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Schwarzschild Black Hole in an Asymptotically Uniform Magnetic Field (*). 

R .  S .  I I A N N I  (**) and R. R U F F I N I  

Joseph Henry Laboratories, Princeton University -Prineeton, N . J .  08540 

(ricevuto il 25 Novembre 1975) 

The discovery of binary X-ray sources (~) and the possible identification of some of 
them with black holes (~) in orbit around a normal star have made the accretion of 
material black holes of the greatest intcrest. The existence of magnetic fields in the 
main star and the tendency of plasma, falling into the collapsed object to align the 
magnetic lines of force along the direction of the infalling material (3) have made the 
analysis of magnetic fields in the neighborhood of a black hole essential to our under- 
standing of the physics of these collapsed objects. 

I t  has been known that  a black hole in empty space can only be endowed with a 
magnetic field if the black hole itself is endowed with rotation and charge (4). The 
multipole structure of the field is uniquely determined and given asymptotically by 
a dipole tield of strength 

/l Qa 

where (~) Q is the charge of lhe black hole and a ~ L / M  is the angular momentum 
per uni t  mass. CHRISTODO[:LO~5 (e) has shown t h a t  any departure in the magnetic field 
from the configuration dictated by the Kerr-Newman (~) solution will be radiated away 

(*) W o r k  pa r t i a l l y  suppor ted  by  N.S.F.  G r a n t  GP 30799X to Princctor~ Un iv e r s i t y .  
(**) Now a t  S tanford  Un ive r s i t y ,  S tanford ,  Cal. 94305. 
(~) See, e.g., GIAcco.~'I: Binary X - r a y  sources, i nv i t e d  t a lk  de l ive red  a t  t h e  Solvay Meeting, Bruxel- 
les, 1973, to a p p e a r  in the  Proceedings. 
(*) See, e.g., R. ItV~TINI: Neutron stars and black holes in  our galaxy, i n v i t e d  ta lk  de l ive red  a t  t h e  
Solvay Meeting, Bruxelles, 1973, to a p p e a r  in  t he  Proceedings. 
(I) For  a lucid and  deta i led  t r e a t m e n t  of p l a s m a  acc re t lng  in  the  m a g n e t i c  field of a n o r m a l  s t a r  s e e  

the  classical  work  of M. N. MESTEL: Roy. Amer. Soc., 119, 223 (1959). Accre t ion  of p l a s m a  into a b lack  
hole ha s  r ecen t ly  been  e x a m i n e d  by R.  I~UFFINI a nd  J .  WI1~o~:  to be  publ ished.  
O) For  the  ana lys i s  of the  e l ec t romagne t i c  s t r u c t u r e  of the  field of a black hole see D. CEmI~rrODOULOu 
and  R. Ruggtx ' r :  O~ the eleelrodynamics ot coll~z~sed ob]ecls, in Black Iloles, ed i t ed  by  B. D E W r r r  an d  
C. DEWI2"r (New York,  N. Y. ,  1973). 
(5) I I e re  and  in the  following we a re  us ing  ge ome t r i z e d  un i t s  (7 = e = 1. 
(*) D. CrmIsTODOI:L(n~: p r i v a t e  c o m m u n i c a t i o n  to one of us (R.R.) .  
(7) E. T. NEWMA.N-, E. COUCH, R. CHINNAPARED, A. ~',XTON, A. PRAKASH an d  R. TORRE/~'CE: J o n ~ .  
Math. Phys. ,  6, 918 (1965). 
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with the characteristic time 

r = M  

defined by the mass of the black hole, M. 
a black hole embedded in a magnetic field rooted in interstellar plasma is radically 

different. HOYLE (8) has emphasized the importance of this distinction for the observa- 
tion of black holes. As a first step in this investigation we find analytic formulae for 
an asymptotically uniform magnetic field in which we embed a Schwarzschild black 
hole. The more complex case in which plasma is present around the magnetic lines 
of force is currently being investigated ('). 

We are going to study the structure of the magnetic field from three points of view. 
Firs t  we analyse locally the physical components of the Lorentz force acting on a 
magnetic monopole of uni t  strength at rest at a given point  in the Schwarzschild back- 
ground. Then we analyse the lines of force as seen from a far away observer to give 
a complete picture of the field. Final ly we introduce the lines of constant flux which 
coincide with the lines of force and allow us to space them so that  their density is pro- 
portional to the physical components of the Lorentz force. 

