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The magnetic fields of the Earth and other planets deviate in varying degrees from symmetry about the
rotational axis. While, for example, the field of Saturn is highly symmetric, that of Uranus shows a
striking asymmetry. With these observations in mind we investigate excitation conditions of axisym-
metric and non-axisymmetric field modes in spherical mean-field dynamo models. In models of «2-type
the marginal dynamo numbers for modes with different azimuthal dependences are close together if the
z-effect is concentrated in a thin layer. Preference of non-axisymmetric modes over axisymmetric ones
occurs if we include weak differential rotation, anisotropies of the a-effect or the y-effect, the last one
corresponding to a radial transport of magnetic flux. We discuss consequences of these results for
planetary dynamos.

KEY WORDS: Magnetohydrodynamics, meaun-field dynamos, non-axisymmetric magnetic fields.

1. INTRODUCTION

A great number of spherical kinematic mean-field dynamo models have been
investigated which proved to be helpful for understanding the processes respon-
sible for the magnetic fields of the Earth, the planets, the Sun and solar-type stars,
the magnetic stars and other objects; e.g., Krause and Réidler (1980). In these
models the distributions of the electric conductivity and the fluid motions are
assumed to be symmetric with respect to both the rotation axis and the equatorial
plane. It turned out that the modes of the mean magnetic field occurring in these
models are not necessarily symmetric but may well be non-axisymmetric with
respect to the rotation axis. In addition they can be symmetric or antisymmetric
about the equatorial plane. The possibility of non-axisymmetric modes has first
been investigated for aw-dynamos by Stix (1971), Krause (1971), and Roberts and
Stix (1972); further results have been presented by Ivanova and Ruzmaikin (1985),
Réddler (1986a), and Ruzmaikin et al. (1988). Non-axisymmetric modes in
a?-dynamos were first found by Ridler (1975) and have been investigated for a
variety of models by Riidiger (1980) and Raédler (1986a). For a wide range of
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assumptions the axisymmetric modes are favored over the non-axisymmetric ones,
i.e. an axisymmetric mode is most easily excited. In some aw-models a slight
preference of non-axisymmetric modes has been found for moderate magnitudes of
differential rotation. For sufficiently large differential rotation there are good
reasons to assume that it is always an axisymmetric mode which is easiest to
excite (Rddler, 1986b). In «>-models a clear preference for non-axisymmetric modes
occurs if particular anisotropies of the a-effect or related effects are taken into
account.

The possibility of both axisymmetric and non-axisymmetric modes of the mean
magnetic field in the models envisaged is of interest for understanding the
observed fields of the objects mentioned. The magnetic field of the Earth clearly
deviates from axisymmetry, as also, to varying degrees, do the fields of other
planets. Only the Saturnian field shows a surprisingly high degree of axisymmetry,
whereas the Uranian field exhibits an extremely high asymmetry. Deviations of the
solar magnetic field from axisymmetry are indicated by its well-known sectorial
structure (e.g. Bai, 1988). Likewise the observations of magnetic stars can only be
understood by assuming non-axisymmetric structures of the magnetic fields, often
discussed in terms of the “oblique rotator” model. (However the magnetic fields of
the early type stars may possibly be of “fossil”, not of dynamo, origin.)

The relation between the magnetic field modes defined here and the magnetic
fields generated by real dynamos is still a matter of debate. In contrast to the
kinematic, i.e. linear dynamo, real dynamos are subject to the back-reaction of the
magnetic field on the motions, that is, they operate in a nonlinear regime. Some
symmetric dynamo models in the above sense have been studied with simple
assumptions about the back-reaction. There are results which suggest that it is the
most easily excitable mode only which determines the magnetic field of a steady
state in the nonlinear regime, and that the other modes are then no longer of
interest; see Krause and Meinel (1988) and Rédler and Wiedemann (1989). There
are, however, other results which show that the magnetic field in the steady state
may depend on the initial conditions and that an oscillatory field may consist of
several parts which are related to different modes; see Brandenburg et al
(1989a,b). Moreover, it seems reasonable to admit even in the kinematic theory,
slight asymmetries of the models, e.g. asymmetries in the distribution of the
motions. Then it can be expected that the magnetic field generated, in addition to
a part related to the most easily excitable mode of the corresponding symmetric
model, contains also parts related to other modes with comparable excitation
conditions; see Ridler (1989).

