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Abstract

Understanding how intrinsically fast hydrogen-air premixed flames can be
rendered much faster in turbulence is essential for the systematic develop-
ment of hydrogen-based gas turbines and spark ignition engines. Here, we
present fundamental insights into the variation of flame displacement speeds
by investigating how the disrupted flame structure affects speed and vice-
versa. Three DNS cases of lean hydrogen-air mixtures with effective Lewis
numbers (Le) ranging from about 0.5 to 1, over Karlovitz number (Ka) range
of 100 to 1000 are analyzed. Suitable comparisons are made with the closest
canonical laminar flame configurations at identical mixture conditions and
their appropriateness and limitations in expounding turbulent flame prop-
erties are elucidated. Since near zero-curvature surface locations are most
probable and representative of the average flame geometry in such large Ka
flames, statistical variation of the flame displacement speed and concomi-
tant change in flame structure at those locations constitute the focus of this
study. To that end, relevant flame properties are averaged in the direction
normal to the zero-curvature isotherm locations to obtain the correspond-
ing conditionally averaged flame structures. For the leanest and smallest Le
case, downstream of the most probable zero-curvature regions, the temper-
ature increases beyond those of the standard laminar flame, leading to en-
hanced local thermal gradient and flame speed. These result from increased
heat-release rate contribution by preferential diffusion in positive curvatures
downstream of the zero-curvature locations. Furthermore, for all cases, lo-
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cally, the flame structure is also broadened due to reversal in the direction of
the flame speed gradient underpinned by ubiquitous, non-local, cylindrical
flame-flame interaction upstream of the zero-curvature regions, resulting in
localized scalar mixing within the flame structure. The combined effect of
these two non-local phenomena results in the most probable flame structure
and the associated variation of the local flame speed of a premixed flame in
turbulence.

Keywords: flame displacement speed, turbulent premixed flames, lean
hydrogen flames, flame-flame interaction
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Novelty and Significance Statement

The paper presents fundamental discoveries pertaining to the structure
and propagation of intensely turbulent, lean premixed hydrogen-air flames,
emerging from the analysis of averaged flame structures conditioned to zero-
curvature surface locations. These locations are most probable alongside
corresponding to the mean of curvature distribution. Analysis of such struc-
tures reveals how non-local effects determine the average flame displacement
speed, for the first time. Non-local effects appear in fluid turbulence liter-
ature but rarely in turbulent combustion. The paper shows that non-local
effects within the flame structure address long-standing questions on how
premixed flames are broadened in turbulence and why local flame displace-
ment speeds of ultra-lean hydrogen-air flames are ubiquitously higher than
their standard laminar counterpart.
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1. Introduction

Hydrogen is considered a promising alternative fuel to achieve sustainable
energy solution for both transportation and stationary applications. Ultra-
lean premixed combustion of hydrogen has the potential of achieving high
efficiency and low NOx emissions [1], but some critical challenges need to be
overcome before its full implementation in practical engineering systems. One
notable issue is the extremely high flame speed that often occurs erratically,
in the presence of strong turbulence, leading to flashback and damage to the
gas turbine injector system. A similar situation is encountered for SI engines
where high flame speed and reactivity of stratified hydrogen-air mixtures
may result in pre-ignition or knocking.

Earlier studies on local flame displacement speeds investigated the effect
of local curvature [2–9] and strain [2, 5, 10], Lewis number [11–14], and thick-
ness [15] in the context of turbulent flames. Consumption speeds of ultra-
lean hydrogen-air turbulent premixed flames were comprehensively studied
[16] and compared with canonical laminar flame configurations, focusing on
positive curvatures. Furthermore, the importance of zero-curvature regions
was emphasized and the departure of averaged local consumption speed be-
havior of high Ka turbulent flames from that of the strained laminar flames
was highlighted [17]. A recent study for lean hydrogen-air flames [18] re-
ported that both freely propagating and turbulent flames of lean hydrogen-
air mixtures demonstrated similar thermo-diffusive responses in moderate
Ka regimes. The positively curved regions on the flame surface were char-
acterized with higher equivalence ratios and higher consumption speeds. It
was also argued that enhanced temperatures and consumption speed in zero-
curvature regions occurred due to higher heat release rate in the upstream,
preceding positive curvature regions.

