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We study magnetogenesis in axionlike inflation driven by a pseudoscalar field ϕ coupled axially to the
electromagnetic (EM) field ðβ=MpÞϕFμνF̃μν with dimensionless coupling constant β. A set of equations for
the inflaton field, scale factor, and expectation values of quadratic functions of the EM field is derived.
These equations take into account the Schwinger effect and the backreaction of generated EM fields on the
Universe expansion. It is found that the backreaction becomes important when the EM energy density

reaches the value ρEM ∼ ð ffiffiffiffiffi
2ϵ

p
=βÞρinf (ϵ is the slow-roll parameter and ρinf is the energy density of the

inflaton) slowing down the inflaton rolling and terminating magnetogenesis. The Schwinger effect
becomes relevant when the electric energy density exceeds the value ρE ∼ α−3EMðρ2tot=M4

pÞ, where ρtot ¼
3H2M2

p is the total energy density and αEM is the EM coupling constant. For large β, produced charged
particles could constitute a significant part of the Universe energy density even before the preheating stage.
Numerically studying magnetogenesis in the α-attractor model of inflation, we find that it is possible to
generate helical magnetic fields with the maximal strength 10−15 G, however, only with the correlation
length of order 1 pc at present.
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I. INTRODUCTION

Recently magnetic fields with very large coherence
scale λB ≳ 1 Mpc were detected in cosmic voids through
the gamma-ray observations of distant blazars [1–5].
Combining the corresponding results with the data of
the cosmic microwave background (CMB) [6–10] and
ultra-high-energy cosmic rays [11] observations constrains
the strength of these fields to 10−18 ≲ B≲ 10−9 G. It is
well known also that magnetic fields are present on much
smaller scales in the Universe [10,12–18], including
galaxies and clusters of galaxies. Observed intergalactic
magnetic fields may be of either astrophysical or primordial
origin and both magnetogenesis scenarios are currently
under active consideration and study. Although astrophysi-
cal mechanisms based on the Biermann battery [19–21]
have been proposed to generate the “seed” magnetic fields
and various types of dynamo can enhance them [22–25], it
is problematic to use these mechanisms for the generation
of magnetic fields with very large correlation length in
cosmic voids indicating on the primordial origin of these
magnetic fields. Clearly, this opens an intriguing possibility
to obtain important information on the physical processes

in the early Universe and poses the problem of how these
fields were generated.
One of the natural mechanisms of primordial magnetic

field generation is connected to the phase transitions in
the early Universe. However, although they may lead to
magnetic fields of the necessary strength [26–31], the
coherence length is determined by the horizon size at the
moment of phase transition and is much less than Mpc
today. On the other hand, the inflationary magneto-
genesis [32,33] can provide the necessary seeds for the
observed magnetic fields and attain very large coherence
length.
In order to generate electromagnetic (EM) fields during

inflation, the conformal invariance of Maxwell’s action
should be broken because fluctuations of the EM field are
not enhanced in conformally flat inflationary background
[34]. The conformal invariance can be broken by intro-
ducing the interaction of EM fields with scalar or pseu-
doscalar inflaton field or with the curvature scalar (see the
pioneering works of Refs. [32,33,35,36]).
Inflationary magnetogenesis typically faces a backreac-

tion problem which can put strong constraints on the
parameter space of the model [37]. Usually in the study
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of inflationary magnetogenesis, one solves first the equa-
tions governing the evolution of the inflaton field and the
scale factor and then determines generated EM fields.
However, such an approach is possible only if generated
fields are weak enough not to influence the background
evolution. In the opposite case, one has to take into account
generated EM fields self-consistently and solve all equa-
tions of motion simultaneously. Clearly, this makes the
problem of inflationary magnetogenesis much more com-
plicated. Moreover, the backreaction of EM fields can
modify the inflaton dynamics, change the Universe expan-
sion, and make an impact on the spectrum of primordial
perturbations. In our previous work [38], we considered the
case of kinetic coupling between the scalar inflaton field
and the EM field introduced by Ratra [33] and revisited
many times in the literature [37,39–47] and showed that the
backreaction of generated electric fields is indeed very
important because it strongly suppresses magnetogenesis.
Because of the Schwinger effect [48] the generated

electric fields can spontaneously create from vacuum the
pairs of charged particles. The simplest case of pair creation
in a constant and homogeneous background electric field
in de Sitter space-time was investigated by many authors
[49–62], where different space-time dimensions and the
various types of charge carriers were considered. However,
the case of a constant electric energy density is unphysical
because maintaining this regime would require the existence
of ad hoc currents that could violate the second law of
thermodynamics [63]. Nevertheless, the expressions for the
Schwinger current derived in this approximation have the
same functional dependence as in a time-dependent electric
background in the strong-field regime [64].
It should be noted that the cosmological Schwinger

effect contains interesting features [49,54,55,59,60] that are
absent in its flat-space counterpart such as (i) the infrared
hyperconductivity in the bosonic case when the conduc-
tivity becomes very large in the limit of a small mass of
charged particles and (ii) the negative conductivity in
the weak field regime eE ≪ H2 which can, in principle,
lead to the enhancement of the electric field [61]. However,
the definition of a finite part of the induced current is
ambiguous and depends on the subtraction scheme. Thus,
the negative conductivity is rather speculative [59,60] and
may be an artifact of the used subtraction scheme.
Moreover, in Ref. [65] it was shown that the negative
contribution to the conductivity is due to the nonlinear
corrections to the Maxwell action and the logarithmic
running of the coupling constant. Therefore, it cannot lead
to any enhancement.
In this paper we consider the axial coupling of the

EM field to a pseudoscalar inflaton field via the term
IðϕÞFμνF̃μν (here F̃μν is the dual EM tensor) taking into
account the Schwinger effect and the backreaction of
generated EM fields on the background evolution. In the
case of the kinetic coupling model [38,42], the electric

component dominates the EM energy density causing strong
backreaction and spoiling magnetogenesis. Therefore, the
kinetic coupling model is unfavorable in contrast to pseu-
doscalar inflation [66]. Magnetogenesis in the latter model is
promising because it generates helical magnetic fields
[35,66–75] which are more stable against dissipation and,
in addition, their coherence length can be further increased
due to the inverse cascade process [76–82] in the chiral
primordial plasma. Since electric fields are also generated
in this model, the pair production due to the Schwinger
effect may become important and affect magnetogenesis.
The same applies to the backreaction problem due to
generated EM fields [35,66–74,83–87]. This means that
both the Schwinger effect and backreaction of EM fields
should be taken into account in the study of magnetogenesis
in pseudoscalar inflation.
Since the pseudoscalar inflation model looks promising

(pseudoscalar field may appear also as a Kalb-Ramond
axion in string theory inspired models [88,89]), this
provides the main motivation to extend our approach
developed in [38] to the case of pseudoscalar inflation
magnetogenesis. Since it is quite costly computationally to
solve directly the equations for the EM field for each mode,
our approach in Ref. [38] was connected with the derivation
of a self-consistent set of equations for the electric field
energy density, scale factor, and inflaton field taking into
account the pair production due to the Schwinger effect.
Perhaps not surprisingly, the implementation of this
approach for magnetogenesis in the pseudoscalar inflation
model turned out to be quite difficult. First of all, since
the axial coupling involves the scalar product E ·B of
electric and magnetic fields, it is immediately clear that the
function E · B should be necessarily taken into account
in addition to the electric field energy density ρE ¼ E2=2.
Unfortunately, this strongly complicates the analysis
because then the self-consistency of equations for the
EM field requires the introduction of new quadratic
functions of electric and magnetic fields with additional
spatial curls. Therefore, the corresponding system of
equations governing the evolution of the EM field is
not closed, and one has to use certain physically reason-
able approximations which make it possible to close the
system.
This paper is organized as follows. We formulate a self-

consistent system of equations that govern the joint
evolution of the scale factor, inflaton field, and quadratic
functions of the EM field in Sec. II, taking into account the
backreaction of generated fields and the Schwinger effect.
In Sec. III, we derive the explicit form of the boundary
terms in the Maxwell equations which describe the quan-
tum-to-classical transition for modes undergoing the
tachyonic instability during inflation. Section IV is devoted
to the determination of initial conditions for the EM field
which should be imposed far from the end of inflation in
order to study the system numerically. In Sec. V we analyze
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the conditions when the Schwinger effect becomes impor-
tant and affects magnetogenesis. Section VI explains the
approximation scheme which allows one to truncate the
infinite system of equations and contains the numerical
results in the α-attractor inflationary model. The postinfla-
tionary evolution of generated magnetic fields is described
in Sec. VII, where the present day values of the magnetic
field strength and correlation length are determined.
Finally, the summary of our work is given in Sec. VIII.
Some technical details of the derivation of the initial
conditions are given in Appendix A. We use in this paper
the natural units and set ℏ ¼ c ¼ 1.

