (Run C), and 10~° (Run E).
Comparing Runs A and C, the images for times m,7 = 1 look similar, but the the result for
Run A at m,7 = 10 looks more similar to that for Run C at m,7 = 100.
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Figure 6. Parametric representations of B(7), {m(7), and B(7) vs. &m(7). The filled symbol marks
the end of reheating.
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Figure 7. Magnetic helicity evolution and balance between generation and dissipation terms
for Run C. Top: —(A - B)/2, bottom: sum of [d(B - (0(A + E)/dr)]/B2,, (solid black), just
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[d(A - B)/dr]/B2,. (dashed black), the red line shows —(a/f) (¢' B?)/ B2 ., and the blue line shows
—0,' (B-V x B)/B?

rms-*

3.6 Spectral evolution
3.7 Evolution of the magnetic length scale
3.8 Dependence on I'y

At early times, before the end of inflation, H increases and the comoving horizon scale de-
creases. After the end of inflation, the growth of a(7) slow down and H~!(7) increases o a'/2,
which is during the reheating era, and later o a(7), when the universe has become radiation
dominated. In figure 9, we compare the evolution of the comoving Hubble scale for different
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Figure 8. Diagnostic Bims(7) vs. &u(7) diagram (upper left) for Run A, along with spectra at the
five times marked in the diagnostic diagram with + signs for the same run as in figure 2. The first
three spectra show the decline of the inflaton field and the gradual built-up of an inertial range in the
magnetic energy spectrum (red), corresponding to the passage of the hook. At the last two times,
the peak of the spectrum moves further to toward low k. The subinertial range slope then becomes
shallower due to the finite length of the subinertial range available.

values of I'y and m,. Not surprisingly, a smaller value of I'y prolongs the reheating phase;
compare Runs A and B, and likewise Runs C and D. Note, however, that both Runs A and C
have the same duration of reheating, and so do Runs B and D, confirming that the duration of
reheating, ATyep, scales with m7 1. More specifically, we find that Aye ma (Tg/ma)'/? ~ 0.6-
0.8; see table 1.

3.8.1 Implications of a modified scaling of I';, with m,

In our present work, we focused on a linear scaling of I'y with m,. This is motivated by
the idea that we want to prevent the heating epoch to be too long in our model. This is
particularly important because of the time step constraint imposed by solving for ¢.

Using the expression of refs. [24, 25| implies that I'y would be smaller than our present
value of 10~*m, by another factor of mace/8f)% = (12.5 maa/ f)? ~ 1078 for m, = 1077, A
ten times smaller value of I'y prolongs to reheating phase by around AN ~ 1; see also table 1.

Empirically, we find that the reheating time is well approximated by the empirical ex-
pression ATyen ma (I'g/ ma)l/ 3~ 0.6-0.8. Thus, if we insert the theoretical scaling, we see
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Figure 9. Comparison of m,/H for Runs A and B with m, = 107° with 'y = 10~® (thin solid
red) and I'y, = 1079 (thick solid red), respectively, Runs C and D with m, = 107¢ with I'y = 107?
(thin dashed blue) and I'y = 1071° (thick dashed blue), respectively, and Run E with m, = 1077
with 'y, = 107! (thin dashed black). The corresponding vertical lines mark the end of reheating.

that ... becomes... Specifically, we find that ...

3.9 Changes in the electromagnetic energy balance

By taking the product of equation (2.2) with E, and of equation (2.3) with B, adding the
two equations, and averaging over our periodic volume, we obtain the equation for the elec-
tromagnetic energy balance,
d (E?+ B? o
CEAE)  SB B - (P for) ~ u- (T x B)). (3.1)

Table 1. Duration of reheating for different combinations of m, and I'y.

Run m, Iy Neeh ATeeh AToeh Ma  ATpen My (F¢/ma)1/3

A 107° 107% 6.2 8.1x10° 8.1 0.81
B 10° 1072 72 1.7x10 16.5 0.77
C 109 107 6.1 6.7x10 6.7 0.67
D 10% 10710 73 1.6x107 15.7 0.73
E 1007 107 58 55x10° 5.5 0.55
F 107 100" 72 15x108 14.8 0.69
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In figure 10, we compare the conformal time to derivative of (E%+4 B?)/2 with the three terms
on the right-hand side of equation (3.1). We see that, during inflation, the electromagnetic
energy increases, and its time derivative is essentially balanced by the axion term. During
the reheating phase, the electromagnetic energy changes very little, but the axion term is still
strong and is now balanced by dissipation (J?/cg). Some of the energy also goes into kinetic
energy via the work done by the Lorentz force, (u-(J x B)). Finally, at the end of the reheating
phase, there is no longer energy input from the axion field and the electromagnetic energy
can only decay. Thus, we have a balance between the time derivative of the electromagnetic
energy and the dissipation as well as work done by the Lorentz force.

