The size and dynamics of magnetic flux structures in magnetohydrodynamic

turbulence

Axel Brandenburg?®

Advanced Study Program & High Altitude Observatory, National Center for Atmospheric Research,

P.O. Box 3000, Boulder, Colorado 80307-3000
ltamar Procaccia and Daniel Segel

Department of Chemical Physics, The Weizmann Institute of Science, Rehovot 76100, Israel

(Received 26 October 1994; accepted 4 January 1995)

The structures in magnetohydrodynamic (MHD) flow, flux tubes in particular, are investigated with
respect to coherence in the direction of the magnetic field. A length scale, which is interpreted as the
diameter of the fubes, is derived from the MHD equations. This scale implies that the tendency
towards alignment of flux lines in tubes is a diffusion driven phenomenon. The dynamics of the
tubes is also investigated; the major conclusion is that stronger tubes are expected to be straighter.
These ideas are tested out on data from numerical simulations of turbulent MHD convection. It is
also seen that alignment of flux lines increases with the strength of the tube. Possible reasons for this
effect are discussed. © 1995 American Institute of Physics.

I. INTRODUCTION

In numerical simulations of magnetohydrodynamical
(MHD) turbulence the magnetic field generated by dynamo
action is typically concentrated in the form of magnetic flux
tubes or (less typically) sheets.!> The formation of flux tubes
and sheets has also been observed in simulations of ABC
flow dynamos.® These flux tubes are reminiscent of the vor-
tex tubes that have been seen in large simulations of isotropic
turbulence.*~® Possibly relevant is that the equation for the
evolution of the vorticity in hydrodynamic flow is structur-
ally similar to the equation for the magnetic field in MHD
flow: the equations express in both cases the material nature
of the field lines and the amplification of the field by the
strain.

The tubes are characterized by three length scales — the
width of the tube, its curvature and its torsion. One can de-
fine the width of these tubes in various ways. The most com-
mon is the diameter of tube-like spatial regions in which the
field exceeds some threshold value. In hydrodynamics
lengths ranging from the Kolmogorov’ to the Taylor length®
have been proposed for these tube widths. Such estimates
can be made in the following fashion: the equation for the
vorticity, e, in incompressible hydrodynamics is

D,w=.  w+ vV, (1)

where . is the strain rate tensor, v the kinematic viscosity,
and D,=4,+u-V is the total derivative. It is reasonable to
assume that the scale, ry, of vortex structures in turbulent
flows is such that the diffusion down the vorticity gradient
balances the strain across the scale that creates the structure.
The diffusion term can be estimated as vw/r2, If we esti-
mate the strain by the average dissipation or Kolmogorov
scale strain, which is proportional to Jelv, where
e=2v(.7)2~uf{Ms/L is the mean energy flux, L being the
external scale, we get the Kolmogorov scale / x=(v/€)"
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as rg. If we estimate the sirain as the external strain
urms/L. we get the Taylor microscale A x= 5upms/@rms
(Ref. 8} as rg, where the subscript “RMS” refers to the root
mean square value. In terms of the Reynolds number,
Re=upysl/v, these two scales may be written as
£ ¢=LRe™ % and A y=LRe 2 respectively.

The most thorough study of this question to date was
done by Jiménez et al.’® who find the width of a fit to a
Gaussian profile for a selection of vortices in flow with
Re,=upmshrgfv (i.e. the Reynolds number based on the
Taylor microscale) from 35 to 170. They bring evidence in-
dicating that this selection is representative of the entire col-
lection of vortices in the flow. Their conclusion is that the
width scales with the Kolmogorov length.

In MHD flows the smallest scale of magnetic flux con-
centrations, and thus the diameter of the intense flux tubes, is
often assumed to be the skin depth, which scales like
&= (nLlugms) >~ LR ;;'"* with the magnetic Reynolds num-
ber Ry = Lugrms/ . where 7 is the magnetic diffusivity. This
length scale is motivated from results obtained in the context
of two-dimensional magnetic field advection in the presence
of laminar flows'® and low Rayleigh number
magneto-convection.!! For the case »/7>1, the magnetic
dissipation scale has been proposed™’ to be
/u=(n*te) =LR;;**. The question is whether in turbu-
lent flows the size of the smallest magnetic structures is gov-
erned by &, /., or by yet another length scale.