Recent Lagrangian analysis tracked the evolution of flame surface points
or flame particles [19] from their genesis at positively curved leading re-
gions [17, 20, 21] to annihilation at negatively curved trailing regions [22].
It was shown that for moderate Ka, near-unity Le flames, flame-flame in-
teraction leading to annihilation at large negative local curvatures κ results
in very large excursions of the density-weighted flame displacement speed
S̃d = ρ0Sd/ρu over its unstretched, standard laminar value SL [22]. Here, ρu
and ρ0 are the density of the reactant mixture and the density at the isotherm
of interest, T0, within the flame structure. Once such local self-interaction
begins, the enhanced S̃d leads to larger negative κ, resulting in enhanced
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S̃d. This fast-paced process continues until the flame surface is annihilated.
The local flame structure differs greatly from an unstretched standard lam-
inar flame during the interactions. Given the distinct transient structure,
the steady weak stretch theory [23–25] falls short in explaining the afore-
mentioned enhanced S̃d at large negative curvatures. As such, an interacting
flame theory was proposed to model the S̃d at large negative curvatures [22]
as:

S̃d = −2α̃0κ (1)

where α̃0 is the density-weighted thermal diffusivity, α0 defined at T0, the
isotherm of interest. The proposed model Eq. (1), a linear function of the
local curvature, could capture the behavior of S̃d at large negative curvatures
κ ≪ 0. Linear scaling with curvature had been previously proposed [26, 27]
without the pre-factor 2. Flame-flame interactions at large negative curva-
tures are an important phenomenon in their own right since, typically, the
large heat-release fluctuation resulting from rapid flame annihilation leads to
sound generation [28, 29].

Flame surfaces undergoing self-interactions have been shown to form a
variety of local topologies [29–33]. Extremely large negative and positive
curvatures led to tunnel closure and tunnel formation, respectively. Haghiri
et al. [33] found enhanced Sd during island burnout, pinch-off and tunnel for-
mation. When the Ka is small, such interactions are infrequent and limited
to rare localized events. However, increasing Ka makes such interactions
frequently encountered among individual iso-scalar surfaces. As such, at
Ka ∼ O(1000), localized flame-flame interaction characterized by κδL ≤ −1
was prevalent in about 44% of the flame structure [34].

Considering its significance, a theoretical analysis of the interacting pre-
heat zones of cylindrical, laminar, premixed, inwardly propagating flame
(IPF) extended and quantified [22] the curvature-based scaling of flame dis-
placement speed [26]. As mentioned above, at very large Ka, the self-
interactions become highly frequent and localized at the iso-surface level [34],
but the curvature-based scaling was found to remain valid statistically [35].
In view of this, the surprising finding that a simple 1D laminar flame model
could successfully describe the statistically averaged flame speed character-
istics at large negative κ in turbulence may be justified by several factors.
First, flame-flame interaction is a fast event during which the local turbulence
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remains frozen. Moreover, at substantial curvature values, local flame struc-
tures assume length scales comparable to or smaller than the Kolmogorov
scales. Finally, turbulence folds the propagating flame surfaces into a locally
cylindrical form [34, 36, 37] hence large curvature surfaces in turbulence are
typically cylindrical. Thus an IPF configuration serves as a canonical model
to describe the statistical behavior of ⟨S̃d∣κ⟩ for large negative curvatures
undergoing flame-flame interaction.

Most importantly, such flame-flame interaction at the entire flame struc-
ture level or the internal isotherm level leads to vanishing scalar gradients and
could be considered an internal mixing process, resulting in the broadening of
the internal flame structure. Broadening of the flame structure or the separa-
tion between the iso-surfaces within the structure is proportional to 1/∣∇Y ∣,
where ∇Y is the gradient of the iso-scalar based on mass fraction Y [38, 39].
Previous works [38, 40–44] reported substantial broadening in the preheat
zone with a comparatively low broadening in the reaction zone, even under
extreme Ka conditions extending to the distributed regime. This was shown
by a high probability of lower valued scalar gradient generated by strong
mixing in the preheat zone when compared to the reaction zone. A compre-
hensive review of flame structure and scalar gradients for highly turbulent
premixed flames have been presented in [45]. While the flame was broadened
overall, regions with scalar gradients larger than the corresponding laminar
counterpart were also found on the flame surface. Su and Clemens [46] ex-
perimentally investigated two-dimensional and three-dimensional scalar dis-
sipation rate χ fields for planar propane jet. It was shown that the negative
skewness of the χ probability density function is its characteristic rather than
an artifact of the experiment. Chaudhuri et al. [47] reported the flame being
thinned on average from reactants to products for lean H2-air slot jet flame.
This contrasting observation was attributed to the configuration of the flame,
i.e., the effect of strong shear turbulence.

