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A helicity proxy from horizontal solar flow patterns
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Motivated by new observations of solar surface flow patterns of mesogranulation, theoretical computations of the horizon-
tal divergence-vorticity correlation are presented. Because of its close relation to the helicity in rotating turbulence such
observations and discussions are of particular importance for the conventional dynamo theory. For the northern hemisphere
we find a small, but always negative, divergence-vorticity correlation. Both an analytical Second Order Correlation Approx-
imation for slow rotation as well as a numerical simulation (originally done for accretion disks) for fast rotation yield very
similar results.
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1. Introduction

Modern stellar physics considers solar/stellar activity as being driven by a dynamo mechanism maintaining a large-
scale magnetic field. The dynamo itself is thought to result from the interaction between turbulence and rotation,
the latter modifying the turbulence structure. Non-local theories for the generation of differential rotation as well
as large-scale magnetic fields are described by coefficients ‘A’ and ‘e’ that capture the influence of the basic rotation
on the turbulence.

In the present paper we ask the question whether the rotational influence on the turbulence can be observed at
the solar surface. Granulation and mesogranulation are the main candidates due to their nonmagnetic character.
Our particular question is whether the horizontal motions alone suffice to estimate the rotational influence.

The helicity (u' - curlu') is a key ingredient in conventional dynamo theory (Krause & Réadler 1980). Here we
consider that part of the helicity which results from the vertical components of velocity and vorticity,

= (e(3-5))

where (u,v,w) = u' denote the deviations from the mean flow in a Cartesian coordinate system (z,y,z). The
angular brackets denote ensemble averages, which are in practice approximated by finite spatial and temporal
averages. We adopt a right-handed coordinate system (e.g., if z points east, y north, then z points radially
outwards.) It is well known (e.g. Krause & Rédler 1980) that in a stratified convection zone rising material
expands and rotates because of the action of the Coriolis force. On the northern hemisphere the results are left-
handed helical motions, i.e. H < 0. Expansion results in clockwise rotation and wvice versa. Instead of (1) we
consider now the divergence-vorticity correlation

~((23) (5-5)

(cf. Wang et al. 1995). In the following we refer to this quantity as a helicity proxy. We adopt the anelastic
approximation, divpu = 0, and neglect fluctuations in the density, i.e. p = p(2), so divpu’ = 0. Thus, we have
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We now define a scale height for the vertical momentum fluctuations,
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so the horizontal velocity divergence is then approximately w/Hp,, and therefore
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We assume Hy, > 0, i.e. the vertical momentum fluctuations decrease with height. This is indeed a natural property
of many granulation models (cf. Simon & Weiss 1997). Note that even if |w| increases mildly with height Hy, can
still be positive. Close to the bottom of the cells, however, Hy, becomes negative. The simulations presented in
Sect. 3 indicate that this approximation is relatively accurate. Thus, from
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we see that in the top realm of the cells a positive horizontal divergence corresponds to an updraft (w > 0) and a
negative horizontal divergence corresponds to a downdraft (w < 0), which is in agreement with our expectation.

Given that C is closely related to 7, it should be possible to estimate # from observations of horizontal flow
components alone. In the Second Order Correlation Approximation (SOCA) the sign of the helicity is related to
the sign of the a-effect. For isotropic a-effect negative helicity leads to positive a and wvice versa — both for low
and high conductivity (Krause & Réadler 1980),
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with 7¢orr as the correlation time in the turbulent flow field. Positive values of « are thus expected for the northern
solar hemisphere.! However, with a positive a-effect and a rotation law taken from helioseismology inversions, the
solar dynamo produces the wrong butterfly diagram (see Parker 1987). It would, therefore, be useful, to observe
the helicity in the solar atmosphere in order to put constraints on dynamo theory.

Like the helicity H, so is also C a pseudoscalar and its sign depends on the coordinate system. The only
pseudoscalar, that can be constructed in anisotropic turbulence with the anisotropy direction g, is the scalar
product g - 2, where 2 is the angular velocity vector. Hence, we expect a nonvanishing helicity proxy C only for
rotating turbulence. The influence of the basic rotation is often represented by the Coriolis number (or inverse
Rossby number)

0" = 27¢orr Q, (8)

i.e. the ratio between correlation time 7¢orr and the rotation period.

As the typical mesogranulation pattern only lives for a few hours Q* is estimated to be of order of 10~. Hence,
the correlation effect C can only be very small and one will need a sophisticated observational strategy to measure
it. In Brandt et al. (1988) and in Simon et al. (1994) first results of an overall inspection of horizontal flow patterns
on mesoscales are presented. The maximum velocities are ~ 750 m/s, maximum vertical divergence is ~ 4-107% s~!
and the maximum vertical vorticity is ~ 2-107* s~! (see also Simon et al. 1988). Brandt et al. (1988) even report a
vorticity of an order of magnitude larger than those values. There are indications for a negative divergence-vorticity
correlation C < 0 (Wang et al. 1995) but a more detailed analysis must bring the final finding about the rather
small effect. The best chance of detection may be expected if the averages are taken over large enough scales.

2. Influence of the basic rotation

A vertical unit vector ¢ may be introduced. The desired expression (2) can generally be written as the z-component
of the axial vector

C = (diva curlu') (9)

with @ = u' — (g - u') g as the horizontal component of the random flow field. Angular brackets denote ensemble
averages.