We present here a few more results concerning excitation conditions of
axisymmetric and non-axisymmetric magnetic field modes in dynamo models of
a®-type, considering also influences of anisotropies of the a-effect, of related
induction effects of the fluctuating motions and of differential rotation. Our
investigations have been partly motivated by a comparative study of the magnetic
fields observed on the Earth, Jupiter, Saturn and Uranus presented by Radler and
Ness (1988), from which, in the sense explained above, several questions arose
concerning the circumstances under which the excitation conditions of the
axisymmetric and certain non-axisymmetric modes lie closely together.
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2. THE MODEL AND THE NUMERICAL METHOD

We consider dynamo processes in a spherical rotating body of electrically
conducting fluid surrounded by free space. The mean magnetic flux density, B, is
supposed to obey the induction equation

%—?:qAB+curl(uxB+é’) (1)

inside the fluid body and to continue as an irrotational field outside. Here # is the
magnetic diffusivity of the fluid, which is considered to be constant, u the velocity
of the mean motion of the fluid and & the mean electromotive force caused by the
fluctuations of the motions and of the magnetic field.

As mentioned above, we assume symmetries of the mean motion and the
distribution of the fluctuating motions about both the rotation axis and the
equatorial plane. More precisely, we assume that all mean quantities are invariant
under rotation of the total velocity field about the rotation axis and under
reflection about the equatorial plane. We also assume that the mean motions and,
on average, also the fluctuating motions are steady, that is, all mean quantities are
also invariant under translations of the velocity field along the time axis. Under
these circumstances the general solution of the equations governing the B-field can
be understood as a superposition of B-modes having the form of

B=R¢(Bexp {im¢ +(1—iw)t}). (2)

Here B is a vector field which is symmetric about the rotation axis, either
symmetric or antisymmetric about the equatorial plane, and steady. m is a non-
negative integer indicating the azimuthal variation of the mode, ¢ the azimuthal
coordinate, 4 and w are real constants, the first of which describes the growth rate
of the mode. As usual, we denote these modes by Am or Sm, according to their
antisymmetry or symmetry about the equatorial plane and to their azimuthal
variation, that is, we speak of A0, SO, A1, S1,... modes. We restrict our attention
to the most easily excitable mode of each type, that is, to that with the largest
value of 1. We furthermore consider only marginal cases, that is, we determine for
a given mode the magnitude of induction effects such that A=0. In the marginal
case the axisymmetric modes, m=0, are steady if w=0 or, if w#0, they have the
form of oscillations with a steady amplitude and the frequency w. The marginal
non-axisymmetric modes, m#0, are waves with steady amplitudes and migrating
in azimuthal direction with an angular velocity w/m.

As far as the mean electromotive force & is concerned we accept the usual
assumption that this quantity, at a given point in space and time, can be
represented by B and its first spatial derivatives in this point. Even under this
assumption, & has in general a complex structure; e.g. Ridler (1980). We restrict
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our attention here, with some arbitrariness, to a few particular contributions to &
which are given by

&=—a(z-t}B-a,{(z-B)f+(f-B)z] —y,f x B. (3)

The coefficients x,, «,, and v, are determined by the assumptions about the fluid
motions; Z and t are unit vectors parallel to the rotation axis and in the radial
direction, respectively. Due to the assumed symmetry of the fluid motions, these
coefficients depend only on radius and latitude but not on the azimuthal
coordinate, and they are symmetric about the equatorial plane.

