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LN SCME ELECTHOMAGNETIC FHENOMENA I¥ ELECTRICALLY CONDUCTING TUREULENTLY LOVI NG
MATTER, ESPECTALLY IN THE PRESENCE OF CORIOLIS PORCES

There iz o lot of problena in astrophysics, in geophyoics and also in technicnl
acience, which give riae to inventigstions of electronngnetic fields in electricnlly
conducting turtulently moving matter. During recent years, STEENBECK, KRAUSE, and the
author hove developed some festures of an electrodynamics of mean fields in continuous
conducting medin shewing turbulent metions /T, 2, 4, 6, T, 97. After surmerizing the
basie ideas shown there, some results which mre of interest to solar physico, eapecinlly
Tor turbulent motions influenced by Coriclis forces are discussed in this paper.

Bnoic idens

The storiing-point sre Mnxwell's and the corresponding constitutive egquations in-
clusive Chm's low, all with the neglections uaunl in megnietohydrodynatics. We introduce
the magnetic flux density 8, the zagnetic field strength M, the slectric field atrongth
£, the electric current density j, and the velocity v of the medium. Both the per-
nesbility g and the electric conductivity 4 of the zedium mre supposed to be constnmnt.
The set of equations specified above reads nn Tfollows

e:::*lE':-g—f, . eurl H=j, div8 =0
(1)
B=uH, j=d (E+vxg).

By meano of these equations 8, H, £, and j ooy be deterzined, if v as well ns oultehle
initial and boundary conditions are given. For this end it is useful to reduce (1} to

1 v a8
o 48 + cur (vx8) - 88 = o, diva = 0. | @

After the determination of 8 froa these equationa, K, E, and j result imzediately by
oeans of (1}.

Inna ti:rbuluntl;r moving medium B, H, £, and § like v show randoz fluctuntionn. We
uae an averaging procedure which yields for each quantity of this type, soy F, an
averaged or mean quantity F, ond we denote F - F by F'. Thus it holds

B=F+8", v =V Y, - (2

The average may be taken over suitable ranges in apace or time or by means of statintics
Only Reynolds' rules and the commutation rule for avernging and derivation or
integration are needed for the following.

We regard the determination of 8, H, £, and 7 fron v nnd asoze quantities
characterizing ¢ an the central problem in the electrodynanics of the mean fields.
Toking the averoge of (1), cone gets

:ur1f=-g—-§, curl H =7, div B = 0,
. (4)
B=nH, T=8{E+TxB+0 B}
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The fermal correspordance of (1) and (4) in disturbed only by the oppearance of the
term v' x B ' It describes aon edditional electromotive force, effective only for the
wean ficlds. In order to find out §, H, £, and 7, not only v, but alao ¥ » T must be
known. By combiring (2) and (3] Tollows

@.JE""‘ (B +8') +curl (Tx B +T xB* +0" x F 4 x 8 _'aﬂ—t (B +8') =0,

(5]
div (B+8"') =0,

Prineipally, by zeoans of theoe cquationo ' may be represented by §, v, ond v'. Con-
sequently, it is nllowod to consider even ¥¥ 7B ' as o functionol of B, ry ond v*. If
U7 x B isg replaced by on expression of that kind, the equations (4) mnke possible the
determination of §, H, E, and J froz ¥ and quaentitiocs depending only on v'.

0f courge, the actunl determinotion of 7 x & ° in very diffieult, Here we sketch
only n few ideas allowing goze insight into the structure of T" 7 57 and give the
general regult.

It is to be expected that fluctuating quantitios as ' and §' ot & given point in
apace and tixe show not correclation with sny quantitics at any points for awny froo the
fiven ane. Consequently, ¥ « ' for a apecific point depends only on the behoviour of
B, ¥, and ' in a confined surrounding of it. Furtheroore, it may be eanily eaonsluded
from (5) that ¥" x5’ regarded as functional of §, ¥, ond v' is lincar with reapect to
8. For sizplificotion let us assume that B varics only wenkly with the position and may
be conmidored ap constant in time. More precisely, in the mentioned surroeunding of the
point for which ¥" x 8" is considered the behavicur of § is suppoged to be determined
only by & itsclf and its firot spotial derivatives in this point. In terza of the
tenoer ealeulus, therefore we have

' . R
(ot :-E'J'i =0j; By + bijk E—_,‘—i. {6)
Cbviously, the tensors o 4 and bijk are overajed quantities depending only on i and v'.
Ao we shell point out in the following, in some simple casaa % 5 and bi,jk_'_ oxcept for
dore scalar factors, may be found emsily froz the symzeiry properties of ¥ and 1.