In the following we propose a new relevant length scale
which may be motivated by the following argument. In the
incompressible case the magnetic field, B, is described by
the equation

DB=%.B+7V'B, (2)

where .2 ;;=u, ; is the velocity gradient matrix. [Note that, in
contrast to the B-field, the w-field is only governed by the

symmetrical part of %, i.e. by the strain .= $(%+ %7),
since the antisymmetric part can be written as — €ijk0)
which gives wXw=0.] We can make estimates similar to
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those sketched out above for the direction-coherence length
scale in the B-field. For the purposes of such an estimate we
assume that Kolmogorov scaling ideas still hold for the strain
field, which ignores the possible effect of the Lorentz force.
If we estimate the strain by the external strain we get the skin
depth. In this sense the skin depth is the parallel estimate to
the Taylor scale in the hydrodynamic case. If we estimate the
strain as the reciprocal of the Kolmogorov estimate of the
inertial eddy turnover rate at this length scale (assuming that
the scale is in the inertial range) (el~%)!® we get the mag-
netic dissipation scale.’ Tf we estimate the strain as the Kol-
mogorov scale strain we get a length scale

ro=Py"*#x, - @3

where P,,= v/ is the magnetic Prandtl number. This esti-
mate uses a strain that is the largest of those mentioned, and
thus perhaps the most valid for the scale of the strongest
structures. If the scale is in the dissipative range (ie., if
Py>1) it also seems more natural than an inertial or exter-
nal estimate. No careful study like that of Jiménez ef al. has
been done for MHD flows.

In the present paper we address the issue of flux tube
diameter using the definition of tube width used and a for-
malism recently developed by Constantin er al.'* This
method directly uses the equations of motion (in their paper,
the Navier—Stokes equation for the dynamics of vorticity in
hydrodynamic flow) to produce estimates for the size of vor-
tex tubes as defined by the length scale of the alignment of
vorticity vectors. This alternative definition of tube size is
motivated by observation in numerical simulations of the
high degree of vorticity alignment in tubes. We adapt this
view of tubes throughout this paper. The tube size was char-
acterized via well-defined local quantities (essentially deriva-
tives of the field direction). They found that the tube size is
proportional to the Kolmogorov scale (or, to be more precise,
a local Kolmogorov length). This result both lends rigor to
the usual estimate and shows that it holds for this very dif-
ferent definition of tube width as well. It also implies that
alignment is a viscous phenomenon. The same view is taken
here. We use the same formalism to derive a length scale for
the typical flux tube size, again defined as the scale of flux
line alignment in tubes, which turns out to be equal to the
length scale given in (3). No assumptions about the impor-
tance of the Lorentz force are necessary. This length scale as
the width of flux tubes has not, to our knowledge, been pro-
posed before.

We next address the curvature, through the dynamics of
flux tubes, again following Constantin et al.'* We write
down an equation for the dynamics of the curvature of a flux
tube. This suggests that in addition to the mechanism tending
to straighten very strong tubes, parallel to that shown by
Constantin et al.,, in MHD an additional dominant mecha-
nism exists. This is sweeping of the weaker flux tubes around

vortex tubes, which could increase the tube curvature and

torsion. For completeness we compare to the equations for
vortex tubes in MHD flow.

‘We examine these results using simulations of turbulent
MHD convection. The enhanced alignment tendency in
stronger flux tubes is confirmed. The scaling for the flux tube
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widths is naturally harder to confirm given the limited range
accessible, but the data are encouraging. We also check nu-

merically some bounds used in our derivation. The stralght-
ness of strong tubes is confirmed.

Il. FLUX TUBE SCALING

We first show that in regions of strong magnetic field the
maon.p’m‘ field lines tend to nhcn due to the effect of the

magnetic diffusivity. The scale of this alignment will then
provide an estimate for the size of magnetic flux tubes.

