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The diseovery of binary X-ray sources () and the possible identification of some of
them with black holes (2) in orbit around a normal star have made the accretion of
material black holes of the greatest interest. The existence of magnetic fields in the
main star and the tendency of plasma, falling into the collapsed object to align the
magnetic lines of force along the direction of the infalling material (*) have made the
analysis of magnetic fields in the neighborhood of a black hole essential to our under-
standing of the physics of these collapsed objects.

It has been known that a black hole in empty space can only be endowed with a
magnetic field if the black hole itself is endowed with rotation and charge (). The
multipole structure of the field is uniquely determined and given asymptotically by
a dipole field of strength

. Qa,
where (°) © is the charge of the black hole and ¢ L/M is the angular momentum

per unit mass. CHRISTODOULOU (®) has shown that.any departure in the magnetic field
from the configuration dictated by the Kerr-Newman (%) solution will be radiated away

(*) Work partially supported by N.S.F. Grant GP 30799X to Princeton University.

(**) Now at Stanford University, Stanford, (‘al. 94305.

(1) See, e.g., (Gi1accoNT: Binary X-ray sources, invited talk delivered at the Solvay Meeting, Bruzel-
les, 1973, to appcar in the Proceedings.

(") See,e.g., R. RUFFINI: Neutron stars and black holes in our galazy, Invited talk delivered at the
Solvay Meeling, Bruxelles, 1973, to appear in the Proceedings.

(*) For a lucid and detailed treatment of plasma accreting in the magnetic field of a normal star see
the classical work of M. N. MESTEL: Roy. Amer. Soc., 119, 223 (1959). Accretion of plasma into a black
hole has recently been examined by R. RurFFINI and J. WIL8ox: Lo be publighed.

() For the analysis of the clectromagnetic strueture of the fleld of a black hole see ). CHRISTODOULOU
and R. RUFFINT: On the elecirodynamics of collapsed objects, in Black IHoles, edited by B. DEWrTT and
C. DEWITT (New York, N. Y., 1973).

(®)) Mero and in the following we are using geometrized units G =¢ = 1.

(*) D. CHRISTODOULOU: private communication to one of us (R.R.).

() E. T. NEwMmaN, K. CoucH, R. CHINNAPARED, A. EXxTON, A. PRARASH and R. TORRENCE: Journ.
Math. Phys., 6, 918 (1965).
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with the characteristic time

=M

defined by the mass of the black hole, M.

A black hole embedded in a magnetic field rooted in interstellar plasma is radically
different. HOYLE (®) has emphasized the importance of this distinction for the observa-
tion of black holes. As a first step in this investigation we find analytic formulae for
an asymptotically uniform magnetic field in which we embed a Schwarzschild black
hole. The more complex case in which plasma is present around the magnetic lines
of force is currently being investigated ().

We are going to study the structure of the magnetic field from three points of view.
First we analyse locally the physical components of the Lorentz force acting on a
magnetic monopole of unit strength at rest at a given point in the Schwarzschild back-
ground. Then we analyse the lines of force as seen from a far away observer to give
a complete picture of the field. Finally we introduce the lines of constant flux which
coincide with the lines of force and allow us to space them go that their density is pro-
portional to the physical components of the Lorentz force.

We are dealing with weak magnetic fields whose energy-momentum tensor gives
a negligible contribution to the background geometry. Consequently, it is sufficient
to solve Maxwell’s equations in the fixed background with metrie

Q) ds? = — (1 —2M/r)dtt + (1 —2M/r)~2dr® + r3(sin® §dg® + 46?) .

Sinee no electric fields are present, the only nonzero covariant components of the electro-
magnetic field tensor are

{2.1) Fop=Ag,,

{2.2) Fop= Agp,

with contravariant components

{3.1) Fro=(1—2m/ryr28in~204,,,

{3.2) Foo=r4gin-2044.

The first set of Maxwell’s equations, * F"‘ﬁ =0, is a.utomatlcally satisfied. The only

equation derived from the second set of equatlons b d ;s =0, which is not trivially
satisfied, is

3 2m) 04 a[ 1 o4
3 )= inf —{f— —2| =
@ ’ 81‘[(1 r) a¢]+meao[smo ao]

We separate the variables r and § by assuming

%) Ay = E(r) T(6) .

(') F. HOYLE: Communication ai the 1971 Meeting on Collapsed Objects in Honour of the 60th Birthday
of W. FowLER, Cambridge, England.
{*) R. RU¥rFINI and J. R. WIL8ON: to be published.
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‘We then have

d dR(r)
{6.1) r2—(1—2M/r)—_ -=11+4 1)R(),
dr dr
. d 1 d47(6)
UYL T®) .
(6.2) Snf s s = Il + 1) T(6)

Setting z = 2M/r we can transform eq. (6.1) to

) R AR L)

We then have two linearly independent solutions

(8.1) Pue) =2 an e
n=0
and
@©
(8.2) wi(2) = 2D Y b,
n=-0

where a, and b, satisfy the following recurrence relations:

nm+lHn—1+1)

9.1 - ,
®.1) e L T lt el g+

m—I—m—1+1)

(9.2) bty = m—lm—I+1)—Ilt+1) "
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For a fixed value of I the solutions y,(z) are given by a finite series. The solutions v,

can be obtained in close form from the functions w,, we have then (19)

(10) vi(z) = y,(2) [A + Bm] .