In the present work, we examine how non-local effects from self-interacting
flame surfaces at large negative curvatures and the associated mixing, com-
bined with the non-local preferential diffusion at large positively curved re-
gions, determine the local flame structure at zero-curvature, influencing the
local flame speed. To that end, we analyze three direct numerical simu-
lation (DNS) datasets at different Lewis and Karlovitz number conditions.
The present flames are apparently free from the periodic cellular structures
resulting from diffusive-thermal instability due to structural disruption by
turbulence at very large Ka [48–50], while recognizing that thermo-diffusive
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effects synergistically works with turbulence to affect flame structure and
propagation [51]. Recent literature has comprehensively explored diffusive-
thermal instability of hydrogen flames [18, 43, 51–53] and has shown how
preferential diffusion of hydrogen and associated radicals increase consump-
tion and displacement speeds. We focus on the negative and zero-curvature
regions and find a strong enhancement of flame displacement speed in both
locations for the ultra-lean case. One of the crucial findings is that, in the
zero-curvature regions such enhancement is due to increased heat release
in the positively curved downstream locations within the conditionally av-
eraged flame structure. Such structures have been generated by averaging
flame properties along normal directions from zero-curvature locations on an
isotherm. Furthermore, such enhancement is accompanied by local broaden-
ing due to mixing effected by non-localized flame-flame interactions in the
neighboring, upstream locations within the flame.

2. Methodology

The parameters of the DNS cases comprising of statistically planar, lean
H2-air turbulent premixed flame at atmospheric pressure are presented in Ta-
ble 1. Le05Ka100 and Le1Ka100 represent new datasets computed using an
open-source reacting flow DNS solver called the Pencil Code [19, 20, 22, 56].
Case Le08Ka1000 was previously generated and investigated [34, 35, 43]
(named as F2 in these references) but included here for additional insights.
All the standard laminar values are obtained from Chemkin-Premix calcula-
tions. It is to be noted that for the leanest mixture case Le05Ka100, while
the standard laminar values obtained are justifiably treated as reference val-
ues, they cannot be realistically obtained from experiments due to intrinsic
thermo-diffusive instability. The cases vary in equivalence ratio, ϕ and con-
sequently the Lewis number [54], Le which is given by:

Le =

⎧⎪⎪
⎨
⎪⎪⎩

LeO+ALeF
1+A ϕ < 1,

LeF+ALeO
1+A ϕ > 1,

(2)

where

A =

⎧⎪⎪
⎨
⎪⎪⎩

1 + β(ϕ−1 − 1) ϕ < 1,

1 + β(ϕ − 1) ϕ > 1.
(3)

The combination of selected integral length scale L11 [55] and root-mean-
square velocity urms result in a Karlovitz number,Ka ∼ O(100) for Le05Ka100
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Parameters Le05Ka100 Le08Ka1000 Le1Ka100

Tu [K] 310 300 310
ϕ 0.4 0.7 0.81
Le [54] 0.48 0.76 0.93
Domain dimensions [cm] 2.40 0.43 1.12

×0.60 ×0.15 ×0.28
×0.60 ×0.15 ×0.28

Grid points 800 1645 1120
×200 ×560 ×280
×200 ×560 ×280

Integral length scale [55], L11 [cm] 0.3 0.03 0.11
Root mean square velocity, urms [cm/s] 507.7 4746.7 1893.9
Kolmogorov length scale, η [µm] 19.9 2.141 6.5
Karlovitz no., Ka 115.4 1125.7 100.1
Reynolds no., Ret 799.6 699.5 996.2
Damköhler no., Da 0.25 0.02 0.32
SL [cm/s] 25.23 135.62 183.82
δL [cm] 5.98E-02 3.54E-02 3.53E-02
∆x/η 1.51 1.22 1.55
δL/∆x 19.95 136.2 35.3
δt [µs] 2E-3 1E-03 2E-03