We define a length scale which characterizes the size of
flux tubes by considering the spatial derivatives of the direc-
tion of the field. We define a unit vector as {=B/B, where
B=|B|, and examine the scale of significant change in the
direction of £, i.e. |VZ ™. In order to be able to estimate this
length from the equation of motion, we will average in
puySiC?u space Over a small ball that moves with the fluid,
and over an appropriate interval of time.

We thus define a quantity

1 3 f tott,
—= dJ dt\Vi{(xg+ugt+y,t
x mlylsfyto |VUxp+ ugt +y,1)]

(Vi) @

the average being over a ball B, of some radius r with mean
velocity ug,

| uxtyioay, ©
o Jlyl=r
and over some short time ¢,. The choice of r and ¢, will be
made later.
A first estimate can be made immediately using
Cauchy—Schwartz:
1 1 12
-
r,t r
To estimate the first of the factors in this upper bound we use
the method used in Constantin ef al.'* and the inequalities
therein. This factor is estimated by comparing terms in the
MHD equation of motion for B,

DB=(B—n|V{*)B+ V2B, (7)

where S is the diagonal component in the field direction of
the strain tensor %, B={-.%°- L. We perform the averages
over the ball by wuse of a cutoff function
d(X,1) = ol (x— Xy —ugr)/r] where the function ¢ is such
that ¢o(y)=1 for |y|<1/2, ¢o(y)=0 for |y|>1, and
¢o(y) is monotonic and smooth enough in 12<|y|=1 to
have smooth derivatives.

Multiplying (7) by ¢ and integrating we have an equa-
tion for the desired average

”J de|V§|2¢=fdx§B¢—%J de¢+jdx

7]
X 5+u-V—17V2) (;S}B. (8)
We now use
Brandenburg, Procaccia, and Segel 1149
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J
- tuV= sz) —fV & ©)
VUt /
to write
, 1
(BlvY )r.:,=;(7'1+T2+T3+T4)= (10)
where
1 Igtty
Ty== f dtf dxpBdy, (11)
l t(ﬁ”r d
T,=— [ df{"T’-dXBdm\V, (12)
Ftede voakl /
1 [ro*t u—uy
Ty=— f dtfdx ‘VeolB, (13)
14 t!‘ ’0 ¥
7 2
Ty==3 "dr| axsv éo. (14)
rtyJ e,

We now denote averaging over the moving ball of some f as
{f);,. and use the fact that ([Veol),,<C//r and
(Vi¢y), < Cy/r* , C, and C, constants of order unity. This
allows us to give the simpler estimate

1
(BIVYY),, < S U+ 1V) (15)
where
1=(|BIB),,. (16)
II*"‘T i< yB(yatO)9 (]7)
C
111= = (ju=wg|B), . (18)
Cymy
= —:2— (B)... (19)

We now use the inequality
B*=|Vul?, 20

BB being just one of the components of the strain tensor. This
bound may not be sharp since the geometric factor involved

may depend on the Reynolds number, through alignment: if

with increasing Reynolds number the vorticity has an in-
creasing tendency to align with the intermediate strain eigen-
value, as has been suggested,” B/|Vu] will decrease with
Re.

We now define
A=(|Vul?),2(B%)7 ; @n

rt,

A will serve as a bound for all four terms. Using (20) we
have by Cauchy-Schwartz

I<A. (22)
Now using the Poincaré inequality

fH dx[u—uoi?-sr?-fH dx|Vu)? (23)
X|sr Xj=r
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we have in addition, again by Cauchy—Schwartz
Hi=CA. (24)

This bound does not include a geometric factor, since it in-
cludes an integral over all directions. The Poincaré inequality
should be quite sharp here since at the scale r, which is small
as we will see, we expect the field to be quite smooth. There-

fara thic term will daminate 7 if the latter indeed dsereacec
ANV RARLYD RALELL VYRR NAVSARILMIQILG 1 R BARW MG RREUWLAE Wl WD

with Reynolds number.

The terms J/ and IV can be bounded by A by making a .
choice of the ball size r and the averaging time 7,. The time
t, is fixed by demanding that /I< CyA. This translates to the
condmon

3 [iy<rdY[B(¥.to+ 1,) = B(¥.14)]

t= (25)
4w’ (val®)7 (8%, ‘
This is an implicit equation giving a lower bound Irg for ¢,

uniess the RHS is proportional to ¢,, i.e. when B has a con-
stant growth rate. However in this latter case the growth rate
is bounded by B [see Eq. (7)] and we can bound // by A for
any f,.