We are dealing with weak magnetic fields whose energy-momentum tensor gives 
a negligible contribution to the background geometry. Consequently, it  is sufficient 
to solve Maxwell's equations in the fixed background with metric 

(1) ds I = - -  (1 - -  2M/r) dt s + (1 - -  2M/r) -1 dr" + rl(sin ! 0 de ~ + dO 2) . 

Since no electric fields are present, the only nonzero eovariaut components of the electro- 
magnetic field tensor are 

( 2 . 1 )  IV,~ = Ar , 

(2.2) Foq, = Ar  

with contravariant  components 

( 3 . 1 )  

(3.2) 

.F'~ = (1 - -  2mlr)r  -2 sin -I OAr 

For = r -4 s i n  - I  OA~.e. 

The first set of Maxwell's equations, . F~;~ = 0, is automatically satisfied. The only 
equat ion derived from the second set of equations F ~  = 0, which is not trivially 
~atisfied, is 

~ ( 4 )  r~ ~ r  1 - -  + sin 0 ~ sin 0 - ~  ] = O. 

We separate the variables r and 0 by assuming 

(5) Aq~ = R(v)  T(O) . 

(') F. HOyLE: Communication at the 1971 Meeting on Coila2ased Obtects in Honour of the OOth Birthday 
~I W. FOWLER, Cambridge, England. 
~I) R. RUFFINI and J. R. WILSON: to be published. 
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W e  then  have  

d dR(v) l(l + 1)R(r) ,  
(6.1) r~ ~rr ( 1 - -  2M/r) - d r  - = 

d 1 dT(0) 
(6.2) sin 0 . . . . . . .  l(l + 1) T(O). 

dO sin 0 dO 

Set t ing  z =  2M/r  we can t ransform eq. (6.1) to 

(7) d dR(z) l(l A- 1)R(z) . 
( 1 - z ) z 2  dz = 

W e  then  have two l inear ly  independen t  solut ions 

(8.1) q~(z) = zt ~ a,z"  
n~O 

and  

(8.2) ~t(z ) = z-C~ ,1) ~ b. z", 
n--0 

where a ,  and  b. satisfy the  following recurrence relat ions:  

(n + l ) ( n - - l  § 1) 
(9.1) a '+ l=-  ( • +  l §  l ) ( n +  l +  2 ) - - / ( / +  1) a n '  

(9.2) 
( n - - l - - 1 ) ( n - - l +  1) 

b "+ l =  ( n - - l ) ( n - - l +  1 ) - - / ( / +  1 ) b , .  

For  a fixed value of l the solut ions yt(z) are given by  a f inite series. The solut ions Yt 
can be ob ta ined  in close form from the  funct ions  ~t,  we have  then  Qo) 

(10) [ ~,(z) = v/~(z) A -~- Bz~(z -T)y~(z ) . 

A and  B be ing  two constants .  I t  is then  clear from the explici t  solut ion of eq. (10) 
tha t  all  the  funct ions  ~z(z) diverge a t  inf in i ty  as z ~  i ,  

The first solut ions for yz(Z) are 

(11.1) 

(11.2) 

(11.3) 

%(r)= 1, 

?,t 

yx(r)- 4M z, 

,r 3 3rz  
~2(~) 8M a 16M~ ' 

and  they all diverge at  inf ini ty  wi th  the exception of %(r). 

( " )  R.  LEACH: Senior  Thes is ,  p r e sen t ed  a t  P r i nc e ton  Un iv e r s i t y ,  unpub l i shed  (1974). 
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I f  we le t  x =  cos0,  eq. (6.2) t a k e s  t h e  fo rm 

dT,(x)  
(12) ( l - - x ~ ) ~  + l(~+ 1) T,(x) = 0,  

whose  so lu t ion  can  be  expressed  in  t e r m s  of G e g e n b a u e r  p o l y n o m i a l s  (n) ,  t h e  f i rs t  
four  be ing  

(13.1) T o =  cos 0 ,  

(13.2) T 1 = 1 - -  cos 2 0 ,  

(13.3) T 2 =  cos 0 - -  cosa 0 , 

(13.4) T a =  1 - - 6 c o s  z 0 + 5 c o s  a 0 .  