A and B being two constants. Tt is then clear from the explicit solution of eq. (10)

that all the functions ¢,(2) diverge at infinity as z—1.
The first solutions for y,(z) are

(L wlr)=1,
(11.2) wir) —

aM?

s 3r2
11.3 -
(-3 ) = S Tean

and they all diverge at infinity with the exception of ().

(") R. Leacu: Senior Thesis, presented at Princeton University, unpublished (1874).
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If we let x=cos#6, eq. (6.2) takes the form

AT ()
(12) (l—xz)—(—le—}—l(l%— HTx)=10,

whose solution can be expressed in terms of Gegenbauer polynomials (1), the firat
four being

(13.1) Tyo=co86,

(13.2) T,=1—cos?f,

(13.3) , = cos§—cos®f,

(13.4) Te3=1—6cos*§ - 5cos® 6.

For the solution to be regular at the horizon and asymptotically approach a uniform
magnetic field it is required that ¢,(»)=0 if 1:41. This determines the potential
uniquely, we have

r2
Ay= —sin?f,
LA 1

and for the covariant, contravariant components of the electromagnetic-field tensor
we have ~

(14.1) Fog= Adgpo=12cosfsing,
(14.2) F,g=dp,=rsin?6,
(14.3) Foo— rctgf,

(14.4) Fro=r23r—2m).

The covariant components of the dual tensor are
*F,,= cosl, % Fo,= (r—2m) sin 6 .
The Lorentz force on a magnetic monopole at rest in the Schwarzschild background is

Lo= % Fapuf,  pb=1[0,0,0, (1—2mfr)~i].

In particular
2m\t |
L,=cos§/(1—2m/ri¥  and Ls=r I_T s8inf;
the physical components are
(15.1) Ly = cosf,

2m\t |
(15.2) Ly=(1——] &iné,
T

(1) Seo, €.g., M. ABrRaAMOowWrTZ and I. A. STEGUN: Handbook of Mathematical Funclions (1970).
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which at large distances indeed correspond to a uniform magnetic field
L, = cosf, Ly —sin0.

Let us now proceed to compute the lines of constant flux. The magnetic flux through
asurface bounded by a surface of revolution at r and 6 is

(16) /] :-»fF :jFu, da# Adx* = 4mp
] 8

where p is the total magnetic charge contained within the surface. We can then obtain
from eq. (14) the following expressions for the flux if

~

o >
—g:——4m'sin2ﬂ. %gﬁ‘im?cosesin().

or
The slope of the lines of constant flux is

dr e
an & 0PI cosojsine .
" edser

The flux, through a surface bounded by a ring of revolution at r and 6, determined
up to an arbitrary constant, is

D — — 2ar28inth .

s N

AN e

Fig. 1. ~ Magnetic lines of force of a uniform ficld at infinity plotted in Schwarzschild co-ordinates.
The inner circle is the event horizon (r =2GM/c*) and the outer circle is an arbitrary cut-oft
(r =4GM/c*). This diagram seems inconsistent with the conclusion reached in eq. (15) that the lines
of forces should cross the horizon orthogonally ; however, the physical components have to be interpreted
in an embedded disgram, see fig. 2 and 3.
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The lines of force must be at every point tangent to the Lorentz force. We find then
from eq. (15)

d
(18) d_g = % F", /% F® = r cos 6/sin 0.

This expression is identical to that given by eq. (17). The lines of force and the lines
of constant flux therefore coincide. In fig. 1, 2 and 3 the lines of force are reproduced
as given in an embedded diagram (physical componentg) or projected in the co-ordinate
space. In particular it is clarified in what sense we can say that the lines of force cross
the horizon orthogonally.

Fig. 2. Fig. 3.

Fig. 2. — Magneticlines of force of a uniform field at infinity plotted on a curved background. Exploiting
the static nature and the axial symmetry of the Schwarzschild solution we suppress the temporal and
azimuthal dependence of the metric. The exterior Schwarzschild solution can be visualized as a two-
dimensional hyperboloid embedded in an Euclidean three space. We then have for a radial trajeotory
do* =dr* + dz* = (1 — 2M/r)-*dr*. Optical distortion of a five-degree fleld of view was assumed in pro-
jecting this surface. The smaller ellipse is the event horizon and the larger is the arbitrary cut-off of
fig. 1. All dashed lines are hidden by the surface. The light continuous lines are magnetic lines of force
seen from the outside of the hyperboloid; the medium continuous lines are seen from the inside. In this
ocurved space the lines of torce are strictly radial at the event horizon, as are the physical components
of the Lorentz force. The two lines with cusps at the event horizon (tangent to the event horizon Iin
Schwarzschild co-ordinates fig. 1) do not intersect the event horizon orthogonally, but all physical com-
ponents of the magnetic fleld vanish at the points of intersection.

Fig. 3. — Same diagram as in fig. 2 from a different viewpoint.

The example treated here is of the greatest interest since it clarifies that lines of
force can indeed cross the horizon of a Schwarzschild black hole and closed analytic
formulae are given for analyzing the strength of the magnetic fields and the lines of
force near the horizon. It fails to be realistic in one important respect: In a binary-
system plasma will be largely affecting the magnetic lines of force. Material falling
toward the black hole will greatly magnify the strength of the magnetic field (*). The
treatment here presented, however, is still of relevance for the understanding of the
boundary conditions to be adopted on the horizon in this more general treatment.