We obtain the ball size » by demanding that IV is
bounded by C,A. In fact we demand the more stringent con-
dition that

IV<Cyog (B)2<CoA (26)

which means we must have

172

U
r=Cylry= C%”(W BYE (27)
We can use rg to form a time scale:
l r
- (28)

TS ey = —
(Va2 7

This is just the strain time scale (by the first definition) or
magnetic field diffusion time over the distance rg (by the
second definition), which are the same at this scale. So since
the scale of the structures will turn out to be proportional fo
ro. this scale can be seen as being determined by the require-
ment that the magnetic field dissipates away just at the rate
that the strain builds it up.

Finally we note that if the flow is compressible a term
—(V.u}B is added to the equation for B. This would add to
(15) for {B{V{}?) a term

V=(|V-ulB),, . (29)
This is easily bounded by A since (B)Y<(B*)? and
(IV-uly<(|Vu})=<(|Va|*)"%. So our derivation holds for the
compressible case too.

Summing up the resulis obtained so far we conclude that

Brandenburg, Procaccia, and Segef
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C3 tr(; 172
(BIVY?),, .. <~ f dtj dx|Vul?
o T]I'Otrn 0 Jlglsr,

l" {'t’_e r 5 1/2.-.
x\ Jo dt |x|sdeB ) , | (30)

where C3;=1+Cy+C+C5.

This certainly is a finite bound: we can easily give a (far
from sharp) bound in terms of ¢, the mean energy flux of
kinetic energy per unit time and mass, .

14 '
€= Fg‘f dx|Vu* (31)
L Id=L

and the total magnetic energy

B—SWJV!,(]‘L ) . (32)

We can now estimate \.. We assume that
) wmee e

since we are interested in areas of high B where (1/B ) does
not blow up, and we can bound (Bz),,,r in terms of the mag-

netic energy which is always bounded. Now using the esti-
mates (30) and (33) in (6) we find

Ae=C3C4rp. (34)
3Cg

The length scale 7 is easily related to the usual Kolmogorov
length scale ’

1J3 1/4 -

€

This scale differs from the scale found here in that it includes
3 instead of #%” and in that it includes the kinetic dissipation
averaged over the whole system instead of just over the ball
B,. This scale can vary from place to place in the flow,
dependent on the size of the dissipation averaged over the
ball and on its radius r,. In general we would assume that
the local averaging does not make too much of a difference.
Because the dependence of the length scales is on €'/, a very
large deviation from the average dissipation in the ball is
necessary for the length scale to be significantly different.

At any rate, denoting the locally averaged Kolmogorov
scale as £ x(X), A, can be estimated up to a constant of order
one as .

A~ k(X PR, (36)

if_we assume that our bound is sharp as far as scaling is
concerned (this issue is considered in Sec. 1V). If we con-
sider the average size of tubes, what we propose here is that
the characteristic size for flux structures in MHD turbulent
flow is a new length scale, equal up to a numerical constant
to LRe_y‘"P”4 It thus differs from other length scales pro-
posed, such as the dissipation length #°y,~LR M3'4 or the skin
depth 6~LR Mm, in varying with Prandtl number for con-
stant R, . Furthermore, we have seen an intuitive description
of this scale—just as the Kolmogorov length (the scale of
vortex tubes in Navier—Stokes flow) is the scale where the
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average strain time scale (at this scale also the eddy turnover
time) is equal to the viscous diffusion time over that scale—
here the new scale is that where the eddy turnover time is
equal to the magnetic diffusion time.

fll. CURVATURE DYNAMICS

One can write down the equations for the evolution of
the curvature of a flux tube in a strain field, or more precisely
of the flux lines making it up, in a straightfor
from the MHD equations. We look only at the nondiffusive
dynamics and in this section take =0, assuming that the
role of the viscosity lies primarily not in the dynamics of the
geometry of the tubes but in allowing their coherence, as
described in Sec. II. In fact these equations hold for any
material line (as a flux line is"in MHD when diffusion is
neglected) in a strain field. Such an equation was derived by
Drummond and Miinch!® for material lines and in a some-
what different form in Constantin et al.** for vorticity lines.
We will follow the second paper’s method and form; the
differences between them are discussed in Ref. 14.