II. EVOLUTION EQUATIONS

We consider a spatially flat Friedmann-Lemaître-
Robertson-Walker (FLRW) Universe with metric

gμν ¼ diagð1;−a2;−a2;−a2Þ; ffiffiffiffiffiffi
−g

p ¼ a3: ð1Þ

In order to study magnetogenesis in pseudoscalar inflation,
we use the following action for the inflaton field ϕ and the
EM 4-potential Aμ:

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

2
∂μϕ∂μϕ − VðϕÞ − 1

4
FμνFμν

−
1

4
IðϕÞFμνF̃μν þ LchargedðAν; χÞ

�
; ð2Þ

where VðϕÞ is the effective potential of the inflaton, IðϕÞ is
a coupling function, and F̃μν ¼ 1

2
ημνλρFλρ is the dual EM

tensor. In addition, ημνλρ ¼ εμνλρ=
ffiffiffiffiffiffi−gp

, where εμνλρ is the
totally antisymmetric Levi-Civita symbol with ε0123 ¼ þ1
and LchargedðAν; χÞ is a gauge-invariant Lagrangian of a
charged field χ interacting with the EM field Aμ. The
charged field χ is a generic field which could stand for a
boson or fermion field as well as for any collection of them.
It can, in principle, interact also with the inflaton directly.
This interaction is crucial during the preheating stage
because it determines the production of charged particles
by the quickly oscillating inflaton. However, particle
production is not effective during the slow-roll inflation
because the inflaton field changes adiabatically slowly.
Since the preheating stage lies beyond the scope of our
paper, we will neglect the interaction between χ and ϕ.
Since FμνF̃μν is a pseudoscalar, in order to preserve the

parity symmetry the coupling function of the pseudoscalar
inflaton field ϕ with FμνF̃μν should be odd, Ið−ϕÞ ¼
−IðϕÞ. In this paper, we consider the simplest axial
coupling function linear in ϕ

IðϕÞ ¼ β
ϕ

Mp
; ð3Þ

where Mp ¼ ð8πGÞ−1=2 ≈ 2.4 × 1018 GeV is the reduced
Planck mass and β is a dimensionless coupling constant.
The Euler-Lagrange equations corresponding to action

(2) and the Bianchi identity have the form

1ffiffiffiffiffiffi−gp ∂μ½
ffiffiffiffiffiffi
−g

p
gμν∂νϕ� þ

dV
dϕ

¼ −
1

4
I0ðϕÞFμνF̃μν; ð4Þ

1ffiffiffiffiffiffi−gp ∂μ½
ffiffiffiffiffiffi
−g

p
Fμν� þ I0ðϕÞF̃μν∂μϕ ¼ −jν; ð5Þ

1ffiffiffiffiffiffi−gp ∂μ½
ffiffiffiffiffiffi
−g

p
F̃μν� ¼ 0; ð6Þ

where

jμ ¼ ∂LchargedðAν; χÞ
∂Aμ

¼ ðn; jÞ ð7Þ

is the electric four-current. The right-hand side of Eq. (4)
could be neglected if the generated fields are weak. If they
are not, then the backreaction of these fields on the
background evolution should be taken into account and
a self-consistent system of equations should be solved.
According to the first Friedmann equation, the expansion

rate of the FLRW Universe is described by the 00
component of the stress-energy tensor. In the case under
consideration, the latter is given by

Tμν ¼
2ffiffiffiffiffiffi−gp δS

δgμν
¼ ∂μϕ∂νϕ−gλρFμλFνρ−gμνL0þTðchargedÞ

μν ;

ð8Þ

where L0 ¼ 1
2
ð∂ϕÞ2 − VðϕÞ − 1

4
FμνFμν and TðchargedÞ

μν des-
cribes the contribution due to the charged field χ. Notice
also that the axial coupling term does not contribute to
the energy-momentum tensor because it does not depend
on metric.
It is convenient to use the Coulomb gauge for the EM

field Aμ ¼ ð0;AÞ, where divA ¼ 0. Then electric and
magnetic fields are defined as follows:

E ¼ −
1

a
_A; B ¼ 1

a2
rotA; ð9Þ

where aðtÞ is a scale factor of the FLRW background. The
components of the EM tensors are expressed through the
electric and magnetic fields as usual

F0i ¼ 1

a
Ei; Fij ¼ a2εijkBk;

F̃0i ¼ 1

a
Bi; F̃ij ¼ −a2εijkEk; ð10Þ

where εijk is the three-dimensional Levi-Civita symbol and
the Latin indices i, j, k on the right-hand side denote the
components of 3-vectors. We would like to note that the
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electric and magnetic fields defined in Eqs. (9) and (10) are
physical fields measured by a comoving observer.
We will assume that the inflaton field is spatially homo-

geneous (the question whether perturbations of metric and
the inflaton can always be neglected in the study of magne-
togenesis is important and deserves a separate investiga-
tion). Then the energy density reads as

ρ¼
�
1

2
_ϕ2þVðϕÞ

�
þ1

2
hE2þB2iþρχ ¼ ρinf þρEMþρχ ;

ð11Þ

where ρinf and ρχ are the energy densities of the inflaton
and charged particles produced by the Schwinger effect,
respectively. Since EM fields are generated through the
enhancement of quantum fluctuations, their energy density
ρEM ¼ 1

2
hE2 þ B2i is given by the expectation value of the

corresponding operator.
The Friedmann, Klein-Gordon-Fock (KGF), and

Maxwell equations define the following closed system of
dynamic equations:

H2 ¼ 1

3M2
p
ðρinf þ ρEM þ ρχÞ; ð12Þ

ϕ̈þ 3H _ϕþ dV
dϕ

¼ I0ðϕÞhE ·Bi; ð13Þ

_Eþ 2HE −
1

a
rotBþ I0ðϕÞ _ϕB ¼ −aj; ð14Þ

_Bþ 2HBþ 1

a
rotE ¼ 0; ð15Þ

divB ¼ 0; divE ¼ 0: ð16Þ
We express the current j of charged particles in terms of the
generalized conductivity σ

j ¼ 1

a
σE: ð17Þ

The electric and magnetic fields are vector quantities and,
in addition to the absolute value, are characterized by the
direction. Since these fields are generated from quantum
fluctuations, they are chaotically oriented. Operating with
such vector objects is inconvenient. Even more crucially,
solving the system of equations (12)–(16) requires determin-
ing the dependence of electric and magnetic fields on spatial
coordinates that makes numerical calculations very demand-
ing. Therefore, we generalize our approach inRef. [38] to the
case of the pseudoscalar inflation model and introduce the
following expectation values of scalar quadratic functions of
electric and magnetic fields:

EðnÞ ¼ 1

an
hE · rotnEi; ð18Þ

GðnÞ ¼ −
1

an
hE · rotnBi; ð19Þ

BðnÞ ¼ 1

an
hB · rotnBi; ð20Þ

where n ¼ 0; 1; 2;…. Note that we consider quadratic
correlators of electric and magnetic fields and spatial
derivatives of the latter through curls because the Maxwell
equations (14) and (15) contain spatial derivatives of electric
and magnetic fields only in the form of curls. As we will see
below, the functions with n > 1 are considered because the
evolution equations for the expectation values with n ¼ 0
and n ¼ 1 do not form a closed system. Finally, we would
like to note that the position of curl acting on the first or the
second multiplier does not matter in view of the identity

hrotf · gi − hf · rotgi ¼ divh½f × g�i ¼ 0;

because the expectation value h½f × g�i does not depend on
the spatial coordinates.
In fact, functions (18)–(20) for n ¼ 0 are related to

the well-known characteristics of the EM field. Indeed,
Eð0Þ=2 ¼ ρE and Bð0Þ=2 ¼ ρB are the electric and mag-
netic field energy densities, respectively. Further, Gð0Þ ¼
−hE ·Bi is an important quantity which depends on helical
properties of the EM field and determines its backreaction
on the inflaton. Moreover, the quantity Bð−1Þ defines the
magnetic helicity [we treat the quantity rot−1B in Eq. (20)
for n ¼ −1 simply as a−2A in accord with Eq. (9)]

Bð−1Þ ≡H ¼ 1

a3
hA · rotAi ¼ 1

a
hA · Bi; ð21Þ

which is crucial for the postinflationary evolution of the
magnetic field.
The Maxwell equations (14) and (15) relate the time

derivatives of the electric and magnetic fields to their spatial
derivatives (curls). Therefore, the evolution equation for
any function (18)–(20) always contains a function with one
additional spatial curl. This results in an infinite chain of
equations for the functions of different order. Indeed, by
using Eqs. (14) and (15), we find

_EðnÞþ½ðnþ4ÞHþ2σ�EðnÞ−2I0ðϕÞ _ϕGðnÞþ2Gðnþ1Þ ¼½ _EðnÞ�b;
ð22Þ

_GðnÞ þ ½ðnþ 4ÞH þ σ�GðnÞ − Eðnþ1Þ þ Bðnþ1Þ − I0ðϕÞ _ϕBðnÞ

¼ ½ _GðnÞ�b; ð23Þ

_BðnÞ þ ðnþ 4ÞHBðnÞ − 2Gðnþ1Þ ¼ ½ _BðnÞ�b: ð24Þ

We introduced also extra terms on the right-hand side of
the above equations. The reason for their appearance is the
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following. Electromagnetic fields are generated from quan-
tum fluctuations and can be treated classically only after the
corresponding modes exit the horizon [90] and undergo the
tachyonic instability [see the corresponding discussion
after Eq. (39)]. Therefore, the number of modes, which
undergo enhancement, changes as the inflation goes on.
This leads to additional (boundary) terms in the equations
of motion (22)–(24).
Adding Eqs. (22) and (24) for n ¼ 0 and dividing them

by 2, we obtain the equation governing the evolution of the
EM energy density

_ρEM þ 4HρEM þ 2σρE ¼ I0ðϕÞ _ϕGð0Þ þ ½_ρEM�b: ð25Þ
The term 2σρE on the left-hand side of Eq. (25) describes
the dissipation of the EM energy density due to the
Schwinger effect. It will be considered in more detail in
Sec. V. The first term on the right-hand side corresponds to
the energy density transfer from the inflaton to the EM field
due to the axial coupling between them. Obviously, the
energy transfer term enters the equation for the inflaton
energy density evolution with the opposite sign [this
equation can be obtained from Eq. (13) multiplying it
by _ϕ]