Near the end of inflation, the growth of pgy is entirely balanced by —%(gf)’ B-E). It
reaches a maximum at N = 0.4, when pgp and pp are about equal and their sum balances
dpem/d7. [AB: This does not make sense sign wise. Expect dpgy/dr =0 at N = 0.4.]

After that time, dpgy/dr is mostly negative, while —%(qS’B -E) and (J?/og) display a
slow oscillatory decay and are mostly in phase. This remains true until the end of reheating,
when —%(qﬁ’ B - E) drops rapidly to zero, and Wiy, and Qy either approach each other (for
other large values of m,) or Wy, even exceeds Qu (for small values of my,).

The reason for the dominance of Wy, over @\ for small values of m, is probably related
to the relative dominant of the overall level of kinetic energy for small values of m,.

3.9.1 Possible sources of the late uprise of pp

For progressively smaller axion mass, there is the development of a clear uprise in pp at
N = 9-10. This time is well after the end of reheating, which is around N = 6. It is
also independent of numerical aspects, e.g. the value of Nypp, which we varied between
Nyvap = 1 and 8, the value of Pryy, etc). However, since Brys enters in the expression for
oE, it can cause some feedback, especially when m, is small. For small values of m,, H ™',
and therefore also o, increase, making this effect even more pronounced.

The strong uprise for small values of m, is followed by an equally enhanced decay. This
suggests that the increase in op first leads to an increase in pp, and then, as a consequence,
to a longer value of Wr,.

Interestingly, the late-time bump in pp does not lead to a pronounced feature in the
diagnostic Byms vs. &v diagram. This is because of a correspondingly small decrease of &y at
the same time.

3.9.2 Possible sources of the hook after reheating

At the end of reheating, there is another pronounced feature in the magnetic field evolution.
This time, it shows up quite clearly in the diagnostic Byys vs. & diagram, and hardly at all
in the individual evolutions of Byyms(N) and &(N). It corresponds to a small reduction in
&Em(N), while the decay of Byps(IN) remains stagnant for that duration. This happens right
after py has decayed. One might therefore be tempted to associate this with the loss of the
driving from the axion field. However, the axion field is already rather weak by that time, and
also the associated growth rate is almost negligible, so this possibly seems unlikely. Another
possibility is, again, related to the change in the conductivity. This is caused by the increase
in the slope of H~! from exp(N/2) to exp(N). To check this possibility, we have repeated
the simulations using. ...
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Figure 10.  Time dependence of (a) —%(¢'B - E) (red), (J?/og), and (u - (J x B)), and (b)
(A - B)/m3 for runs A, C, and E with 1024® mesh points. The o-run peaks at N = 9.5, and if it is
caused by the conductivity peak, why is this at N = 9.57

3.9.3 Dependent of the shape of the hook on the initial field strength

It runs out that the shape and extent of the hook in the diagnostic By vs. & diagram
depends on the value of the initial field strength. The hook represents a particular feature
in this diagram as the system changes from reheating to radiation dominance. As explained
above, it is associated with a sudden decrease in &yr, while By stays approximately stagnant.
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The dependence of this feature on the initial field strength is shown in figure 12.

We see that, as we increase the initial field strength, the sudden drop in the length
scale remains approximately unchanged, but the degree to which the field remains stagnant,
becomes even more pronounced. Conversely, as we decrease the initial field strength, the
value of B is no longer really stagnant, but also drops. In this sense, the hook is a feature
that is associated with a relative excess of magnetic energy. It also suggests that the system
needs to dispose of as it enters the radiation dominant phase.

3.10 Dependence on the value of Pry;

The value of Pry; parameterize our ignorance regarding the viscosity during Schwinger pair
production. We recall that we are not concerned here with the viscosity that is applied already
at the end of inflation and that is mainly needed for numerical reasons. As Schwinger pair
production proceeds, the newly created particles will exert some viscosity on the motions,
which has not been calculated yet.

In MHD, the viscosity has a similar effect on the velocity as the magnetic diffusivity, i.e.,
the inverse conductivity, has on the magnetic field. It smoothes out gradients in the velocity,
just like the magnetic diffusivity smoothes out gradients in the magnetic field. Their ratio is
the magnetic Prandtl number, Pry; = vog. We considered here the values Pry = 1, 10, and
100. The result is shown in figure 13.