The flux lines are defined as having at every point the
direction {. From the diffusionless equation for the field

a straichtforward manner

DB=%-B, (37)
and (7) we find that
D=(%-pD-L (38)

Using the identity &;;=.%7;— § €00, We can also write (4)
as

Df=(F—BD-{+ s0%{. (39)

The vorticity rotates the magnetic field vector as it convects
the magnetic field around it.

We now choose to work in the Frenet local coordinates
for a vorticity field. In these, one coordinate is that in the
direction of the field, with a unit vector we have defined as
&, another by the direction of curvature of these unit vectors,
with unit vector n, and completed by the binormal b. These
satisfy

e 0 Up 0\/¢
(V)| n)=|—-lp 0 T|in}, (40)
b 0 ~-T 0 b

where p=|[(£-V)g ™' is the local radius of curvature and
T=b-({-V)n the local torsion of the field. In this frame the
stretching vector of the flux line, {- ‘¢ has three components,
one being the stretching factor B and the other two
¥,=C-%-n and 5= %-b. Now using the useful
formula for the operator commutator

[D,,(£-V)]==B(LV) | @1)

we find after a little algebra the equation for the flux line
radius of curvature

Dyp=[B—=p({- V)&, +pTZ,]p. (42)
Again using the decomposition of ¥ into strain and vorticity

this can be wriften as
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wp) +pT(Sy+ 3 w,)]p.
(43)

1o

Dp=[B—p({- V)~

where w,= w@-n and w,= w-b. This equation shows the ef-
fect of a velocity field on the curvature in terms of the strain
and vorticity and the geometry of the magnetic field only.
The stretching B pulls on the flux line at both ends and thus
straightens it. The ‘“force’” on the tube in the direction of the
curvature is given by the strain ., and the convection of the
vorticity component w,,. If this varies along the flux line it
will bend it. If the line has torsion or a helical structure, lying
locally on a cylinder, the direction b is on the cylinder nor-
mal to the line. The “force™ along the helix cylinder is given
by the strain ./), and the convection of the vorticity compo-
nent w, . A positive force extends the helix along the cylin-
der and thus reduces the curvature.

Note that the first term here is just the same as the right
hand side in the equation for B. Since this is the homoge-
neous (linear in curvature) term in our equation, we might
expect that at least initially the same strain that creates the
strong flux tubes would tend to straighten them out. The
strong magnetic fields were created by a sirong stretching
rate 8 coherent over some time. We would thus also expect
that since in a rapidly varying field one would not expect that
other quantities would be coherent over the creation time in
the same regions, the term with 8 would dominate.

However things are not that simple. The equation Drum-
mond and Miinch derive, when put in our terms, is

Dp=(2B—n-/ mp—p*> 7 iulilne (44)

where 7/ is the third rank tensor 7 ;= &*u/dx;0x; . A
little manipulation shows that these two equations are in fact
the same, due to the identity

1 1
2 b= (V)= onefont — =T,

Drummond and Miinch, too, assume that the homogenous
term will dominate the early evolution, and that the term
including the strong B8 will dominate, However both these
concepts become ill-defined given the identities just men-
tioned.

In fact the concept of a homogeneous term is a stafistical
matter. The separation of such a term from the rest of the
equation is valid only when it is weakly correlated with the
other terms through the process under discussion. In a real
turbulent flow the local structure of the flow may well intro-
duce correlations that will make relations like (45) signifi-
cant. If our expectation, based on our equation, is correct, the
tube will straighten at the same rate as its magnetic field
grows. If the situation is closer to that suggested by Drum-
mond and Miinch, the tube straightens out too; since the
diagonal strain component in the direction of the flux tube
must be larger than any other diagonal strain component
(which did not create a flux tube) such as m-.”7- n, the rate at
which the tube straightens is faster than that at which the
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field grows. At any rate we would expect that the strong flux
tubes be quite straight. The difference between the equations
is discussed more fully in Ref. 14.