F o r  t h e  so lu t ion  to b e  r egu la r  a t  t h e  hor i zon  a n d  a s y m p t o t i c a l l y  a p p r o a c h  a u n i f o r m  
m a g n e t i c  f ield i t  is r equ i r ed  t h a t  9 t ( r ) =  0 if  1 # 1 .  T h i s  d e t e r m i n e s  t h e  p o t e n t i a l  
un ique ly ,  we h a v e  

~2 
Ar = - -  s in s 0 ,  

2 

a n d  for  t h e  c o v a r i a n t ,  c o n t r a v a r i a n t  c o m p o n e n t s  of t h e  e lec t romagne t ic - f i e ld  t e n s o r  

we h a v e  

(14.1) /70 r  Ar r ~ cosO sin O, 

( 1 4 . 2 )  /7~r = A r  = r s i n  2 O ,  

(14.3) / 70 r  r-~ c tg  0 ,  

(14.4) .F~r = r - 2 ( r -  2m) . 

T h e  c o v a r i a n t  c o m p o n e n t s  of t h e  d u a l  t enso r  are  

* / 7 , t  = cos 0 ,  */70,  = (r--  2m) sin 0 . 

T h e  L o r e n t z  force on a m a g n e t i c  monopo le  a t  r e s t  in  t h e  Schwarzsch i ld  b a c k g r o u n d  is  

I n  p a r t i c u l a r  

~= [o, o, o, (I- 2m/r)-i]. 

L ,  = cos 0/(1 - -  2m/r)t a n d  

t h e  p h y s i c a l  c o m p o n e n t s  are  

(15.1) L ;  ~-- cos 0 ,  

(15.2) L~-~- I-- sin O, 

01) See, e.g., M. A.~R~owl~'z and I. A. STmGU,'r Handbook of Mathematical Functions (1970). 
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w h i c h  a t  l a r g e  d i s t a n c e s  i n d e e d  c o r r e s p o n d  to  a u n i f o r m  m a g n e t i c  f ie ld  

L ; = c o s 0 ,  L ~  s i n 0 .  

L e t  u s  n o w  p r o c e e d  to  c o m p u t e  t h e  l i n ~  of  c o n s t a n t  f lux .  T h e  m a g n e t i c  f l ux  t h r o u g h  

a s u r f a c e  b o u n d e d  b y  a s u r f a c e  o f  r e v o l u t i o n  a t  r a n d  0 is  

(16) r =fF.,dx" A d x ' =  4 z p .  
B $ 

w h e r e  p is  t h e  t o t a l  m a g n e t i c  c h a r g e  c o n t a i n e d  w i t h i n  t h e  s u r f a c e .  W e  c a n  t h e n  o b t a i n  

f r o m  eq .  (14) t h e  f o l l o w i n g  e x p r e s s i o n s  fo r  t h e  f l u x  i f  

- -  = - -  4 ~ r  s i n  s 0 .  - -  = 4 ~ r  ~ cos  0 s i n  O. 
J r  30 

T h e  s l ope  o f  t h e  l i ne s  of  c o n s t a n t  f l ux  is  

(17) . . . . . . .  reosO/sinO. 
dO e r  

T h e  f lux ,  t h r o u g h  a s u r f a c e  b o u n d e d  b y  a r i ng  of  r e v o l u t i o n  a t  r a n d  0, d e t e r m i n e d  
u p  to  a n  a r b i t r a r y  c o n s t a n t ,  i s  

q )  - -  - -  2~r  2 s in  s 0 .  

Fig. I. - Magnetic lines of force of a uniform field at  infinity plotted in Schwarzschild co-ordinates. 
The inner  circle is the  event  horizon (r = 2G3//c ffi) and the  outer  circle is an  arbi trary cut-off 
(r = 4GM/cS). This diagram seems inconsistent  with the  conclusion reached in eq. (15) tha t  the  lines 
of forces should cross the  horizon orthogonally ; however, the  physical components have to be interpreted 
in an  embedded diagram, see fig. 2 and  3. 
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T h e  l i n e s  of  f o r ce  m u s t  b e  a t  e v e r y  p o i n t  t a n g e n t  to  t h e  L o r e n t z  force .  W e  f i n d  t h e n  
f r o m  eq .  (15) 