_ρinf þ 3Hðρinf þ pinfÞ ¼ −I0ðϕÞ _ϕGð0Þ; ð26Þ

where ρinf ¼ _ϕ2=2þ VðϕÞ and pinf ¼ _ϕ2=2 − VðϕÞ.
In contrast to the case of the kinetic coupling model

studied in Ref. [38], Eq. (25) for the evolution of the EM
energy density and the KGF equation (13) do not form a
closed system of equations because they contain a new
quantity Gð0Þ ¼ −hE ·Bi. Equation (23) for Gð0Þ, in turn,
contains the higher-order functions Eð1Þ and Bð1Þ. Clearly,
this generates an infinite chain of equations and we need to
impose some additional approximations in order to termi-
nate it. Our approximation scheme will be discussed in
Sec. VI. As to the boundary terms on the right-hand side of
Eqs. (22)–(24), their explicit expressions will be considered
in Sec. III.
Before closing this section, let us estimate the value of

the EM energy density when the backreaction becomes
relevant. For this purpose, we consider Eq. (13) with the
coupling function (3) and compare the potential term V 0ðϕÞ
which determines the slow rolling of the inflaton with the
term on the right-hand side of the KGF equation. Previous
numerical studies of magnetogenesis in pseudoscalar infla-
tion [84,86] found that the electric and magnetic fields
make comparable contributions to the energy density, i.e.,
ρE ∼ ρB (this is in contrast to the kinetic coupling model
where the electric component strongly dominates over the
magnetic one, see, e.g., Refs. [37,38,41,42,45]). Therefore,
we can estimate the scalar product E ·B as follows:

jGð0Þj ∼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eð0ÞBð0Þ

p
¼ 2

ffiffiffiffiffiffiffiffiffiffi
ρEρB

p
∼ ρEM: ð27Þ

Consequently, the backreaction becomes important when
the EM energy density reaches the value

ρEM ∼
Mp

β
jV 0ðϕÞj ∼

ffiffiffiffiffi
2ϵ

p

β
ρinf ; ð28Þ

where

ϵ ¼ M2
p

2

�
V 0
ϕ

V

�
2

ð29Þ

is the slow-roll parameter and we used the fact that
ρinf ≈ VðϕÞ in the slow-roll regime ϵ ≪ 1. Since the typical
value of the coupling constant, for which the backreaction
can take place during inflation, equals β ∼ 10 (see, e.g.,
Refs. [84,86]), we conclude that the corresponding EM
energy density is a few orders of magnitude less than that of
the inflaton. This means that generated EM fields affect
primarily only the evolution of the inflaton field while
contribute to the Friedmann equation only indirectly,
through the inflaton. It is worth noting that the same
picture holds also for the kinetic coupling model [38,42].

III. BOUNDARY TERMS

In this section, we determine the boundary terms for the
Maxwell equations (22)–(24), which describe the quantum-
to-classical transition for the modes crossing the horizon.
For this, we should consider the quantized EM field. There
is, however, one complication connected with the pair
production of charged particles by the classical electric
field due to the Schwinger effect. The current of these
particles backreacts on the EM field evolution making it, in
general, nonlinear. However, in order to define the boun-
dary terms, we will neglect the Schwinger effect. This is
possible because the boundary terms are important during
the early stages of inflation when the EM field is weak and
each new mode crossing the horizon makes a notable
contribution. Later, when the EM field is strong and a lot of
modes are outside the horizon, the contribution due to new
modes crossing the horizon is negligible. Vice versa, the
Schwinger effect is negligible at the beginning of inflation
and becomes important only close to the end of inflation
when the generated electric field becomes strong.
Therefore, the boundary term could be derived neglecting
the Schwinger effect and the Schwinger current can be
added phenomenologically in the final system of equations.
In the Coulomb gauge, the EM vector-potential operator

can be decomposed over a set of creation or annihilation
operators of two transverse polarizations

Âðt;xÞ ¼
Z

d3k

ð2πÞ3=2
X
λ¼�

fελðkÞb̂λ;kAλðt;kÞeik·x

þ ε�λðkÞb̂†λ;kA�
λðt;kÞe−ik·xg; ð30Þ
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where ελðkÞ are two circular polarization 3-vectors, which
satisfy the following conditions:

k · ελðkÞ ¼ 0; ε�λðkÞ ¼ ε−λðkÞ;
½ik × ελðkÞ� ¼ λkελðkÞ; ε�λðkÞ · ελ0 ðkÞ ¼ δλλ0 : ð31Þ

The creation or annihilation operators have the standard
commutation relations

½b̂λ;k; b̂†λ0;k0 � ¼ δλλ0δ
ð3Þðk − k0Þ: ð32Þ

Substituting decomposition (30) into Eq. (14) we find the
following equation governing the evolution of the mode
function:

Äλðt;kÞ þH _Aλðt;kÞ þ
�
k2

a2
− λ

k
a
2ξH

�
Aλðt;kÞ ¼ 0 ð33Þ

or in conformal time η ¼ R
t dt0=aðt0Þ,

A00
λðη;kÞ þ ½k2 − 2λkξaH�Aλðη;kÞ ¼ 0; ð34Þ

where we introduced the parameter

ξ ¼ 1

2

I0ðϕÞ _ϕ
H

¼
_I
2H

¼ β _ϕ

2MpH
: ð35Þ

In order to define the unique solution of Eqs. (33) or (34),
we chose the initial conditions for the mode function as
those in the Bunch-Davies vacuum [91] (see the corre-
sponding discussion in Sec. IV)

Aλðη; kÞ ¼
1ffiffiffiffiffi
2k

p e−ikη; kη → −∞: ð36Þ

Inspecting Eq. (33), we note that the tachyonic instability
takes place for the modes with helicity λ ¼ signðξÞ and
k=ðaHÞ ≲ 2jξj and one can expect the exponential ampli-
fication of these modes. As was mentioned above, the
number of such modes changes in time. To derive the
explicit expressions of the boundary terms we need to
express Eqs. (18)–(20) in terms of the Fourier modes of the
EM field. Using decomposition (30) and taking into
account that only one polarization with λ ¼ signðξÞ under-
goes enhancement, we obtain

EðnÞ ¼
Z

kc

0

dk
k
λn

knþ3

2π2anþ2

��� d
dt

Aλðt; kÞ
���2; ð37Þ

GðnÞ ¼
Z

kc

0

dk
k
λnþ1

knþ4

4π2anþ3

d
dt

jAλðt; kÞj2; ð38Þ

BðnÞ ¼
Z

kc

0

dk
k
λn

knþ5

2π2anþ4
jAλðt; kÞj2; ð39Þ

where kc ¼ 2jξjaH is the critical momentum for which
the instability occurs. The upper integration limit in
Eqs. (37)–(39) is defined by kc because subhorizon modes
have an oscillatory behavior and should be regarded as
quantum fluctuations. Therefore, such modes do not
contribute to the classical observables (18)–(20) and are
excluded from the integration. Throughout the paper, we
refer to a mode as subhorizon if its momentum is larger
than the critical one k > kc [its wavelength is smaller than
the effective horizon size 1=ð2jξjHÞ] and superhorizon in
the opposite case.
In order to derive the boundary term, we note that

Eq. (34) by using the replacements

η ↔ x; k2 ↔
2mE
ℏ2

;

2aðηÞHjξjk ↔
2mVðxÞ

ℏ2
; Aλ ↔ Ψ;

can be rewritten in the form of the Schrödinger equation

d2Ψ
dx2

þ 2m
ℏ2

ðE − VðxÞÞ ¼ 0: ð40Þ

For modes with momentum k ≪ kc, one can apply the
Wentzel-Kramers-Brillouin (WKB) approximation and
find the following approximate solution of Eq. (34) with
the boundary conditions (36):

Aλðk; ηÞ ≃
1ffiffiffiffiffiffiffiffiffiffiffi
2p=ℏ

p exp

�
−
i
ℏ

Z
η
pðη0Þdη0

�
; ð41Þ

where p
ℏ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − 2aHjξjk

p
. This solution is applicable

when

���� ddη ℏp
���� ≈ ðaHk Þ2jξj

ð1 − 2jξj aHk Þ3=2
≪ 1: ð42Þ

Here only the scale factor a has been differentiated as the
fastest varying quantity.
By using k ¼ 2jξjaHð1þ δÞ, we obtain that the semi-

classical solution (41) is applicable for

δ3=2ð1þ δÞ1=2 ≫ ð4jξjÞ−1: ð43Þ

Clearly, the semiclassical approximation fails when the left-
hand and right-hand sides in the above inequality are
approximately equal. A solution of the corresponding
equation can be easily found in the two limiting cases
jξj ≫ 1 (δc ≃ ½4jξj�−2=3) and jξj ≪ 1 (δc ≃ ½4jξj�−1=2) and
then fit to the exact solution with accuracy better than 3%
for all values of ξ by the following function:
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δc ≃ ð4jξjÞ−1=2½1þ ð4jξjÞ2=3�−1=4: ð44Þ

As usual, the WKB method is inapplicable near the
“classical turning point” k ¼ kc. Still we can approximate
the value of Aλðt; kcÞ by its value at the boundary of validity
of the semiclassical approximation at a slightly larger
momentum kcð1þ δcÞ. Using Eqs. (41), (43), and (44),
we have

jAλðt; kcÞj2 ≈
1

2kc
½δcð1þ δcÞ�−1=2 ¼

1

2kc
QðjξjÞ; ð45Þ

j _Aλðt; kcÞj2 ≈
1

2kc

k2c
a2

½δcð1þ δcÞ�1=2 ¼
1

2kc

k2c
a2

1

QðjξjÞ ; ð46Þ

d
dt

jAλðt; kcÞj2 ≈
1

2kc

kc
a

1

4jξj
1

δ3=2c ð1þ δcÞ1=2
¼ 1

2kc

kc
a
; ð47Þ

where QðjξjÞ ¼ 4jξjδc ≈ ð4jξjÞ1=2½1þ ð4jξjÞ2=3�−1=4. Then
the boundary terms equal

½ _EðnÞ�b ¼ λn
knþ3
c

2π2anþ2
j _Aλðt; kcÞj2

d ln kc
dt

≃
H
4π2

ð2HξÞnþ4
1

QðjξjÞ ; ð48Þ

½ _GðnÞ�b ¼ λnþ1
knþ4
c

4π2anþ3

d
dt
jAλðt;kcÞj2

d lnkc
dt

≃
λH
8π2

ð2HξÞnþ4;

ð49Þ

½ _BðnÞ�b¼λn
knþ5
c

2π2anþ4
jAλðt;kcÞj2

dlnkc
dt

≃
H
4π2

ð2HξÞnþ4QðjξjÞ:
ð50Þ

Finally, let us comment on the magnetic helicity and its
connection with the correlation length of the magnetic field.
The energy density and helicity of the magnetic field are
given by [17,18]

ρB ¼
Z

kc

0

dk
k

k5

4π2a4
½jAþðt; kÞj2 þ jA−ðt; kÞj2�; ð51Þ

H ¼
Z

kc

0

dk
k

k4

2π2a3
½jAþðt; kÞj2 − jA−ðt; kÞj2�; ð52Þ

and its correlation length equals

λB¼
�
2πa
k

	
k
¼ 1

ρB

Z
kc

0

dk
k
2πa
k

dρB
d lnk

¼ π

ρB

Z
kc

0

dk
k

k4

2π2a3
½jAþðt;kÞj2þjA−ðt;kÞj2�:

ð53Þ
Comparing Eqs. (52) and (53), we derive the so-called
realizability condition:

jHj ≤ λBρB
π

: ð54Þ

This inequality is correct for any configuration of the
magnetic field. However, in the case of maximally helical
magnetic field, where only one polarization is enhanced, it
approaches the equality

λB ¼ πjHj
ρB

¼ 2πjBð−1Þj
Bð0Þ ; ð55Þ

which can be used to determine the correlation length of the
magnetic field.