IThe situation is more complicated if the tensor character of the a-effect is taken into account, but also in this case the important
azimuthal component of the a-tensor, agg, is positive in the northern hemisphere (Kitchatinov & Riidiger 1993).
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It makes sense to transform the latter to the random momentum field with m’ = pu’, i.e.
peurlu’ = curlm’ + m' x G, pdivu' = -G -m/’ (10)

with G = V1n p and with the mass conservation law in an anelastic medium, divm' = 0. It follows p § - curlu’ =
g -rotm’ and pdiv @ = div 1 so that

c:—% (§-V)(§ m))(curlm! +m' x G)), (11)
where the nonfluctuating density profile p = p(z) has been pulled out of the average. With the Fourier transform

m'(z,t) = /m(k,w)ei(k T ke (12)
we obtain
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for the components of C. Here €;;,, is the totally antisymmetric tensor.

In general, the axial vector (9) can only be expressed by another axial vector. To this end the axial vector of
the angular velocity can be used, so that we write

with the coefficient tensor
Cij = ¢y .ai éj + lesij + Czeijpﬂp + C3Qin + 64(90 . 9)26” (15)

— up to the second order in 2. Note that the term with ¢ does not contribute to (14). For small (8) one can use
the slow-rotation approximation which only involves the coefficients ¢y and ¢;. Then the latitudinal component of
the correlation becomes

Cy = —c18inf Q. (16)

This correlation, however, must vanish at the equator for equatorsymmetric flows. If we thus assume the meso-
granulation pattern as equatorsymmetric, co proves to be the only interesting coefficient, hence for C = §;C;

C =cocosb Q (17)

results. To first order in 2 the correlation vector C has only a radial (here: vertical) component, i.e. C.
It remains to compute the tensor (15). In a stratified turbulent medium the spectral tensor in (13) is
Y ~ ~ E(K7 w, H)
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where K and k are the wave vectors for large as well as small scales (Kitchatinov & Riidiger 1993). It is simply
K=(k-k)2and k =k + k'

Insertion of (18) into (13) does not provide any nonvanishing values. Only the influence of the basic rotation
onto the turbulence produces a finite effect. In Kitchatinov & Riidiger (1993) the rotational influence is computed
in full detail. The results must be introduced into (13), which after massive manipulations leads to
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for uniform stratification G. The result written here is of first order in the rotation rate and for uniform density
stratification G. After adopting the mixing length approximation the result is

c = 3 0? G; 0
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Note after comparison that indeed no Kronecker tensor d;; appears in the expression (15). When the inhomogeneity
of the turbulence intensity can be neglected compared with that of the density stratification,

8 0
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is obtained for the vertical component of the correlation vector (14). The resulting helicity proxy,
8 aipr
=—— 6 22
359 T (22)

proves to be negative on the northern hemisphere — as expected from (5). Here, aypr is the standard mixing
length parameter and v is the ratio of specific heats and we have used typical relations such as 7eorr ¢’ & leorr-
The resulting helicity proxy for mesogranulation is only of order 1071°s~2. Hence, it must be a very delicate
observational problem to find out the rotational influence with the turbulent pattern at the solar surface as given

in (22).

3. Simulations

In order to test the feasibility of estimating #H from horizontal velocity measurements we now analyse data from
numerical simulations of stratified shear flow turbulence. Those data are particularly interesting, because the flow
supports large scale dynamo action. All details about this simulation can be found in Brandenburg et al. (1995).
For the present purpose it suffices to say that the simulation covers part of an accretion disc, where the density
varies by a factor of thirty in the z-direction between the midplane and the top and bottom surfaces. The inverse
Rossby number, 2% is around 20 and the Reynolds number with respect to the turbulence is around 100, and with
respect to the shear flow around 750. The relative helicity of the flow, i.e. the helicity normalized with respect to
the root-mean-square values of vorticity and velocity is less than 5%. We mention this, because it is important
to realise that even though the system is rapidly rotating and stratified, the helicity is well below the maximum
possible value. This is partly because significant cancellation is taking place from flow regions where the helicity
may locally be large, but of either sign.

We now proceed by estimating the helicity from horizontal velocity measurements. In Figure 1 we show a
correlation plot between horizontal divergence and vorticity for a particular location in the box. The value of the
helicity proxy, normalized by the mean square of the horizontal velocity divergence,

(i) (8 -5)) )
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is just the slope in the correlation plot (Figure 1). The plus signs in Figure 3. give the dependence of Cgjope On
z/H, where H is the gaussian density scale height. The asterisks give the relative helicity proxy,
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which is just the correlation index. The significance of the correlation is difficult to assess. The points in the
correlation plot are not all independent, because nearby points are coupled through viscosity. However, if we
assume that every 4th meshpoint in each of the two horizontal directions is independent we still have about
n = 2000/16 = 125 independent points, so the 95-percent confidence level is 2/y/n ~ 0.18. The magnitude of the
correlation index is at many locations just above the 95-percent confidence level, but often even below.

We find that C is positive in the lower part of the midplane and negative above. This is consistent with the
expected, and directly measured, sign of the helicity. However, the scatter is very large. Thus, in order to obtain
a reliable result from observations of solar mesogranulation, it is important to produce good averages using data
at many different times to eliminate the naturally occurring fluctuations of the turbulence.

We may conclude by saying that the rotational influence on the turbulence may be observable, but it is vital
to generate good averages using independent data obtained at different times to see this relatively small effect. If
observations really confirm that the helicity is negative in the northern hemisphere, then Eq. (7) would suggest
that the a-effect is positive there. This leads directly to the ‘dynamo dilemma’ (Parker 1987). If indeed both the
helicity concept and the model calculations are correct, then we have to question the relation (7) more seriously.
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Fig. 2: Csiope (plus signs) and Cre (as-
-2 -1 0 1 P terisks) as a function of z/H. The solid

Z/H line gives a least-square fit through the
plus signs.
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