In figure 13(a), we show how op changes as we change the value of Pry;. We see that
differences only emerge close to the end of reheating. Especially in the case when Pry; = 1,
the system develops in a somewhat more vigorous way and leads to slightly larger velocities
and thereby also to stronger magnetic fields.

This also has consequences for the conductivity itself, because it is proportional to
the magnetic field strength. This generally requires larger numerical resolution. At fixed
resolution, however, as shown in figure 13, the simulations for Pry; = 1 eventually diverges.

Conversely, at large values, for Pryy = 100, the system develops less vigorously and
reaches smaller velocities and smaller magnetic fields. Therefore, also the conductivity itself
does not grow as much.

Comparing the time evolutions of the various energy densities for different values of Pryy,
we see that the most pronounced change occurs when the magnetic field drops at around
N =9. For Pry; = 1, this drop is relatively strong in the magnetic field, and almost entirely
absent in the mean kinetic energy density.

3.11 Built-up of magnetic helicity

An important feature of action inflation is a generation of a helical magnetic field, i.e., (A -
B) # 0. This is significant once the conductivity is sufficiently large, because only then
(A - B) is approximately conserved when (pg) has become negligible.

For the purpose of extracting the magnetic helicity equation, we dot equation (2.22)
with B and obtain

%@4 B) =20y" ((AB?) — (B -V x B)) + Graraday + Grest (3.2)

where G paraday = 2(B - OE/OT) is a term resulting from the Faraday displacement current,
and Grest = (B - A(AgB?) — (B -V x B)) is a rest term. Both dissipation and generation
terms are proportional to 051, so they are only important for intermediate values of the
conductivity before it becomes high too high.
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Figure 11. Time dependence of work done against the Lorentz force (left) and magnetic energy
generation and dissipation (right) in red and black. [AB: Need a spectral version of the work term.]|

|[AB: The rest should go elsewhere, if at alll] For the evolution of the electromagnetic

energy, we have

1i<E2 + B?) = (—a

— 'B-E)—(J-E 3.3

= (BB~ (1-B)), (33)
The result is shown in figure 11 for Run A. It is particularly revealing to investigate the scale
dependence of the rhs by inspecting the shell-integrated spectrum

-5 (73), (%), 4

3.12 Spectra near the hook in the evolutionary track

The hook in the evolutionary track is related to the dissipation of the inflaton. However, other
than through the E - B backreaction term in equation (2.1), there is no direct connection
between inflaton and the magnetic field (this will be demonstrated later). To illuminate this
puzzle, we plot in figure 7?7 and figure 17 the spectra of electric and magnetic field, the bulk
velocity, the density variance, and Ey(k, 7) along with the diagnostic diagram where the times
of the spectra are indicated.

3.13 Inverse cascade during and after reheating

Both during and after reheating, we see clear signs of an inverse cascade. At the same time,
there is always also a forward cascade. The types of cascade behaviors can be presented in
four different phases. In the first phase, we see the build-up of magnetic energy at low wave
numbers; see figure 16. This phase is then ...

Loss of magnetic helicity.

Growth of og.
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Figure 12. Dependence of the strength of the hook on the initial field strength (varying by factors
0.2, 0.5, 1, 2, and 5) for different versions of Run A.

3.14 Evolution of conductivity

It turns out that in all runs, the value of o first decreases with time. This is mostly because
of the initial increase of H while B,n,s and Eyns stay approximately constant. After that, og
increases approximately quadratically with a. This is because of a similar increase of Byps.
At some time (7m, =~ 0.16), 7, reaches an initial peak, continues to oscillate for some time,
and then shows a continued increase owing to the increase of H~! o a.

Run ma
A 1le-5
B 1le-5
C 1le-6
D 1le-6
E 1le-7

erms
le-10
le-10
le-12
le-12
le-14

GamphO
le-8
le-9
le-9
le-10
le-11

numax run

2e4 Hbdm512alpf90_sigl_rho24_ampll_Gam8b’ & ml=le-5 ;(good, follow:
2e4 Hbdmb512alpf90_sigl _rho24_ampll Gam9b’ & m2=le-5 ;(good, agrees
2e4 Hbdnb512alpf90_sigOl_rho28_ampll_Gam9c’ & m3=le-6 ;(longer reheaf
2e4 Hbdnb512alpf90_sigOl_rho28_ampll_GamiOb’ & mé=1e-6 ;(longer rehe:
2e4 Hbdo512alpf90_sig001_rho32_ampll_Gamlic

In figure 18, we show that the inflaton spectrum is very small when the E- B backreaction
term in equation (2.1) is omitted, which is called the linear regime. This shows that when
this term is included, the inflaton spectrum is driven by the electromagnetic fields and cannot
itself drive or explain the evolution of the magnetic field. It is therefore also not directly
responsible for causing the hook.