As for the mean motion we include only a differential rotation, that is,

u=0ri x ¢, (4

where Q and r are the mean angular velocity and the radial coordinate,
respectively. For the coefficients describing the induction effects we now write

%, =Cyo, (1/R) fo(X), (5)
2= G, (n/R) [(x), (6)
1 =C,,(n/R) f(x), (7)
Q=Cq(n/R*)g(x), (8)

where the dimensionless parameters C,, C,;, C,,, and Cq describe the magnitudes

of these effects. R is the radius of the fluid body, and x=r/R. We further write

15 22
[—men(1=8)? for ¢ =1 x—x,
fz_{o for |&,|21 Sa= d, 9)
—1 for ¢q< —1
g={ Hl1—-3a+3E) for|&g| 1 Q'Q:_x;xn, (10)
Q

o
=8
-
uxe
]
v

where a stands for « or y, and x,, d,, Xq, and dq are constants. These specifications
ignore any latitudinal dependence of a,, a4, y,, and ; they coincide with
specifications used by Rédler (1986a). Note that [§ f(x)dx=1 if x,—d,20 and
x,+d, S 1.

The equations governing the B-field pose an eigenvalue problem for the complex
parameter A—iw or, if we put 1=0, for a pair of parameters consisting of one of
the quantities C, , C,,, C,,, or Cq and of w. Representing B by

a4 b2

B=—curl(rxVS)—rx VT, (1D
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Table 1 Marginal values of C,, and the
corresponding frequencies w (in units of
n/R*) of Am modes in a model with
x,-effect versus 4, for x,=0.8. Note that
for very thin z-layers the differences of
C,, for different m are smaller. The trun-
cation level was ¥, =18 and N,=150

d, A0 Al A2 A3 A4

C.,
0.0 257 263 279 300 323
008 243 248 261 278 297
006 228 232 243 256 270
005 220 224 233 244 256

w
016 0 120 094 064 042
008 O 102 081 055 037
006 0 082 067 045 029
005 0 071 059 040 025

by the defining scalars S and T and expanding them into series of spherical
harmonics we can reduce this problem to an eigenvalue problem for an infinite set
of ordinary differential equations for the coefficients of these expansions, which
depend on the radial coordinate only. It is assumed that the solutions of this
problem are approximated by the solution of the corresponding problem for a
finite set of equations, which results from the infinite one by omitting all
coefficients belonging to spherical harmonics the order ! of which exceeds a
sufficiently large bound, N,. This finite set of equations is subject to a discretiza-
tion with respect to the radial coordinate x, using a sufficiently large number of
gridpoints, N,. In this way the eigenvalue problem for differential equations is
reduced to a matrix eigenvalue problem, and this is solved numerically by
standard methods.

3. NUMERICAL RESULTS
3.1 Models with Isotropic a-effect

Let us first deal with models where only the a,-effect is involved. Earlier
investigations show that the marginal dynamo numbers of the AQ, SO, A1, and Sl
modes are always rather close together, whereas the higher modes A2, S2, A3,
S3,... are less easily excited. There are some reasons to believe that the
discrimination of the modes with higher m disappears if the «-layer becomes
thinner, and if it is shifted closer to the surface. In Tables 1 and 2 and in Figure 1
the results of the present computations for models considered earlier by Rédler
(1986a) are summarized. The differences of C,, for different m become smaller if d,
decreases or x, increases, but the changes are rather small in all cases. Note that
{4 fulx)dx <1 for x,>0.9. This is the reason for the sharp increase of C,, when the
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Table 2 Marginal values of C,,
and the corresponding frequencies
w (in units of 7/R?) of Am modes
in a model with x,-effects versus
X,, for d,=0.1. The truncation
level was N,=18 and N,=150

x, A0 Al A2 A3

c.,

0.8 257 263 279 3.00
0.9 283 287 298 3.13
092 295 299 309 323
094 318 322 332 345
096 363 3.67 375 3.88

w
0.8 0 1.21 150 1.23
0.9 0 191 228 212
092 0O 2.19 284 280
094 0 2.50 350 368
096 0 277 4.17 4.67
3.2 . _A4
3o G — 7 _az
28
26
24 L
22 L.
2 .
0.
foc
3.5
3
2.5
2 . : ] I Za
0.8 0.85 0.9 0.95 1