For the cooplete determination of ¥¥ x B' relations derived from (5) without

fundazental restrictions are aveilable /%, 6, 77. We have

{Wii =Iﬁ T K{j {x,t;f.'r} Ej (£,7) d?"f de, (7}
-l -]

vhere ’(1.] conteins o tenserial Green's function depending on ¥ and correlstion tenaors
for ¢'. In a firat approxioation for smnll ' holds

ﬂﬁmu.t;f,'ﬂ : :

Kij{',tif,"ﬂ .o Eikl Emp qu‘j Bgn 'l"k“:;tl vq{f't‘}' . (a8}

Glm denotes the tensorial Groen's function mentioned. In higher approxizations beoides

the correlation tensor ""‘E"'E; of the second rank even such expressions of higher raonks
DCCUr.

Turbulence without Coriolin forces

48 the siopleat exeople we consider o homogeneoun isotropie turbulence. In this
cose ¥ vanishes and all averaged quantities containidg ' are invariant ngainst
arbitrary translations of the ' field and agninst arbitrory rotations of thez around
arbitrary sxes. Hy renson of thia we conclude that 8; ; and b; ., are constant in space
and may be represented by ad ij n.ndaaijk. Inaserting thig in.igl,m is found to be a
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paeudoncalar but § o scalar. For o heoogenecus iaotropic turbulence it ig to be ex-
pected that all averaged quantities containing v' are even invariant agoinst re-
flexions of the v’ field on arbi trory planes. (Several authors include this reflexion
aymnetry into the defipition of imotropy.) Thus it is impomasible to derive o paeuda-
acolar froa those quantities, ond therefore o vanisheo. So wa have :

v a8 = - fcurl A, (33
With regard te ¥ being zero, the last equation of (4) may be rewritten to
_T=dTE, 6 = 6/01 +pdp). {(10)

Ffor the mean fielda in o turbulently moving mediun thereforc & 'turbulent’ conduct-
ivity ¢ p different froo the original & zust be taken inte account.

Using (7), (B), and a correlation tenser derived frea the menticned suppositions
about the v' field, caleulations were carried out providing dT in o first spproximation
for smell v' /2, 77. 4s pointed out in thia connection, in the convection zone of the
aun the conditien I.Lﬁ.ﬂ.f: > T}: is satiafied, where .?LH and 't"H are correlation length and
correlation time in the ususl sense. Under this condition and the further one
vi2 ce {AKK“I'KJE 'lix.it.in..: the firat ppproximation holda '

dp=8/01 + JusviZey B, (1)

Thus 6, = 10" ¢ secns to be pooaible in the conveetion zone. |

Next we desl with a turbulence deviating from o homogeneoun isotropic one only due
to 0 gradient of either intensity or correlstion length. In the following, g equals
either (1/v'2) &rad v'2 or EI;‘A;}I gred .;I.E; In order to detercine By 5 and bi.jk ot o
given peint in space and tine, we censider the ' field in an adequate surrounding of
it &nd suppose g to be constant there. Restricting curselves to linesrity with reapect
tog, for 0; ; Tesults a oum of‘uﬁij and Ksijl £yy for by .. & sum of p@ijk’ F'iaij‘:k'
P?E:kgé, ond 95'5,11-:3&' Since g is a polar vecter, according to (&) nct enly m, but olso
Py and P, are pseudoacalars, whereas f and y are scalars; ['13 in insignificant because
of Eﬁifﬂxi = 0. In cozplinnce with the supposed lineerity with respect to g, thene
quantities cannot depend ong. Consequently, for the determination of thex the
turbulence must be regarded ps n homogencoun isotroplie one. Accepting ngain the latter
shews reflexion symzetry in the senge exploined above, it ony be concluded that a as
well oo f, and P, are zero. An a result, we hove

u'rﬂ'=—[icur1§-rgx§ [12)
and furthermors
T=ba (E-ygxB). (17)

The gradient dpuses mean currents flewinz perpendiculor to both i{tself and the mesn
flux density. o

' : - ve 2 2

According te g being (1/%'<) grad v'2 or (1/342) grad Ay we replace Thy Ty oriyy s
Coleulaticns were carried out for T:?.l_f" 7.7 and f‘gr Ty in the saog way as done for
d'T‘ In the cose of pd J.% 35 “EK and v'2 &g {lxz"t‘xl holds

el *
Te = 5 v'2T, , Ta=gi—% L (14)

e Ag



Under certain eircuzntences, the currents accorpanying the pgradient meke ollownnce for
the intreduction of & 'turbulent' perzenbility different from the usual ene /4, 7.