All this should hold only during the time in which the
tube is created. When the growth rate strain 8 starts to fade,
other terms can become important or even dominant, One
term in particular can be seen in action in the simulations?:
strong vortex tubes can be seen to wrap flux tubes or fila-
ments around them, thus increasing their curvature. However
these processes would tend to act more strongly on weak and
small structures, and act on them in later stages of their evo-
lution, where their strength has begun to dissipate. Therefore,
we still would expect to see that the strongest flux tubes are
relatively straight. We cannot rule out, however, nonlinear
feedback processes in which tubes (of both flux and vortex
lines) interact and amplify each other while wrapping one
about the other.

For completeness we bring the equations governing cur-
vature of vortex lines in MHD, for comparison to flux tubes
in MHD and to Navier—Stokes vortex tubes. In MHD an
added term which we call F is added to the equation for the
vorticity:

D,w=.7-w+(B-V)J+(J-V)B=.- w+F. (46)

The equation for the curvature of the vortex filaments is now

D.p= +pT p, (47)

oS3
a—p(€- V) '/"+$ '/”+—J
parallel to the equation for flux curvature above, where £ is
the vorticity direction vector (analogous to £), « is the vor-
ticity stretching rate (analogous to B), the strain rate along
the vortex line e@=§-/- & and where F, and F, are the
components of F in the normal and bi-normal directions re-
spectively. The new terms express the influence of the mag-
netic field on the vortex lines, including the nonlinear pro-
cesses mentioned.

IV. NUMERICAL SIMULATIONS

Numerical simulations of three-dimensional MHD tur-
bulence allow us to test some of the predictions made above
regarding the size and dynamics of magnetic fux
structures.'® Such simulations can furthermore be used to
check our analysis by determining the sharpness of various
bounds used above. We use data of MHD turbulence that had
originally been produced to gain some understanding of the
solar magnetic field. These simulations contain therefore ad-
ditional physics such as a rotating frame (Coriolis force),
stratification (with density ratio 1:20 to 1:80), and convective
overshoot into a lower stably stratified layer. We cannot rule
out the possibility that the particular physics involved will
affect our conclusion, but nothing in the analysis given here
seems to suggest that possibility. We therefore only refer to
the original paper® for more details.

The analysis of flux tubes in Sec. II only applies to those
regions in space where the magnetic field is strong. We there-
fore adopt averages, {...}z, which are performed aver those
points in space where the magnetic field exceeds a certain

Brandenburg, Procaccia, and Segel!
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TABLE I. The coefficients in Egs. (49)~(51) for various runs at different

Ravnolds number and numerical resolution. (Further nroperties of these runs
RKEYNOIas numoer and numerical resoiulion. {further properties Of these runs

are given in Table II.)

Case 0] A B C D
Mesh  1262X105 632X63 952x63 1262X105 126X 105
Re 140 310 540 1100 1200
(49) 0.835 0.858 0.877 0.837 0.832
{50) 0.054 0.034 0.027 0.043 0.050
(51) 1.06 1.05 1.08 1.10 1.11

threshold (typically 3 times the RMS value of B). In accor-
dance with (4), we define a statistical measure of . as

A '=( VA5 48)

We have a basic problem in that while our theoretical con-
neinne hald far tha highaot Rald racginng thaca ransiang ha
\-lubl\)llb llUlU PRVl ey mgucot neia ITEIUILY, l.llCDU 1CSIUHD nave
rather few points in them, leading to poor statistics. The
threshold chosen is a compromise between these demands.

We first use the numerics to test out our argument by
examining the sharpness of the bounds used. The data show

that the bound in (6) is consistently nearly saturated, i.e.
(IV4)5~(0.8..09)B|VHI2 B~ ). (49)

Another inequality was used in (20), and it turns out that this
is not a sharp bound, but that typically

(B 5~(0.03...0.05){|] Vu|?);. (50

This bound appears as one of a series bounding all the terms
of the equation for B uniformly; since it appears additively
the lack of sharpness is not important. The data indicate that
the constant in (33) is consistently close to unity, i.e.