IV. INITIAL CONDITIONS

It is well known that in order to resolve several
cosmological problems, such as the flatness and horizon
problems, one needs at least 50–60 e-foldings of inflation.
Moreover, the primordial power spectrum inspected by the
CMB observations is generated also at 50–60 e-foldings
before the end of inflation. Therefore, although inflation
can last more e-foldings, it is natural in numerical analysis
to take the starting point of the simulation at 60 e-foldings
before the end of inflation. Then, in order to find a solution
to Eqs. (22)–(24), one should specify the initial conditions
for the corresponding functions.
As we discussed above, modes deep inside the horizon

oscillate and correspond to solution (36) in the Bunch-
Davies vacuum. In this regime, they represent quantum
fluctuations and do not contribute to the classical observ-
ables. Later due to the Universe expansion, the physical
momentum of a given mode decreases and the square of
the effective frequency changes its sign causing a tachyonic
instability. The corresponding mode function stops to osci-
llate and can be interpreted as a classical field. Therefore, in
order to impose the initial conditions, we should take into
account all modes which underwent the tachyonic insta-
bility before the initial moment of time.
Let us consider how the parameter ξ evolves during the

slow-roll inflation in the absence of the backreaction of
generated EM fields. Using the KGF equation (13) for the
inflaton and the Friedmann equation (12) in the slow-roll
regime, we find

jξj ¼ I0ðϕÞj _ϕj
2H

≃
I0ðϕÞ
2

jV 0
ϕj

3H2
≃
I0ðϕÞMpffiffiffi

2
p ffiffiffiffiffi

ϵ1
p

; ð56Þ

where ϵ1 is the first Hubble-flow function which coincides
with the slow-roll parameter ϵ [see Eq. (29)] in the slow-roll
regime [92]. The rate of time evolution of ξ is given by

1

H

���� _ξξ
���� ¼ Mp

I00ðϕÞ
I0ðϕÞ

ffiffiffiffiffiffiffi
2ϵ1

p
þ 1

2
ϵ2 ≪ 1; ð57Þ

where ϵ2 is the second Hubble-flow function from an
infinite sequence of such quantities [92]
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ϵnþ1 ¼
d ln ϵn
d ln a

; ϵ0 ¼
Hi

H
; ð58Þ

andHi is the initial value of the Hubble parameter, which is
used as a reference point.
For the axionlike coupling (3), only the second term in

Eq. (57) remains. Then we conclude that during inflation ξ
changes adiabatically slowly and can be considered as a
constant for a few Hubble times. On the other hand, over
long periods of time it slightly changes and its value is
determined by the current values of _ϕ and H. In other
words, it could be taken as a constant parameter in the
Maxwell equations, therefore, the generation of EM fields
is governed only by the value of ξ at a given moment of
time. We can also approximate the space-time metric by the
de Sitter one assuming that the scale factor grows strictly
exponentially

aðtÞ ¼ eHt ¼ −
1

Hη
: ð59Þ

Clearly, this approximation is valid with high accuracy in
the slow-roll regime far from the end of inflation. Then
Eq. (34) takes the form

A00
λðη;kÞ þ

�
k2 þ λ

2kξ
η

�
Aλðη;kÞ ¼ 0: ð60Þ

Since the conformal time during the inflation stage has the
negative sign, the second term in brackets in Eq. (60) for
λ ¼ signðξÞ is negative and, for a certain range of momenta
k=ðaHÞ < 2jξj, it becomes larger than the first term and
causes the tachyonic instability for the corresponding
modes. This instability is absent for modes with another
polarization, therefore, generated EM fields are helical. For
jξj≳ 1, the amplification is very effective and the corre-
sponding fields can be considered as maximally helical,
i.e., one can simply neglect the second circular polarization
as we do below.
According to Ref. [68], the solution of Eq. (60) can be

found in terms of Coulomb wave functions [93]. However,
it is more convenient to use the approximate expression for
the growing mode for k=ðaHÞ < 2jξj found in Ref. [66]:

Aλ ¼
1ffiffiffiffiffi
2k

p WðjξjÞzK1ðzÞ; _Aλ¼
1ffiffiffiffiffi
2k

p H
2
WðjξjÞz2K0ðzÞ;

ð61Þ

where WðjξjÞ ¼ ½eπjξjshπjξj=ðπjξjÞ�1=2, z ¼ 2
ffiffiffiffiffiffiffiffi
2jξjp

×ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k=ðaHÞp

, and KνðzÞ is the Macdonald function.
Substituting these expressions into Eqs. (37)–(39), we obtain
the initial conditions for the corresponding expectation values
as functions of the parameter ξ0 at the initial moment of time:

EðnÞð0Þ ¼ λn
Hnþ4W2ðjξ0jÞ
23nþ9π2jξ0jnþ2

Z
4jξ0j

0

z2nþ7K2
0ðzÞdz; ð62Þ

GðnÞð0Þ ¼ λnþ1
Hnþ4W2ðjξ0jÞ
23nþ11π2jξ0jnþ3

Z
4jξ0j

0

z2nþ8K0ðzÞK1ðzÞdz;

ð63Þ

BðnÞð0Þ ¼ λn
Hnþ4W2ðjξ0jÞ
23nþ13π2jξ0jnþ4

Z
4jξ0j

0

z2nþ9K2
1ðzÞdz: ð64Þ

These integrals can be expressed in terms of the Meijer G
function and the corresponding results are listed in
Appendix A [see Eqs. (A1)–(A2)] together with their asymp-
totic expressions in the two limiting cases jξ0j ≪ 1 and
jξ0j ≫ 1.

V. SCHWINGER EFFECT

In this section, we determine the Schwinger conductivity
σ and the energy density of charged particles ρχ created via
the Schwinger process. For the Schwinger current, we will
use the expressions derived in the minimal subtraction
scheme in Refs. [49,54]. Since the general expressions are
rather cumbersome, it is more convenient to use their
asymptotics governed by the parameters

M ¼ m
H
; L ¼ eE

H2
¼ e

ffiffiffiffiffiffiffiffi
Eð0Þ

H4

s
; ð65Þ

where m and e are the mass and electric charge of created
particles, respectively.
The typical value of the Hubble parameter, which can be

fixed from the observations of the amplitude of primordial
perturbations [94], is H ∼ 10−5Mp ∼ 1013 GeV. Since the
lightest charged spin-1=2 particle, the electron, has a mass
m ∼ 10−3 GeV and the lightest charged scalar particle, the
pion, has a mass m ∼ 0.1 GeV, we are interested in the
small mass limit M ≪ 1.
At the beginning of inflation, the parameter ξ is usually

small because it is proportional to the square root of the
slow-roll parameter ϵ, see Eq. (56). Thus, we may use
Eq. (A4) to estimate the initial value of the electric energy
density. Then the parameter L equals

L0 ≃
4e
π
jξ30 lnð2bjξ0jÞj ≪ 1; ð66Þ

where b ¼ expðγEÞ and γE ¼ 0.577… is the Euler-
Mascheroni constant. For a general model of inflation
consistent with the CMB observations, ϵ at 50–60 e-
foldings before the end of inflation can be expressed in
terms of the tensor-to-scalar power ratio as ϵ ¼ r=16≲
10−3 (according to the latest CMB observations by Planck
Collaboration and BICEP- Keck Array [94], the upper limit
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on r is r < 0.064). Then, for the coupling constant β ∼ 10,
we have jξ0j ∼ 0.1 and L0 ∼ 10−4.
On the other hand, close to the end of inflation and for

the sufficiently large couplings that can cause the back-
reaction, the electric energy density is given by Eð0Þ=2 ¼
ρE ∼

ffiffiffi
ϵ

p
β−1ρtot ¼ 3

ffiffiffi
ϵ

p
β−1H2M2

p [see estimate (28)]. Then
L ∼ eϵ1=4β−1=2Mp=H ∼ 102–103 for H ∼ 10−5Mp and
β ∼ 10. Therefore, the values of L can vary in a wide range.
In the weak-field regime, L ≪ 1, the fermionic

Schwinger conductivity has the form [54]