Turbtulence influoenced by Coriolis forces

Contrary to the cases treated before, we now toke into pecount s mean metion of the
medium, thet is to say & non vanishing ¥. As n simple mean motion we consider o
rotatica sround an nxis choracterized by on anguler velocityw. Cf course, then thep'
field is influenced by the Coriclis and centrifugal forces depending.onw. We restriet
ourselves to linearity with respect tow. Tous only Corielis forces sre of interest.
For simplificetion we suppose that not only ¥ but alao all the averaged quantities
derivoble from v' and even B are symmetrienl wi'!'..h respect to tho axis of rotsticon.
Tius o' & B' regorded as functionsl of §, ¢, and v'depends no longer on o /9.7, There-
fore ﬂ.ij and bijk are deterxined by w' nlone. For the investigaticn of then ot n given
peint in spoce and time like g uaed sbove slaoo @ is teken as conatant.

At Tirst the turbulence which is overlaying the Dean motion is essuzed to differ
from & homogenecus isotropic one only due to the influence of Coriolis forces. In this
chse we uay uoe the conception developed in connection with the gredient in the praper-
tiea of the v° field. However, the polar vector ¢ must be replace by the axial vector
W, Therefore o and T are pocudescolers and muat be zero, whereas p, (i, and fi; are
scolars. It ig useful to change the signg of [, and foe Thus, instead of (12) we get

J =8, E+FaF -, Werat) § -, wgead B) (15)

where {ﬁ.r?lmd‘ﬁ}i =Wja'ﬂja‘ﬂxi. With the sid of (1) it ooy be rewritten into

}:=ﬁTIE'+1'FrE+gJ-[J1wx T =By +Blwyead B). (16

The nost interesting feature of this reeult is the occurence of the termpfl, @ x 7
suggesating the lipll effect. As may be concluded ‘from this comparisen, thin tern
generally deascribes a tendency to distert the direction of the Deon current and gives
ripe to the introduction of o tensorinl conductivity depending ona. The tero
- Ap, + Pzﬂwwﬂ’ﬁ is of minor iopertsnce. So far as@, (i, and i, are constant, it
ia equal to - (P, + B,) grad (wB) and ooy be cozpensuted always be a part of E re-
sulting froam spoce chorges.

Thougn general formulme for f, and §, are available /897, detoiled calculations were
cnrried out only for an incn'npreaalh}.e medivm, that is to gey dive' = 0. I
I.ldn.lx 5> Ty ond w2 g {?.Kf‘t'h} we pet

8 F"ET}’ p"’ 5 T .

where ¥ denotes the kinematic visconity of the medium and £ is given in the diegrano.
It wes pointed out that the podifieation of Chm's law discussed here makes posnible
the maintenance of electromagnetic fielda by dynamo.action /TC7.

PFinally, @ turbulence is considered which deviastes from a homogenecus isotrople one
firotly due to o :a'rpdient in intennity of correlation length and secondly becouse of
Coriolia forces. Agmin restricting curselves to linearity with respect to both @ ond @
in mn pnalogous monner ps before we get

;?r_'ﬁT {E-I'EIE—I'H..‘E—F‘ {w{;l‘ﬂ.ﬂ}g—pzwwg
: (18)
-y (W) § ~a, (WHg -, (gFlw).
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The most rerarkeble term in this relation in - &, {gw) B which deseriben mn electiro-
potive force parallel or antiparzllel to the mean mognetie flux. In all the coses con-
sidered before, the turbtulence shows reflexion sytmetry at lonat with respect o pORG
special plancs. That is why terzs af that kind did not oceur. This reflexion symzmetry
ig wiolated here.

Like T and T, we introduce @, & ., and no on. Several reoulto for @y, @, and
&, were given previaualy /¢, &7, however, ocme details of them have to be corrected.
Again we restrict curselves do div v' = C a2 well esud :Lf: >> Ty and e < {AKJTKJE.
Thua we have

,J,—.f ‘1]'21 T}:
L v

T2 a2
v' ?LH'TK

(14}

= o 2
T Sl 1. "
@, =0 T ol tlﬁn |
=¥y o f —— 0+ 8T G

Toking into necount no other electromotive force coused by turbulence but the dia-
cusoed one parnllel or antiparallel to the mean mogrnetic flux, also m maintenance of
electrozagnotic fielda by dgn&ma nction is possidle J2_7. A series of dynexo nedeln
wore trented on this basis /3, 57. Especinlly a model for alternnting Tields nllowing
an interpretation of the magnetic phenozena at the sun was investigated in detail /B.7

} The numorical volues in (11) and (14) ere in agreement with (57, but they differ a
1ittle from the walues given in /+ The reason for it consints in different
pssumption on the shape of correlation functions.
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