Figure 1 Marginal values of C,, for Am modes in a model with «,-effect versus d,, for x,=0.8 (upper
panel), and versus x,, for d,=0.1 {lower panel).

a-layer is shifted closer to the surface (lower panel in Figure 1). The magnetic field
structure of different modes is presented in Figure 2 (for d,=0.1) and in Figure 3
(for d,=0.05). The main effect of a thinner a-layer is an enhanced concentration of
the B,-field in the radial direction whereas the latitudinal structure remains
more-or-less unchanged.

However, adding a weak differential rotation can change the sequence of the
marginal C,, values such that A1l and/or S1 are slightly preferred over the AO and
SO modes. This can be seen from Table 3 showing values of C,, and w for the AQ,
SO, Al and S1 modes with and without differential rotation. As Figure 4 shows,
the field structure seems to be more complex in the presence of differential
rotation.
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Figure 2 The magnetic field configuration of the Am mode! with «,-effect, x,=0.8 and d,=0.1. (The
values for C,, and w are given in Table 1) In the first row vectors (B,, By) are plotted in a quadrant of
an arbitrarily chosen meridional plane. The second row shows contours of constant B, in the same
plane. Solid lines refer to positive values of B,, dashed lines to negative ones.

Figure 3 Sames as Figure 2 but 4,=0.05. Note the concentration of the By-field. The field vectors
(B,, By) are merely unaffected.

AQ

%&

Al sy

Figure 4 The magnetic field configuration of the A0, SO, Al, and S1 modes in a model with a,-effect
and weak differential rotation, x,=0.8, d,=0.1, xq=0.5, da=0.1, and Cu= —300. (The values for C,,
and w are given in Table 3.)

AQ AO Al
C.=0 C../Ch=—-05
Figure 5 The magnetic field configuration of the A0 and Al modes in a model with «,- and a,-effect,
x,=0.5, d,=0.4. The profile in this case is smoother than in the previous ones and « has its maximum
at half the radius. (The values of C, and w are given in Table 4,
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Table 3 Marginal values of C,, and
the corresponding [requencies w (in
units of 7/R?) for the A0, SO, Al, and
S1 modes in a model with a,-effect
and differential rotation, x,=0.8, d,=
0.1, xq=0.5, and do=0.1. The trunca-
tion level was N;=18 and N,=150

Ca A0 SO Al St

Can
0 257 257 263 263
-300 265 265 264 264

0 0 0 .21 129
- 300 0 0 1.17 121

Table 4 Marginal values of C,, and the corres-
ponding frequencies w (in units of n/R?) of the AQ,
Al, A2, and A3 modes in a model with «,- and
a4-effect and differential rotation, x,=0.5, d,=04,
xq=08, and dn=0.I. The first non-axisymmetric
mode is easiest to excite for a wide range of Cy,.
The truncation level was N;= 16 and N,=100

C./C., Ca A0 Al A2 A3
Cll
0 0 466 485 6.29 7.82
-0.5 0 831 705 1008  13.18
-05 —100 899 736
-05 =300 10.14 749 1049 1351
~05 —1000 484 757 1058  13.61
w
0 0 0 —020 =015 —008
-05 0 0 002 037 0.27
—05  —100 141 950
-05  —-300 54 2971 5971 8968
—05 —1000 787 9997 19980  2997.3