σf ¼ e2H
18π2

�
6 ln

m
H

− 6γE − 1

�

¼ 2αEM
9π

�
6 ln

m
H

− 6γE − 1

�
H; ð67Þ

where αEM ¼ e2=ð4πÞ ≈ 1=137 is the fine structure con-
stant. It is easy to notice that the conductivity is negative in
the low mass limit m ≪ H and could, in principle, enhance
the electric field. Such a possibility was investigated in
Ref. [61] where it was found that the enhancement is
negligible compared to the damping of the field due to the
Universe expansion because the Schwinger conductivity is
much less by the absolute value than the Hubble parameter
for physically relevant particle masses. Moreover, the
authors of Ref. [65] claim that the negative conductivity
is spurious and corresponds to nonlinear corrections to
the Maxwell action and the logarithmic running of the
coupling constant. In any case, the ratio σ=H is always
small and the Schwinger effect is negligible in the small-
field regime.
For bosons, the conductivity is positive and attains very

large values in the low mass regime where it diverges like
1=M2 forM → 0 [49,55]. In the literature this phenomenon
is known as the infrared hyperconductivity. Since such a
behavior is observed only in the extremely low field regime
when L ≪ M ≪ 1, it is never realized in the problem under
consideration because as we showed above L cannot take
extremely small values. ForL > M, the conductivity quickly
diminishes to values typical in the fermionic case (67) (see
Ref. [55]). Thus, the Schwinger effect does not play any role
in the weak field regime.
The strong-field expressions (L ≫ 1) for the Schwinger

conductivity are similar for bosons and fermions and have
the form

σs ¼
gs

12π3
e3E
H

e−
πm2

jeEj ; s ¼ b; f; ð68Þ

where gb ¼ 1 and gf ¼ 2 are the number of spin degrees of
freedom (d.o.f.). Expressing the conductivity in terms of
the energy density and neglecting the particles mass, we
obtain

σs ¼
gse3

12π3

ffiffiffiffiffiffiffiffi
Eð0Þp

H
¼ αEMgs

3π2
LH: ð69Þ

Then we conclude that the Schwinger effect is important
only in the strong field regime when L > 3π2=αEM ≫ 1.
The corresponding condition for the electric energy density
reads as

ρE >
9π3

8α3EM
H4 ¼ π3

8α3EM

ρ2tot
M4

p
: ð70Þ

Therefore, the strong-field expression (69) could be used all
the time. Although this expression is not correct in the weak
field regime, this is irrelevant for the dynamics of EM
fields.
Finally, we need also an equation governing the evolution

of created particles. It is natural to require that the energy
dissipated by EM fields is transferred into created particles.
Then the energy density of produced particles can be
described phenomenologically by the following equation:

_ρχ þ 4Hρχ ¼ σsEð0Þ; ð71Þ
where the termon the right-hand side is exactly the same as in
Eq. (25) for the electric energy density, however, has the
opposite sign. Since we consider the particle mass to be
smaller than the Hubble parameter, we treat the created
particles as ultrarelativistic that gives the factor 4H in the
above equation.

VI. NUMERICAL RESULTS

Having derived an infinite chain of Eqs. (22)–(24), we
introduce in this section an approximation scheme which
allows us to truncate this chain of equations and then
numerically solve it in a certain inflationary model. The
crucial physical input that allows us to perform this
truncation is the assumption that electric and magnetic
fields contribute equally to the energy density. This is a
numerically well-justified approximation, especially for the
small values of the coupling constant β ≲ 10 (see, e.g.,
Fig. 6 in Ref. [86]). The generalization of this approxima-
tion scheme to higher order quantities is straightforward.
Indeed, we can assume that EðnÞ ¼ BðnÞ for a given n. This
makes it possible to keep only 2 equations in the nth order.
The first is the equation for GðnÞ, where Eðnþ1Þ ¼ Bðnþ1Þ is
assumed and BðnÞ is replaced by EðnÞ,

_GðnÞ þ ½ðnþ 4ÞH þ σ�GðnÞ − _IEðnÞ ¼ ½ _GðnÞ�b: ð72Þ

The second equation for ðEðnÞ þ BðnÞÞ=2≡ EðnÞ,

_EðnÞ þ ½ðnþ4ÞHþσ�EðnÞ− _IGðnÞ ¼ 1

2
f½ _EðnÞ�bþ½ _BðnÞ�bg;

ð73Þ
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is obtained as the sum of equations (22) and (24) divided
by 2. Clearly, the two above equations together with the
Friedmann equation (12) for the scale factor, the KGF
equation (13) for the inflaton, and the equation for the
helicity H form a closed system of evolution equations.
Thus, in the approximation scheme of order n, we deal with
3nþ 5 ordinary differential equations.
Below we provide numerical solutions of the system of

equations discussed above for the inflationary model with
concave and even potential. The latter property ensures the
parity symmetry is preserved for the pseudoscalar inflaton
field. The requirement for the inflaton potential to be
concave follows from the recent CMB observations [94].
The best correspondence with observational data have the
plateau models. The T model of α attractors with hyper-
bolic tangent potential [95–97]

VðϕÞ ¼ Λ4th2
ϕffiffiffiffiffiffi
6α

p
Mp

ð74Þ

is a typical representative of the plateau models. Here α is
a free parameter. For given values of α and the number of
e-foldings before the end of inflation when the pivot mode
crosses the Hubble horizonN�, one can determine the scalar
spectral index ns and the tensor-to-scalar power ratio r:

ns ¼ 1 − 6ϵ� þ 2η� ¼ 1 −
8N� þ 6αþ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3αð3αþ 4Þp

4N2� þ 2N�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3αð3αþ 4Þp þ 3α

;

ð75Þ

r ¼ 16ϵ� ¼
48α

4N2� þ 2N�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3αð3αþ 4Þp þ 3α

: ð76Þ

Varying α and N� one can fill the region on the ðns; rÞ
diagram and compare the predictions of the model with the
constraints set by the CMB observations of Planck

Collaboration [94]. In particular, for N� ¼ 60, we found
that the range of α compatible with the 68% C.L. constraints
is α < 20. For definiteness, we use α ¼ 1 in the numerical
analysis. For this value of the parameter α, the potential has
the form which is very similar to that of the well-known
Starobinsky model, which is another typical plateau model.
Finally, we should determine the strength of the potential

which gives the correct value of the scalar power spectrum
amplitude in Eq. (84) below,�

Λ
Mp

�
4

¼ 12π2As
6α

4N2� þ 2N�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3αð3αþ 4Þp þ 3α

×
4N� þ 3αþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3αð3αþ 4Þp
4N� − 3αþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3αð3αþ 4Þp : ð77Þ

Thus, fixing N� and α, we fully determine the inflaton
potential. Further, for a certain value of the coupling constant
β, we calculate ξ0 anduse it to determine the initial conditions
given by Eqs. (A7)–(A9). For definiteness, we consider the
case of fermion charged particles created due to the
Schwinger effect and then calculate their electric conduc-
tivity by using Eq. (69). Then, we apply the nth order
approximation scheme and compute numerically the time
dependence of the inflaton, scale factor, and EM quadratic
functions (18)–(29).
Only relatively small values of the coupling constant

β ≲ 10 are physically allowed, because for larger values the
reheating stage is spoiled and large non-Gaussianities in
primordial spectra are generated [84,86]. Nevertheless, we
will apply our method also for larger values of β in order to
study its applicability and to show more clearly some
characteristic features of the magnetogenesis process.
Figure 1 shows the time dependence of the inflaton field
[panel (a)] and the EM energy density [panel (b)] during the
inflation stage calculated in the approximation scheme with

(a) (b)

FIG. 1. The time dependence of the inflaton field (a) and the EM energy density (b) calculated using the approximation scheme with
n ¼ 1 for three different values of the coupling constant: β ¼ 10 (red dashed line), β ¼ 20 (green dashed-dotted line), and β ¼ 40
(purple dotted line). The blue solid lines show the time dependence of the inflaton field and the total energy density
ρtot ¼ 3H2M2

p for β ¼ 0.
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n ¼ 1 for three nonzero values of the coupling constant. The
curves for the smallest value β ¼ 10 are shown by the red
dashed lines. In this case, the inflaton field evolves in the
sameway as in the absence of the coupling β ¼ 0 (shown by
the blue solid line), meaning that the backreaction of the
generated EM field on the inflaton evolution is negligible.
On the other hand, for larger values of the coupling

constant β ¼ 20 and β ¼ 40 shown by the green dashed-
dotted line and the purple dotted line, respectively, the time
dependence of the energy density at a certain moment of
time begins to deviate from the unperturbed solution and
changes from fast exponential growth to almost constant
until the preheating stage when it starts to decay. As we
showed in Sec. II, the critical value of the EM energy
density when the backreaction becomes relevant is of the
order ρEM ∼ ð ffiffiffiffiffi

2ϵ
p

=βÞρinf. In addition, for larger couplings,
the initial values and the boundary terms are larger too
leading to the generation of stronger fields. Consequently,
the backreaction takes place earlier for larger coupling
constant. These features are easily seen in Fig. 1(b). The
inflaton field also changes its behavior in the backreaction
regime, evolving more slowly and reaching the potential
minimum where it oscillates with small amplitude. Slowing
down of the inflaton rolling stops the generation of EM
fields which attain constant values.
Now, let us study how the results depend on the order of

the approximation scheme n and how different components
of the energy density evolve with time. The corresponding
results are shown in Fig. 2 for β ¼ 10 for which the
backreaction is irrelevant. Panel (a) compares different
approximation schemes. The blue solid line corresponds to
the exact solution of the mode equation (34) with the
Bunch-Davies initial condition (36) in the assumption that

the backreaction of the generated fields and the Schwinger
effect do not affect the background evolution. The purple
dotted line, green dashed-dotted line, and red dashed line
show the EM energy density calculated using the approxi-
mation schemes with n ¼ 0 (equipartition between electric
and magnetic energy densities), n ¼ 1, and n ¼ 2, respec-
tively. First of all, it is very important that during the whole
inflation stage all three used approximation schemes give
results very close to the solution obtained by the numerical
integration of Eq. (34) without taking into account the
backreaction and Schwinger effect, see the main plot in
Fig. 2(a). The inset shows the time interval close to the end
of inflation in more detail. Inspecting it, we conclude that
higher approximation schemes are closer to the exact
solution. We should note, however, that the convergence
is asymptotic and higher order approximation schemes with
n ≥ 3 deviate from the exact solution at late times. Perhaps
this can be explained by a large number of equations
(3nþ 5) which we have to deal with when applying the
scheme with large n as the computational errors increase
rapidly with n.
Figure 2(b) shows the different components of the

energy density calculated in the approximation scheme
with n ¼ 2. The red dashed line gives the magnetic energy
density, the green dashed-dotted line shows the electric
energy density, the purple dotted line corresponds to the
energy density of charged particles created due to the
Schwinger effect. Finally, the blue solid line gives the total
energy density. We see that the EM energy density is
almost equally distributed between its electric and magnetic
parts. This was observed previously in numerical lattice
simulations performed in Refs. [84,86]. At the beginning of
inflation, the evolution of the EM field is determined by the