The main change in the spectra both in the linear and the full....
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m, = 1077 and Pry; = 1 (blue), 10 (black), and 100 (red).
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Figure 14. Comparison between Pry; = 10 (left) and Pry = 1 (right). [AB: To add also Pry = 1]

3.15 Comparison with the conductivity of quark—gluon plasmas

The conductivity prescription of equation (2.8) was derived for a Schwinger pair plasma, which
is relevant to the era of reheating. It underestimates the number of species compared to a
quark—gluon plasma. At later times, when a quark—gluon plasmas has been fully established,
the prescription of equation (2.8) can no longer be relevant. Here we compare with the
conductivity prescription of ref. [35] that was derived for very hot plasmas.

According to eq. (1.10) of ref. [35], the conductivity of a quark—gluon plasma is given
by o = CT/(e?*Ine™!), where C' ~ 12 is a dimensionless coefficient and e = 0.303. We
estimate the temperature 7' from equation (2.10) by assuming that all the energy is given by
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Figure 16. Magnetic spectra in 4 groups.

(72/30) goT* using ge = 106.75.
The result is shown in figure 19 our models with m, = 107°, 1075, and 10~7. We see
that the value from eq. (1.10) of ref. [35] yields generally larger values after reheating, but
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Figure 17. Close-up of the evolutionary track near the hook together with spectra of electric (blue)
and magnetic field (red), bulk velocity (green), density variance (orange), and Ey(k, 7) (black solid),
as well as the contributions from (a?/2)Sp(¢’) (dotted black) and (a?/2)Sp(V¢) (dashed black). The
dominant contribution to Ey(k, 7) always comes from (a*/2)m,Sp(¢).
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Figure 18. Spectra similar to figure 17, but for a run without the E - B backreaction term in
equation (2.1). Note that the scale on the vertical axis has been extended to capture the comparatively
weak Ey(k,T) spectrum.

since they are decreasing with time, while those from equation (2.8) are increasing, the two
would cross at some point. This is the case at N ~ 8-10, depending on the value of m,. In
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Figure 19. Dependence of the comoving values of o from our model using equation (2.8) (dashed
lines) with eq. (1.10) of ref. [35] (solid lines) for m, = 107 (red lines), 10~¢ (black lines), and
10~7 (blue lines). Note that the value from eq. (1.10) of ref. [35] yields generally larger values after
reheating, but since they are decreasing with time, while those from equation (2.8) are increasing, the
two would cross at some point.

conclusion, one can say that, although the two formulae for op are very different from each
other, the resulting values are still surprisingly similar.

It also turns out that the case with m, = 10~7 is different in that op starts to increase
more sharply after the end of reheating than for the other two runs. This is a consequence of
the slight increase of the magnetic field in connection with the rather pronounced bump for
small values of m,,.

3.16 Lundquist and magnetic Reynolds numbers

The MHD evolution becomes highly nonlinear due to the growing dominance of the nonlinear
terms w X B in the induction equation and u - Vu in the momentum equation. Their
competition with the linear resistive and viscous terms is quantified by the Lundquist and
Reynolds numbers, respectively. Except for the early times, the Reynolds number and the
magnetic Reynolds number are related to each other through the prescribed magnetic Prandtl
number Pryy, i.e., Reyt = PryRe. In figure 20, we have plotted Lu and Rep;. We see that the
value of Lu is generally below 100, while Rey can reach much larger values between 10% and
10%.

In table 2, we summarize for these 3 runs the values of Lu and Rey;. For all three runs,
both values go through a minimum at N = 4, so we give the values of Lu and Rey; both at
N =4 and at N = 8, which is when the conductivity from eq. (1.10) of ref. [35] begins to
apply. We see that for m, = 1077, the values of Lu drop to rather low values below unity so
that magnetic helicity conservation becomes a poor assumption. Even for m, = 1075, Lu has
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Figure 20. Dependence of Lundquist and magnetic Reynolds numbers for m, = 107> (red lines),
10=5 (black lines), and 10~7 (blue lines).

Table 2. Summary of Lundquist numbers as well as kinetic and magnetic Reynolds numbers. The
parentheses indicate uncertainty.