(18) d r  = * ~ , / ,  E o  ~ = r cos  O/sin O. 
d e  

T h i s  e x p r e s s i o n  is  i d e n t i c a l  t o  t h a t  g i v e n  b y  eq .  (17). T h e  l i n e s  of  f o r c e  a n d  t h e  l i n e s  

o f  c o n s t a n t  f l u x  t h e r e f o r e  c o i n c i d e .  I n  f ig.  1, 2 a n d  3 t h e  l i ne s  o f  f o r ce  a r e  r e p r o d u c e d  

a s  g i v e n  i n  a n  e m b e d d e d  d i a g r a m  ( p h y s i c a l  c o m p o n e n t s )  o r  p r o j e c t e d  i n  t h e  c o - o r d i n a t e  

s p a c e .  I n  p a r t i c u l a r  i t  i s  c l a r i f i ed  i n  w h a t  s e n s e  w e  c a n  s a y  t h a t  t h e  l i n e s  o f  f o r c e  e ro s~  

t h e  h o r i z o n  o r t h o g o n a l l y .  

Fig. 2. ~ . 3 .  

F i g .  2 .  - Magnet ic l ines  of force of a uniform field at  infinity plotted on a curved background. Exploi t ing 
t h e  s ta t ic  na tu re  and  the  axial symmet ry  of the  Schwarzschild solution we suppress  the  temporal  and. 
az imuthal  dependence of the  metric.  The exterior Schwarzsohild solution can be visualized as a two- 
dimensional  hyperboloid embedded in an  Euclidean three  space. We then  have for a radial t rajectory 
d~ '  ~ dr '  + dzt = (1 -- 2Mlr)- ldr I. Optical dis tort ion of a five-degree field of view was assumed in pro- 
Jecting th i s  surface. The smaller  ellipse is the  event  horizon and  the  larger is the  arbi t rary cut-o~ of 
fig. 1. All dashed l ines are hidden by the  surface. The l ight  continuous l ines are magnet ic  l ines of force 
seen from the  outside of the  hyperboloid; the  medium continuous l ines are seen from the  inside. In  t h i s  
curved space the  l ines of force are s t r ic t ly  radial  at  the  event  horizon, as arc the  physical components  
of the  Lorentz force. The two lines with cusps a t  the  event  horizon ( tangent  to the  event  horizon in 
Schwarzsohild co-ordinates fig. 1) do not  intersect  the  event  horizon orthogonally, bu t  all physical com- 
ponents  of the  magnet ic  field van ish  a t  the  points  of intersect ion.  

F i g .  3 .  - Same diagram as in  fig. 2 from a different viewpoint.  

T h e  e x a m p l e  t r e a t e d  h e r e  i s  of  t h e  g r e a t e s t  i n t e r e s t  s i n c e  i t  c l a r i f i e s  t h a t  l i n e s  o f  

f o r c e  c a n  i n d e e d  c r o s s  t h e  h o r i z o n  o f  a S c h w a r z s c h f l d  b l a c k  h o l e  a n d  c l o s e d  a n a l y t i c  

f o r m u l a e  a r e  g i v e n  fo r  a n a l y z i n g  t h e  s t r e n g t h  of  t h e  m a g n e t i c  f i e lds  a n d  t h e  l i n e s  o f  

f o r c e  n e a r  t h e  h o r i z o n .  I t  f a i l s  t o  b e  r e a l i s t i c  i n  o n e  i m p o r t a n t  r e s p e c t :  I n  a b i n a r y -  

s y s t e m  p l a s m a  wi l l  b e  l a r g e l y  a f f e c t i n g  t h e  m a g n e t i c  l i ne s  o f  fo rce .  M a t e r i a l  f a l l i n g  

t o w a r d  t h e  b l a c k  h o l e  wi l l  g r e a t l y  m a g n i f y  t h e  s t r e n g t h  of  t h e  m a g n e t i c  f ie ld  (I). T h e  
t r e a t m e n t  h e r e  p r e s e n t e d ,  h o w e v e r ,  i s  s t i l l  o f  r e l e v a n c e  fo r  t h e  u n d e r s t a n d i n g  o f  t h e  

b o u n d a r y  c o n d i t i o n s  t o  b e  a d o p t e d  o n  t h e  h o r i z o n  i n  t h i s  m o r e  g e n e r a l  t r e a t m e n t .  