(B™HY(BH~1.0...1.1. (51)

In Table I we give the coefficients in (49)—(51). These coef-
ficients do not seem to depend significantly on Re or on the
numerical resolution used.

An important question concerns the scaling of the thick-
ness of magnetic structures, A., with the kinetic and mag-
netic Reynolds numbers. We are especially interested in
whether A, scales with the newly introduced length scale
rg, or rather with the more traditional magnetic skin depth
scale, &, or the magnetic dissipation scale #7;. Unfortu-
nately, this is not easy to check, because the scaling of these
length scales with Re and R, is not very different. Suppos-
ing that #,,~LRe™3* is valid for our low Reynolds number
simulations too, we expect A ,~ro~LRe™ P2, which
differs from the skin depth scaling, ~LRe™ 2P, by a
factor Re'. For convection, the range of dlfferent Re acces-

sible is limited between about 200 (for the flow to be suffi- -

ciently turbulent) and 1000 (compatible with the highest
resolution presently available). In addition, our remarks in
the Introduction indicate that it is possible that there is a
crossover from our length scale to the magnetic dissipation
length at Py,=1, just around where most of our results are
centered. Given all these limitations we must consider our
results as preliminary.

In Fig. 1 we plot loggh BP}‘,;Z versus log;oRe. Although
the scatter is considerable, the slope in this plot appears to be
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FIG. 1. Scaling of the sizes of flux tubes [{a) and (b)] and vortex tubes (c)
versus Reynolds number in turbulent MHD convection. The asterisks in the
first two panels indicates Run A for which Py =4. All other runs are de-
noted by a plus sign (Py=<1).

closer to —3/4 rather than — 1/2, suggesting that the scaling
of A, may indeed be governed by ry rather than by the skin
depth 6. From Fig. 1 we see that A, also agrees reasonably
with /’M=LR,T43’4. The case with Py;=4 (Run A) does in-
deed not satisfy this relation.

We also plot the thickness of the vortex tubes, using the
definition (4) for the vorticity field instead of the magnetic
field. We do not have a bound for this width, A, in the
MHD case. Constantin et al., as we said above, derive a
bound in the pure Navier—Stokes case which scales as
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TABLE II. Summary of data from numerical simulations.

Case [¢] A B C D
Mesh 1262% 105 632X63 957X63 126°X105 126°X105
Re 140 310 540 1100 1200
Ry 140 1240 270 1100 600
Py 1.0 4.0 0.5 1.0 0.5
Re, 35 63 89 121 123
8x 0.016 0.032 0.032 0.016 0.016
Ak 0.252 0.199 0.165 0.101 0.105
Ay 0.055 0.076 0.065 0.029 0.027
8 0.085 0.028 0.061 0.030 0.041
/P 0.020 0.006 0.013 0,006 0.006
ro 0.025 0.007 0.013 0.005 0.007
N, 0.063 0.048 0.066 0.028 0.024
p 0.302 0.272 0.292 0.154 0.104
ur 0.069 0.029 0.049 0.023 0.022

LRe™* If we would assume that the influence of the mag-
netic field and current on the vortex tubes is small—the re-
gions in which each are strong tend to be quite different—we
would take this scale as a first estimate for the tube widths.
We plot the tube width vs Re in Fig. 1(c). These results point
toward a dependence on the Taylor scale that scales as
LRe™ 2, This could be due to the effects of stratification and
rotation, but it might also suggest that the assumption that
the magnetic field is unimportant for the size of vortex tubes
can not be justified in the present case.

In Table I we also give the curvature radius p and the
torsion scale 1/T.'7 In the table, Sx is the mesh size, and
Ay= \/§BRMS /JrMs is the magnetic Taylor microscale. The
quantity /,(x) has here been estimated as
(V*1{|Vu|?)p) "%, The curvature radius is typically 2—4 times
larger than A, . Note, however, that in all cases A, is com-
parable to the mesh size dx, and one should therefore con-
sider them with care. On the other hand, we should empha-
size that, although the value of A . is generally much closer to
& than to ry, it is the dependence on the Reynolds number
that is important to us here. In other words, the scale of flux
structures is expected to be ry times some coefficient, Qur
data suggest A .= 3r(. Further, notice that the torsion scale is
typically shorter than the curvature radius. This is perhaps
somewhat surprising, but one should mention the possibility
that our torsion scale captures not only the global structure of
tubes, but also the intrinsic torsion within a tube. Thus, even
if a tube was straight, it might still have intrinsic torsion, due
to winding of flux lines within the tube, which would be
measured by our 1/T scale.