Run  m, I'y Lu(N=4—8) Rem(N=4-—28)

A 107° 1078 60 — 700 100 — 1000
c¢ 1076 107° 5 — 120 100 — 1800
E 1077 10710 0.8 — 360 400(— 26000)
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Figure 21. Dependence of the instantaneous scaling exponents on N for m, = 1075 (red lines),
10=6 (black lines), and 10~7 (blue lines).

a minimal value of around 5. On for m, = 107°, we have Lu ~ 60, which is large enough so
that magnetic helicity becomes reasonably well conserved.

Generally, Lu is the largest when m, is the largest. This is because in Lu, the product
of va and op enters, and when vy is large, also o is large as a consequence. The situation
is different for Repyr. Although here too, o enters in the numerator, the value of Rey is the
largest for the smallest value of m,. This is caused by the large rms velocity, which retains
larger values as m, decreases. This is primarily a consequence of the quadratic scaling of pyin
with m,, as opposed to the quartic scaling of pp.

3.17 Origin of the late uprise of magnetic energy

The late uprise of the magnetic energy is likely caused by the rise in the conductivity, which
allows the plasma motions to amplify the magnetic field by stretching it. To understand
the origin of the late increase in the conductivity, we recall that op &~ 0.004 x |B|/H. The
local double-logarithmic slopes of Byn,s and 1/H are plotted in figure 21. At the beginning
of the radiation-dominated era (N = 6), we have 1/H ~ V. For Runs A, C, and E, we have
Bims ~ €918~ ¢792 and ~ 02 respectively. This corresponds to op ~ €28, ~ €09 and
~ e which is in good agreement with what is seen in figure 19.
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3.18 Dependence on the early value of the viscosity

As we have stated in the beginning, a certain viscosity is needed even in the beginning of the
simulation, when no plasma exists yet. However, it is not quite true that no plasma exists
yet, because even a very small value of the magnetic field produces a finite conductivity; see
equation (2.15) and the approximations o ~ 0.004 x |B|/H.

Therefore, the Lorentz force is nonvanishing and, especially for very small initial values
of the radiation energy density, the resulting acceleration per unit mass is large. To keep the
flow stable for a fixed resolution, some small viscosity is needed.

In figure 22, we show the time dependence of v normalized by m,, as well as u;ms together
with Fins and Byys. We see that the effect on Es and By is small, but the values of s
change more strongly in that small values of v result in larger velocities.

4 Saturation of the magnetic field

To investigate the mechanisms leading to magnetic field saturation, we can manipulate various
terms in the equations. We can study the response to op by reducing or enhancing the
prefactor in front of the expression for op.

4.1 Vorticity and kinetic helicity

Unlike kinetic energy production from potential energy, where the forcing is proportional
to the gradient of the gravitational potential (and therefore curl-free), the velocity from
magnetogenesis is likely to produce significant amounts of helicity.

Here, we quantify the amount of mean-squared vorticity production, (w?), where w =
V x w is the vorticity; see figure 15. We also expect the kinetic helicity density, (w - u), to
be different from zero

5 Conclusions

Our work has demonstrated an unexpected dominance of velocity fluctuations over the gen-
erated magnetic field fluctuations. This leads to faster decay laws of the magnetic field than
what was previously expected when the velocity field is small. The prospects of explaining
primordial magnetic fields from axion inflation remain difficult—at least for the parameters
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Figure 23. Decay for a 2D helical field without initial velocity field (red solid line) and with initial
velocity (red dashed line), and for a 2D nonhelical field without initial velocity field (blue solid line)
and with initial velocity (blue dashed line).

studied in this work, which confirms our earlier findings for axion inflation with Schwinger
pair production.

The conductivity of between 0.3 to 3 for o- and m-runs is not so large, but the magnetic
field is simply not larger enough to make the Lundquist number large enough. Note also that
the time derivative of B.ns peaks earlier than B itself.

Originally we had expected that op is always much larger than what is possible to
simulate numerically. While this may still well be true, it is not the case in our present
models. This might well be a consequence of the relatively weak magnetic fields that have
been obtained in our models.

A 1D, 2D, and 3D axion inflation with radiation
B Effect of initial velocity on 2D decay with helicity

In figure 23, we show the decay for 2D helical and nonhelical fields with and without initial
velocity fields. Regardless of the initial velocity field, the decay approaches the expected
VA X fl\_/[l/ ? law in the helical case, and the va o 51\_/[1 law in the strictly 2D nonhelical case.
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