(a) (b)

FIG. 2. Panel (a): the time dependence of the EM energy density for the coupling constant β ¼ 10 calculated using three different
approximation schemes: n ¼ 0 (purple dotted line), n ¼ 1 (green dashed-dotted line), and n ¼ 2 (red dashed line). For comparison, the
blue solid line shows the result obtained by numerical integration of Eq. (34) for all relevant modes without taking into account the
backreaction and Schwinger effect. The inset shows in more detail the region close to the end of inflation. Panel (b): the time dependence
of the total energy density (blue solid line), the magnetic energy density (red dashed line), the electric energy density (green dashed-
dotted line), and the energy density of charged particles generated due to the Schwinger effect (purple dotted line) calculated in the
approximation scheme with n ¼ 2 for β ¼ 10. The thin black dashed line shows expression (70) which defines the electric energy
density when the Schwinger effect becomes important.
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competition of two processes: the Hubble damping due to
the Universe expansion [the second term on the left-hand
side of Eqs. (22)–(24)] and enhancement due to new modes
crossing the horizon [the boundary terms on the right-hand
side of Eqs. (22)–(24)]. Since for ξ ∼ 1 the magnetic
boundary term is larger than the electric one, see
Eqs. (48) and (50), and the Hubble damping has the same
form, the “equilibrium” value of the magnetic energy
density is larger than the electric one. However, close to
the end of inflation, the electric energy density starts
growing faster and crosses the magnetic energy density
curve, see Fig. 2(b). This growth can be explained by a
faster rolling of the inflaton and by the presence of the term
−2I0ðϕÞ _ϕGð0Þ in Eq. (22) for n ¼ 0, which has the negative
sign and, thus, increases the time derivative. Note that such
a term is absent in Eq. (24) for the magnetic counterpart.
The second crossing of these curves is explained by a fast
decrease of the electric energy density due to the Schwinger
effect coming into play at the end of inflation. The energy
density of charged particles is negligibly small compared to
that of the EM field during almost the whole inflation stage.
Only close to the end of inflation, the electric field becomes
strong enough to satisfy condition (70) whose lower bound
is shown in Fig. 2(b) by the thin black dashed line. After
that, the Schwinger effect produces the charged particles
more intensively and their energy density quickly becomes
comparable to that of the EM field.
Further, let us consider larger values of the coupling

constant. The plots similar to Fig. 2 are shown in Fig. 3 for
β ¼ 20. According to panel (a), the backreaction becomes
important close to the end of inflation. Consequently, the EM
energy density suddenly stops growing and deviates from the
result obtained neglecting the backreaction (blue solid line).
As in the case of small β, higher order approximation
schemes are in better correspondencewith the exact solution,
however, only for small n. Finally, Fig. 3(b) shows that the
Schwinger effect comes into play a bit earlier than for β ¼ 10
and produces much more charged particles. Close to the end
of inflation, their energy density becomes larger than that of

the EM field and, due to the decrease of the inflaton energy
density, it finally becomes the dominant part of the energy
density of the Universe. Thus, the Schwinger effect helps to
fill the Universe with charged particles even before the stage
of inflaton fast oscillations. In the literature, this is known as
the “Schwinger preheating” scenario [38,57].
We also studied how the Schwinger effect influences the

electric field. Figure 4 shows the time dependence of the
electric energy density for three values of the electric charge
of created particles. The blue solid line corresponds to the
case without the Schwinger effect (e ¼ 0). Here, after
entering the backreaction regime, the electric energy density
remains almost constant with small oscillations. For nonzero
electric charge, the Schwinger effect turns on near the end of
inflation and suppresses the electric energydensity compared
to the case e ¼ 0. This suppression is stronger and occurs
earlier for larger values of the electric charge. Indeed, the
lower bound for the electric energy density (70), when the
Schwinger effect becomes important, depends on the electric

(a) (b)

FIG. 3. The same as shown in Fig. 2 for the coupling constant β ¼ 20.

FIG. 4. The time dependence of the electric energy density
calculated in the approximation scheme n ¼ 1 for the coupling
constant β ¼ 20 and three values of the charge of spin-1=2
particles: e ¼ 0 when the Schwinger effect is turned off (blue
solid line), e ¼ e0 (red dashed line), and e ¼ 2e0 (green dashed-
dotted line). Here e0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4παEM

p
is the absolute value of the

electron charge.
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charge as e−6. Therefore, increasing the charge twice should
suppress the electric field by 26 ¼ 64, which is in nice
correspondence with the results in Fig. 4.
Finally, we calculated themagnetic energy density and the

magnetic correlation length at the end of inflation. These
quantities, determined in three approximation schemes with
n ¼ 0, 1, and 2, are given in Fig. 5 as functions of the
coupling constant β. Panel (a) shows that the magnetic
energy density at first grows with β and then starting from
β ∼ 10 approaches a constant value ρB ∼ 10−12M4

p, which
slightly depends on the applied approximation scheme. The
latter behavior canbe explainedby the fact that forβ > 10 the
backreaction regime occurs prior to the end of inflation and
the growth of the EM field terminates. Thus, for large β, the
backreaction imposes a universal upper bound for the
magnetic energy density generated during inflation which
does not depend on β. The correlation length λB always has
the sameorder ofmagnitude, namely, λB ∼ 106M−1

p , which is
of the same order as the horizon at the end of inflation
λH ¼ 1=He. For largevaluesofβ, all approximation schemes
give almost the same results recovering the universal
behavior in the backreaction regime. However, for small
β, different approximation schemes produce the results
differing by a factor 2 to 5. The correlation scale (53) is
proportional to the ratio of Bð0Þ to Bð−1Þ and changes in a
small range. Thus, even relatively small differences inBðnÞ in
different approximation schemes [see, e.g., Figs. 2(a) and
3(a)] lead to visible deviations in λB.

VII. POSTINFLATIONARY EVOLUTION
OF THE MAGNETIC FIELD

Another important issue in the study of magnetogenesis
is to determine how magnetic fields generated during
inflation evolve through the sequence of cosmological
epochs until the present. After the end of inflation, the
preheating takes place when the inflaton field oscillates in

the potential minimum and decays into different particles.
The EM field could be amplified during the preheating
stage due to the interaction with the rapidly oscillating
inflaton, e.g., through the mechanism of parametric reso-
nance [73,74,84,98]. However, our method is inapplicable
at this stage for several reasons: (i) the boundary terms were
derived for the inflationary background when new modes
cross the horizon, while during the preheating stage they
reenter the horizon; (ii) the expressions for the Schwinger
current were derived for the de Sitter-like background
where H is almost constant; (iii) finally, our approximation
scheme assuming EðnÞ ¼ BðnÞ would break down because
the Schwinger effect suppresses the electric component
compared to the magnetic one. Moreover, the backreaction
regime, which is favorable for obtaining large magnetic
fields, slows down the inflaton evolution decreasing its
oscillation amplitude and reducing the efficiency of the
parametric resonance. Another source of the magnetic
field amplification could be the power exchange with the
electric field due to the Faraday law [99]. However, this
mechanism requires electric fields much stronger than the
magnetic ones, which is not the case in the problem under
consideration. Therefore, we will assume in what follows
that the magnetic field is not enhanced during the preheat-
ing stage.
Further, during reheating, the plasma of created particles

thermalizes and the Universe enters its hot radiation
dominated phase. We will assume that at this stage the
turbulent regime does not occur and the magnetic field and
its correlation length evolve adiabatically, i.e., the corre-
sponding comoving quantities remain constant:

B̃ðtrehÞ ¼ B̃ðteÞ ¼ BðteÞ
�
a0
ae

�
−2
;

λ̃BðtrehÞ ¼ λ̃BðteÞ ¼ λBðteÞ
a0
ae

; ð78Þ

where the rescaling factor a0=ae is determined below.

(a) (b)

FIG. 5. The dependence of the energy density (a) and the correlation length (b) of the generated magnetic field on coupling constant β
at the end of inflation calculated by using three approximation schemes: n ¼ 0 (blue solid line), n ¼ 1 (red dashed line), and n ¼ 2
(green dashed-dotted line).
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There are many models describing reheating in the
literature, see Refs. [100–104] for a review. However, the
lack of observational data does not allow one to discriminate
between them. Nevertheless, this stage can be described
phenomenologically by two parameters such as the temper-
ature at the end of reheatingTreh and the effective equation of
state w̄ which is defined as follows [92,105]:

w̄≡ 1

Nreh − Ne

Z
Nreh

Ne

wðNÞdN; ð79Þ

where wðNÞ ¼ p=ρ is the current value of the equation
of state parameter and Ne and Nreh are the numbers
of e-foldings at the end of inflation and reheating, respec-
tively. Using the energy conservation law

_ρþ 3Hðρþ pÞ ¼ 0; ð80Þ
we can relate the scale factors and energies at the end of
inflation and reheating through w̄ as

areh
ae

¼
�
ρreh
ρe

�
− 1
3ð1þw̄Þ

: ð81Þ

The energy density at the end of inflation depends on the
inflationary model and in the absence of the backreaction of
EM fields can be expressed in terms of the inflaton potential