In Fig. 2 we show the dependence of the tube thickness
on the threshold value. The results show clearly that in re-
gions of strong magnetic field the tubes are “thicker,” in the
sense of having a much stronger tendency towards align-
ment. For comparison, we also show the corresponding
thickness of vortex tubes. Clearly, the tubes are thicker in
regions of strong vorticity. This striking phenomenon has
several possible explanations. The first is suggested by our
own estimate (27)—if the dissipation goes down with field
strength the alignment scale should go up. This might be
explained by regions having weak fields due to the action of
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FIG. 2. Scaling of the sizes of flux tubes (solid lines} and vortex tubes
(dotted lines} versus the threshold values of B and w. respectively, for the
different runs of turbulent MHD convection.

strong dissipation. However from Fig. 3 we can see that this
is far from explaining the results—any effect is greatly at-
tenuated by the weak power (1/4) of the dissipation in the
length scale estimate, # x(x)=(¥%/{|Vu)g|*)"*. Another ex-
planation is offered by the analysis of the effects of viscosity
on vortex lines presented in Constantin et al. (In the MHD
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FIG. 3. Scaling of the dissipation lengths versus the threshold value of the
magnetic field (solid lines) and the vorticity (dotted lines) for the different
runs of turbulent MHD convection.

case the magnetic diffusivity acting on the magnetic field
would play the role of the viscosity on vorticity.) They show
that the viscosity has the effect of aligning weaker vectors
with stronger vectors, causing alignment in tubes with very
strong cores. A third mechanism is strain with direction co-
herent in space and time amplifying a given field component,
thus causing strong fields in a given direction. This would
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only work if the created tube stays straight through its cre-
ation. The final explanation could well stem from a combi-
nation of these and other, as yet unknown, factors.

The curvature radius scales with the threshold value in a
similar manner as the tube thickness; see Fig. 4. This is in
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complete agreement with our analysis of tube dynamics in
Sec. IIL

In order to gain further information about the importance
of the second and third strain terms in {42) we determine
the correlation  C=(By)z/((BH(¥)p)'?,  where
y=—p(L- V)., +pT.”,. We find values around =*0.05,
indicating that the v terms are indeed of little importance,
and that the curvature radius p grows at the same rate B at
which flux tubes are stretched. Furthermore, we find that the
w-terms in (43) are approximately as important as the
7 -terms. This indicates that the B-vectors do indeed experi-
ence considerable bending by the vortex field. An analogous
mechanism for the w-tubes does not exist, which is probably
the reason why e-tubes are typically straight, whereas
B-tubes are not.

Finally, we show in Fig. 5 an example of a flux tube
from Run D. Note the alignment of the B-vectors with the
general orientation of the tube.

V. CONCLUSIONS

In this paper we have investigated two length scales
characterizing flux tubes in MHD flow. We estimate the di-
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ameter of the tubes and derive a length scale at which the
strain builds up the structures at the same rate that the diffu-

sion breaks them down. While scaling is hard to verify with
the range of scales accessible by numerical simulations, the
numerical data show some support for this claim.

Our estimate for the tube widths is meant to describe the
average size of these tubes, in particular with respect to their
scaling with relevant dimensionless numbers, Py and Ry, .
However ii turns out that ii is not refined enough to describe
the differences between different tubes in the same simula-
tion. Simulations show a strong increase towards alignment
for stronger flux tubes. A possible explanation is given by a
recent analysis of dynamic alignment of field lines by diffu-
sive mechanisms, which predicts just such an effect.

In analyzing the tube curvature we see that two domi-
nant processes are the straightening of tubes by the stretching
strain creating them, and convection by strong voriex tubes,
The numerics show that both are important. Since the first is
particularly strong for long, coherent stretching strains that
also create strong tubes, we expect that strong tubes will be
straighter.
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