3.2 Models with Anisotropic a-effect and Related Effects

Anisotropies of the a-effect can, under certain circumstances, give rise to a
preference of non-axisymmetric modes over axisymmetric ones. For example, in a
model including the «,- and «,-effects, considered by Réidler (1986a), the Al and
St modes are favored over the A0 and SO modes, if C,,/C, < —02. We have
studied the influence of a weak differential rotation in the same model. Table 4
gives results for A modes. (For S modes the marginal values of C,, are quite close
to those for the A modes, S1 being slightly easier to excite than Al) The
preference of the Al mode over the other Am modes is even more pronounced by
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Table 5 Marginal values of C,, and the
corresponding frequencies w (in units of
n/R?) of the AQ, Al, and A2 modes in a
model with 2,- and y,-effect and differen-
tial rotation, x,=x,=0.5, d,=d,=04,
xq=0.8, and dy=0.1. Note that now also
the A0 mode becomes oscillatory even
without differential rotation. The trunca-
tion level was N,=16 and N,=100

c, Ca A0 Al A2
C{ll
0 0 466 485 629
5 0 951 879 998
5 -5 953 882
5 ~100 951 8384
5 —~200 895 8385
w
0 0 0 =020 -0.15
5 0 507 665 572
5 ~50 500 1173
5 —100 487 1676
5 200 424 2677

differential rotation in a range of small Cqo. Figure 5 gives examples of field
structures. The reason why the axisymmetric modes are relatively hard to excite
could be that the a,-effect is partly cancelled by the a -effect. From (3) it is evident
that this can happen for negative values of C, /C,, if B is directed parallel to Z or
to r. Figure 5 shows that this is the case for the A0 mode (Bl]i on the axis), but
not so much for Al (B_Lz on the axis).

Finally, in Tables 5 and 6 we present some results for the y,-effect. Earlier it has
been found by Rédler (1986a) that a preference of the Al and S! modes is
obtained in a model involving the a,- and y-effect when |C,,|>3. Our new
interesting finding is the possibility of oscillatory A0 modes even in the absence of
differential rotation. Furthermore, the effect of differential rotation is that the
preference of the Al mode becomes smaller and presumably disappears as Cgq
grows. Similarly, if a- and y-layers are thin and situated close to the surface (Table
6), the preference of the Al mode disappears. The behavior is opposite to that
without y-effect (Section 3.1). Figure 6 gives the field geometry. The field is now
concentrated closer to the surface, demonstrating that y,-effect, with positive C
corresponds to a transport of magnetic flux outwards in the radial direction.

1

4. CONCLUSIONS

Our numerical results confirm the suggestion that in the pure «?-regime the
differences in the excitation conditions between the modes with m=0 or m=1 and
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Table 6 Marginal values of C,,
of the A0, Al, and A2 modes in a
model with «,- and y,-effect, x,=
x,=0.8, d,=4,=0.1, Co. The pro-
files of «,- and 7y, -effect are
steeper and closer to the surface
than in the case of Table 5. The
truncation level was N,=16 and

N,=100

c, A0 Al A2
Cu,

0 257 263 279

1.0 3.01 3.05 315
1.5 3.53 3.55 3.61

w
0 0 1.21 1.50
1.0 0 3.41 5.49
1.5 0 3.80 7.26

C7=O C,=5

Figure 6 Same as Figure 5 but taking the y,-cffect into account instead of the a,-effect, x,=x,=0.5,
d,=d,=04. Note the concentration of the B,-field to the surface when C,#0. (The values of C,, and w
are given in Table 5.)

those with m>1 becomes smaller if the «a-layer becomes smaller or is shifted
toward the surface of the fluid body. This result supports the suggestion made by
Réidler and Ness (1988) to understand the relatively strong m=2 contributions to
the magnetic fields of Earth and of Jupiter as an indication that the dynamo
works in a thin layer. Our results also show several possibilities to favor non-
axisymmetric modes, in particular Al and S! modes, over axisymmetric ones. A
weak differential rotation may act in this sense as well as anisotropies of the a-
effect and related effects, in particular the a4- and y,-effect. The different degrees of
non-axisymmetry of the magnetic fields of the planets may be related to the
different magnitudes of such induction effects. However, these effects can hardly
explain the occurrence of modes with m> 1, since usually they then become more
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difficult to excite than those with m=0 or m=1. The relevance of these resuits for
dynamos in the nonlinear regime remains to be investigated.
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