ρe ¼
3

2
Ve: ð82Þ

Indeed, using Eq. (80) and the Hubble equation
H2 ¼ ρ=ð3M2

pÞ, we find the following relation between
pressure and the energy density:

p ¼ ρ

�
2

3
ϵ1 − 1

�
; ð83Þ

where ϵ1 is the first Hubble flow parameter, see Eq. (58).
Taking into account that ϵ1 ¼ 1 when inflation ends, we
obtain pe ¼ −ρe=3 which implies Eq. (82). Moreover,
Eq. (82) can be also used as an order-of-magnitude estimate
of the energy density at the end of inflation even in the case
when the backreaction occurs, because, as we see from the
numerical results in, e.g., Fig. 3(b), the energy density is
distributed between the inflaton, the EM field, and charged
particles in comparable amounts.
Further, theCMBobservations [94] provide constraints on

the amplitude and spectral properties of the primordial
perturbations which, in turn, can be expressed through the
inflaton potential at the moment when the pivot scale k� exits
the Hubble horizon (inwhat followswemark all quantities at
this moment by asterisk). In particular, the amplitude of the
power spectrum of scalar perturbations equals

As ¼
�

H2

2πj _ϕj

�
2
����
�
¼ 1

24π2ϵ�

V�
M4

p
: ð84Þ

The tensor-to-scalar power ratio depends on the first slow-
roll parameter according to r ¼ 16ϵ�. Combining these two
equations, we find the corresponding value of the inflaton
potential

V� ¼
3

2
π2AsrM4

p: ð85Þ

Then the energy density at the end of inflation is given by

ρe ¼
9

4
π2Asr

Ve

V�
M4

p; ð86Þ

where As ≃ 2.1 × 10−9 is the spectral amplitude of scalar
perturbations. The tensor-to-scalar power ratio is bounded
from above by r < 0.064 [94] and its typical value in the
plateau models is of order 0.01. We would like to note that
Ve=V� ∼Oð0.1Þ in the majority of inflationary models
except the case of the large-field inflation VðϕÞ ∝ ϕn, which
is strongly disfavored according to the results of the Planck
mission [94]. Then the typical value of the energy density at
the end of inflation is

ρe ∼ 10−10M4
p ≃ 3.3 × 1063 GeV: ð87Þ

The energy density at the end of reheating can be
expressed through the corresponding temperature as usual

ρreh ¼
π2

30
grehT4

reh; ð88Þ

where greh is the effective number of relativistic d.o.f. at that
time. Using the entropy conservation relation, we can relate
the scale factors at the end of reheating and the present time
as follows:

a0
areh

¼
�
greh
g0

�
1=3 Treh

T0

; ð89Þ

where T0 ¼ 2.725 K ¼ 2.35 × 10−13 GeV is the present
CMB temperature and g0 ¼ 2þ 3 × 2 × 7

8
× 4

11
≈ 3.9 is the

effective number of relativistic d.o.f. at present. Collecting
all together, we obtain the rescaling factor

a0
ae

¼ ρ
1

3ð1þw̄Þ
e T

3w̄−1
3ð1þw̄Þ
reh g

w̄
3ð1þw̄Þ
reh T−1

0 g−1=30

�
π2

30

�− 1
3ð1þw̄Þ

; ð90Þ

which determines the comoving quantities (78) at the end
of reheating.
Further, in the radiatively dominated epoch, the plasma is

highly dense and conductive with extremely large kinetic
and magnetic Reynolds numbers. In this turbulent regime
the helical magnetic fields undergo the inverse cascade. The
comoving helicity conservation and the equipartition of
energy between the kinetic motion in plasma and the
magnetic field imply [17,18,106]

B̃ ∝ λ̃−1=2B ∝ η−1=3; ð91Þ
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where η is the conformal time. The spectrum of the
magnetic field shifts to larger wavelength and lower
magnitude and is self-similar all the time.
The inverse cascade takes place only in the turbulent

regime which occurs when the Reynolds number is large.
However, during the radiation domination epoch the
turbulent phases alternate with the MHD viscous stages
which include the periods of adiabatic evolution with λ̃B ¼
const and the periods of rapid damping due to the free-
streaming of the neutrinos or photons giving the major
contribution to the viscosity. It was shown in Ref. [106] that
the evolution during the viscous stage gives approximately
such values for the comoving magnetic field and its
correlation length as if the viscous stage were absent at
all. In other words, for numerical estimates of the comoving
quantities, it is possible to assume that the magnetic field
from the end of reheating until recombination evolves in the
inverse cascade regime.
Taking into account that η ∝ a ∝ T−1 during the radia-

tion dominated stage and η ∝ a1=2 ∝ T−1=2 during the
matter dominated epoch, we obtain the following comoving
quantities at the moment of recombination:

B̃ðtrecÞ ¼ B̃ðteÞ
�
Teq

Treh

�
1=3

�
Trec

Teq

�
1=6

; ð92Þ

λ̃BðtrecÞ ¼ λ̃BðteÞ
�
Teq

Treh

�
−2=3

�
Trec

Teq

�
−1=3

; ð93Þ

where Teq ¼ 6.54 × 104Ωm0h2 K ≃ 9.16 × 103 K is the
temperature at the matter-radiation equality and Trec≃
4 × 103 K is the temperature at recombination.
If the correlation scale of the magnetic field becomes

larger than the cosmic diffusion length Ldiff ∼ 1 A:U:, then
the magnetic field after recombination will undergo the free
adiabatic evolution and Eqs. (92) and (93) give the present
day values of themagnetic field and its correlation length.On
the contrary, if the correlation length is smaller thanLdiff , the
modes with shorter wavelengths than Ldiff decay after
recombination. In this case, in order to find the present

day value of the magnetic field, we should know the spectral
index nB which parametrizes the magnetic power spectrum
dρB=d ln k ∝ knB . Assuming that nB > 1 (this is correct for
magnetogenesis in pseudoscalar inflation, see Refs. [17,66]),
we obtain the following present day value of the magnetic
field and its coherence length for λ̃BðtrecÞ < Ldiff :

Bðt0Þ ¼ B̃ðtrecÞ
�
λ̃BðtrecÞ
Ldiff

�nB
2

; λBðt0Þ ¼ Ldiff : ð94Þ

We will see below that for realistic values of the inflaton
energy density and reheating temperature the correlation
length at recombination appears to be larger than the cosmic
diffusion scale and rescaling (94) is not needed.
Finally, using Eqs. (78), (90), (92), and (93), we derive

the general formulas for the present day magnetic field and
its coherence length:

Bðt0Þ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ρBðteÞ

p �
30ρe
π2

gw̄rehT
7w̄−1
2

reh

�
− 2
3ð1þw̄Þ

g2=30 T2
0ðTrecTeqÞ1=6;

ð95Þ

λBðt0Þ¼ λBðteÞ
�
30ρe
π2

gw̄rehT
5w̄þ1
reh

� 1
3ð1þw̄Þ

g−1=30 T−1
0 ðTrecTeqÞ−1=3:

ð96Þ

In order to estimate the numerical values of the present
day quantities (95)–(96), we consider two possible equa-
tions of state during reheating, namely, w̄ ¼ 0 if the
preheating is described by decaying oscillations of the
inflaton and w̄ ¼ 1=3 if the Schwinger effect is strong
enough to transfer almost all energy density into ultra-
relativistic charged particles or assuming that reheating is
instantaneous. Choosing 1014 GeV as a reference point for
the reheating temperature, we obtain

Bðt0Þ ¼
8<
:

4.6 × 10−16 G



ρBðteÞ
10−12M4

p

�
1=2



ρe

10−10M4
p

�
−2=3



Treh

1014 GeV

�
1=3

; for w̄ ¼ 0;

4.1 × 10−15 G



ρBðteÞ
10−12M4

p

�
1=2



ρe

10−10M4
p

�
−1=2



Treh

1014 GeV

�
−1=3

; for w̄ ¼ 1=3;
ð97Þ

λBðt0Þ ¼
8<
:

1.1 × 10−6 Mpc



λBðteÞ
106M−1

p

�

ρe

10−10M4
p

�
1=3



Treh

1014 GeV

�
1=3

; for w̄ ¼ 0;

3.7 × 10−7 Mpc



λBðteÞ
106M−1

p

�

ρe

10−10M4
p

�
1=4



Treh

1014 GeV

�
2=3

; for w̄ ¼ 1=3:
ð98Þ

Since the correlation scale is typically lower than 1 Mpc, in order to compare our results with the data of gamma-ray

observations [1–5],we find the following expression for the effective fieldBeff ¼ B̃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ̃B=ð1 MpcÞ

q
byusingEqs. (97) and (98):
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Beffðt0Þ ¼
8<
:

4.8 × 10−19 G



ρBðteÞ
10−12M4

p

�
1=2



λBðteÞ
106M−1

p

�
1=2



ρe

10−10M4
p

�
−1=2



Treh

1014 GeV

�
1=2

; for w̄ ¼ 0;

2.5 × 10−18 G



ρBðteÞ
10−12M4

p

�
1=2



λBðteÞ
106M−1

p

�
1=2



ρe

10−10M4
p

�
−3=8

; for w̄ ¼ 1=3:
ð99Þ

We determined in the previous section the numerical
values of the magnetic energy density and correlation
length at the end of inflation in the α-attractor model. By
using them we estimate now the present day values of the
magnetic field and its correlation scale. The energy
density at the end of inflation is of order ρe ∼ 10−10M4

p.
In the most optimistic case, themagnetic energy density is of
order ρBðteÞ ∼ 10−12M4

p and the correlation scale is always
λBðteÞ ∼ 106M−1

p . Then, for the equation of state with
w̄ ¼ 0, we obtain B0 ≃ 5 × 10−16 Gð Treh

1014 GeVÞ1=3 and λB;0 ≃
10−6 Mpcð Treh

1014 GeVÞ1=3. The effective magnitude of the

magnetic field is equal to Beff ≃ 5 × 10−19 Gð Treh
1014 GeVÞ1=2.

For w̄ ¼ 1=3, the present day quantities are B0 ≃
4× 10−15 Gð Treh

1014 GeVÞ−1=3, λB;0 ≃ 4× 10−7 Mpcð Treh
1014 GeVÞ1=3,

and Beff ≃ 2.5 × 10−18 G.
Higher values of themagnetic field are generated for larger

reheating temperature Treh. However, the latter cannot
exceed Tmax ∼ 1015 GeV for which all energy density of
the inflaton ρe instantaneously transfers into radiation during
reheating. In general, lower values of Treh lead to lower B0

except for w̄ ¼ 1=3. However, in this case, the correlation
scale decreases with Treh so that the effective strength of the
magnetic field on the Mpc scale always remains of order
10−18 G. Therefore, even the most optimistic estimate can
hardly explain the strength of the intergalactic magnetic
fields from the distant blazar observations [1–5].

VIII. CONCLUSION

In this work we investigated the influence of the back-
reaction of the EM field and the Schwinger effect on
magnetogenesis in the pseudoscalar inflation model with
the axial coupling of the EM field to the inflaton via the
term βðϕ=MpÞFμνF̃μν. In order to perform a self-consistent
study of this system, we extended the framework proposed
in Ref. [38], where magnetogenesis in the kinetic coupling
model was studied. Its essence is a closed set of ordinary
differential equations that describe the self-consistent
evolution of classical observables in the form of quadratic
functions of the electric and magnetic fields with an
arbitrary number of the curls. The quantum origin of these
observables is incorporated in the form of boundary terms
in the corresponding evolution equations. These terms
come from the contribution of EM modes which cross
the horizon and undergo the quantum-to-classical transition
transforming from the Bunch-Davies vacuum state to a
state with large filling number.

The evolution equations for the expectation values of
quadratic functions of the electric and magnetic fields
contain terms with an extra power of the spatial curl.
This results in an infinite chain of equations for the
corresponding classical observables. Therefore, some
additional physical arguments should be used in order to
terminate this system of equations to a finite set of
equations. Since the coupling to the inflaton is symmetric
with respect to the electric and magnetic fields, the
physically reasonable approximation could be to set
hE · ðrotÞnEi ¼ hB · ðrotÞnBi for a certain n. For n ¼ 0,
this corresponds to an approximate equipartition of the
energy density between the electric and magnetic com-
ponents as found in the previous numerical studies [84,86]
for small coupling constant. Going to higher order in n
seems to be a natural straightforward generalization.
The backreaction of the generated EM fields occurs

when their energy density exceeds the value ρEM ∼
ð ffiffiffiffiffi

2ϵ
p

=βÞρinf slowing down the inflaton rolling along the
slope of the potential. This makes the magnetogenesis less
effective and the energy density of the EM field terminates
the exponential growth of electromagnetic fields which
remain almost constant until the preheating stage.
The generated strong electric fields lead to the charged

particles production via the Schwinger process. Although
there is also a particle production by the time-dependent
metric of the expanding Universe, this contribution can be
neglected in the strong field regime ρE ≫ H4=αEM. Analytic
expressions for the Schwinger current can be derived only in
the simple case of a constant electric field in de Sitter
background [49–56,58–60]. However, as was shown in
Ref. [62], the form of the current for a time-dependent
electric field in the strong field regime is the same as in the
case of a constant field. We analyzed the importance of the
Schwinger effect and found that it can affect magnetogenesis
only if the inequalities ρE ≳ ð9π3=8ÞH4=α3EM ≫ H4=αEM
are satisfied, i.e., only in the strong field regime.
For numerical analysis, we used the α-attractor model,

which is a typical representative of the plateau models of
inflation. The strength of the potential was chosen from the
requirement of generation of the correct scalar power spec-
trum amplitude. We considered only the last 60 e-foldings
of inflation although it can last much more. Taking this into
account we imposed the initial conditions for the EM obser-
vables. Although the previous numerical studies [84,86]
excluded the range of coupling constants β > 10 in view of
large inflaton perturbations and non-Gaussianities in the
primordial spectra, we consider also large values of β in
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order to test our method and to demonstrate more clearly
the features of the backreaction regime.
We applied three approximation schemes with n ¼ 0, 1, 2,

and compared their results with those found via the exact
integration of the mode equation (34), which does not take
into account the backreaction and the Schwinger effect. For
early times when the EM field is weak and does not cause the
backreaction, all approximation schemes give the results
which satisfactorily agree with the exact result. Close to the
end of inflation, the backreaction takes place for β > 10 and
we observe the changes in the behavior of the EM energy
density as predicted analytically. The Schwinger effect comes
into play also only near the end of inflation. It suppresses the
electric energy density and produces charged ultrarelativistic
particles which can make the Universe radiation dominated
even before the reheating stage. Indeed, for large values of the
coupling constant β ≳ 20, the energy density of created
particles becomes comparable with that of the inflaton at
the endof inflation. Thismeans that the Schwinger preheating
should be also considered as an important complementary
scenario to the standard one with the inflaton perturbative
decay and parametric resonance.
Finally, we took into account the postinflationary evo-

lution of the magnetic field and estimated its present day
value. Because of the fact that the axial coupling to the
inflaton enhances only one circular polarization of the EM
modes, the generated magnetic fields have nontrivial
helicity. Moreover, if the enhancement is significant, then
the generated magnetic field is close to maximally helical
because the second polarization may be neglected at all.
The evolution of such a magnetic field is not described by
the adiabatic decay due to the Universe expansion B ∝ a−2.
In the turbulent plasma the magnetic field undergoes the
inverse cascade when the magnetic energy is transferred
from the short to large scales due to the helicity con-
servation. This helps to increase the correlation scale of the
generated magnetic field and, as a result, to avoid the
cosmic diffusion after the recombination stage. Taking
the most optimistic estimate, the present day value of the
magnetic field cannot exceed 10−15 G with the correlation
length of 1 pc. This means that the effective magnetic field
strength, which should be compared with the distant blazar

observations, equals Beff ¼ B0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λB;0=ð1 MpcÞp

∼ 10−18 G
and can hardly explain the observational data.
In this work we did not consider the inflaton and

curvature perturbations generated by the EM field. Since
the EM field affects the inflaton evolution, it can spoil the
spectrum of the scalar and tensor perturbations probed by
the CMB observations. This can also be used to constrain
the parameter space of the model. However, the self-
consistent inclusion of these perturbations into the system
of equations would significantly complicate calculations
and, therefore, it should be addressed elsewhere.
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APPENDIX: DERIVATION OF THE
INITIAL CONDITIONS

In this Appendix we present the explicit expressions for
the initial values of the EM quadratic functions (18)–(20).
They can be calculated in the approximation of an
adiabatically slow change of the parameter ξ defined in
Eq. (35). Substituting the approximate solution (61) into
Eqs. (37)–(39), we obtained the initial conditions (62)–(64)
in the integral form as functions of ξ0, which is the value of
ξ at the initial moment of time when the simulation starts.
The corresponding integrals can be calculated in terms of

Meijer G functions [93]. We have

EðnÞð0Þ ¼ λn
Hnþ4eπjξ0jshðπjξ0jÞ
23nþ11π5=2jξ0jnþ3

G3;1
2;4

�
16ξ20

���� 1; nþ 9=2

nþ 4; nþ 4; nþ 4; 0

�
; ðA1Þ

GðnÞð0Þ ¼ λnþ1
Hnþ4eπjξ0jshðπjξ0jÞ
23nþ13π5=2jξ0jnþ4

G3;1
2;4

�
16ξ20

���� 1; nþ 9=2

nþ 4; nþ 4; nþ 5; 0

�
; ðA2Þ

BðnÞð0Þ ¼ λn
Hnþ4eπjξ0jshðπjξ0jÞ
23nþ15π5=2jξ0jnþ5

G3;1
2;4

�
16ξ20

���� 1; nþ 11=2

nþ 4; nþ 5; nþ 6; 0

�
: ðA3Þ

For further convenience, we derive also the asymptotic expressions in the limiting cases of small and large jξ0j. For jξ0j ≪ 1,
we can expand the Macdonald functions to the leading order for z → 0 and then the integrals can be easily calculated:
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EðnÞð0Þ ≈ λn
Hnþ4ð2jξ0jÞnþ6

2π2ðnþ 4Þ3 ½2ðnþ 4Þ2ln2ð2bjξ0jÞ

− 2ðnþ 4Þ lnð2bjξ0jÞ þ 1�; ðA4Þ

GðnÞð0Þ ≈ λnþ1
Hnþ4ð2jξ0jÞnþ5

4π2ðnþ 4Þ2 ½1 − 2ðnþ 4Þ lnð2bjξ0jÞ�;

ðA5Þ

BðnÞð0Þ ≈ λn
Hnþ4ð2jξ0jÞnþ4

4π2ðnþ 4Þ ; ðA6Þ

where b ¼ expðγEÞ and γE ¼ 0.577… is the Euler-
Mascheroni constant. In the opposite case jξ0j ≫ 1, the
upper bound of integration in Eqs. (62)–(64) can be extended
to infinity. Then by using Eqs. (A10)–(A12), we obtain

EðnÞð0Þ ≈ λn
Hnþ4e2πjξ0j

π3jξ0jnþ3

½ðnþ 3Þ!�4
2nþ5ð2nþ 7Þ! ; ðA7Þ

GðnÞð0Þ ≈ λnþ1
Hnþ4e2πjξ0j

π3jξ0jnþ4

½ðnþ 3Þ!�4ðnþ 4Þ
2nþ7ð2nþ 7Þ! ; ðA8Þ

BðnÞð0Þ ≈ λn
Hnþ4e2πjξ0j

π3jξ0jnþ5

½ðnþ 4Þ!�4
2nþ7ð2nþ 9Þ!

nþ 5

nþ 4
: ðA9Þ

We present here also the integrals used in the derivation
of Eqs. (A7)–(A8):

Z
∞

0

z2nþ1K2
0ðzÞdz ¼

2n−1ðn!Þ3
ð2nþ 1Þ!! ; ðA10Þ

Z
∞

0

z2nþ1K2
1ðzÞdz ¼

2n−1ðn − 1Þ!n!ðnþ 1Þ!
ð2nþ 1Þ!! ; ðA11Þ

Z
∞

0

z2nK0ðzÞK1ðzÞdz ¼
2n−2½ðn − 1Þ!�2n!

ð2n − 1Þ!! : ðA12Þ
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