Table 1: Details of the parameters for the three 3D DNS cases investigated in this paper.
For all the cases, P = 1 atm, δL = (T

○
b − Tu)/∣∇T ∣max.

and Le1Ka100 whereas Ka ∼ O(1000) for Le08Ka1000. Here, Ka = τf/τη is
defined as the ratio of flame time scale, τf = δL/SL, and the Kolmogorov
time scale τη in the unburnt mixture. δL = (T ○b − Tu)/∣∇T ∣max is the stan-
dard laminar flame thickness with T ○b is the adiabatic flame temperature and
SL is the corresponding standard laminar flame speed. Reynolds number
Re = urmsL11/ν ∼ 700 − 1000 for all the cases. For the present scope of work,
the leanest case, Le05Ka100, with Le = 0.48, is of particular interest.

The Pencil Code [56] solves the governing equations of mass, momentum,
energy and species conservation using a sixth-order central difference scheme
to discretize all spatial terms, except for the convective terms, for which
a fifth-order upwind scheme is used. A low-storage, third-order accurate
Runge-Kutta RK3-2N scheme is used for time marching. A detailed chemical
mechanism with 9 species and 21 reactions by [57] was used to model the H2-
air chemistry. The simulation was carried out in two stages (cases Le05Ka100
and Le1Ka100). First, homogeneous isotropic turbulence is generated in
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a cube comprising of the reactant mixture. The Ret and Ka reported in
Table 1 are computed for this cube. Next, this turbulent reactant mixture
is superimposed on the mean flow and fed through the inlet of a cuboidal
domain to interact with a planar laminar premixed flame imposed in the
initial field. The Navier-Stokes characteristic boundary conditions (NSCBC)
were imposed in the inflow and outflow direction of the cuboid, with periodic
boundary conditions in the transverse directions.

As for the model analysis, two additional simulations are performed for
each of the DNS cases under similar conditions. (1) One-dimensional simula-
tions for cylindrical, laminar, premixed, inwardly propagating flames (IPF)
using the Pencil Code. The detailed methodology followed for the IPF sim-
ulation has been discussed by Yuvraj et al. [34]. (2) Symmetric, laminar,
premixed, counter flow flames (CFF) [58] with reactant mixtures entering
from both inlets at varying inlet velocities for the latter using Chemkin. It is
ensured that both solvers produce identical solutions to the standard laminar
case.

In the present study, we employ isotherms to represent the flame surface
within the flame structure. The local flame-displacement speed Sd can be
evaluated from the DNS fields using temperature as an iso-scalar surface from
the right-hand side of the energy equation (Eq. (4)) as:

Sd =
1

ρCp

[
∇ ⋅ (λ′∇T )

∣∇T ∣
−
ρ∇T ⋅∑k(Cp,kVkYk)

∣∇T ∣
−
∑k hkω̇k

∣∇T ∣
] (4)

where λ′, Vk, hk and ω̇k are the thermal conductivity of the mixture, the
molecular diffusion velocity, enthalpy, and net production rate of the kth
species at a given isotherm, respectively. Cp,k and Cp are the constant-
pressure specific heat for the kth species and for the bulk mixture, respec-
tively. All three DNS are computed with mixture averaged diffusivity ne-
glecting the Soret effect as in [18, 53]. Soret effect has been shown to induce
non-trivial effects on the local consumption speed in lean hydrogen-air flames,
especially at positive curvature [59]. Although the differences are quantita-
tive, the qualitative behavior remains the same [60–62].

The temperature-based progress variable c used is defined as c = (T −
Tu)/(T ○b − Tu), where T ○b is the adiabatic flame temperature. While the ac-
tual burned gas temperature of the lean flames may be different from T ○b ,
considering that the temperature on an iso-mass fraction surface may change
even more and that the flame speed depends most strongly on temperature
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[58], temperature-based c is adopted as in [47]. It has been ascertained that
results with the progress variable based on hydrogen mass fraction (YH2),
cY = 1 − YH2/YH2,u, are qualitatively similar to all the results presented in
this paper. Recognizing the caveats presented in [53] due to super-adiabatic
temperatures, the analysis is restricted to c ≤ 0.8.

3. Results and Discussion

0.0
0.0

3.0

6.0

6.0
12.0

18.0
0.0
3.0
6.0

5

3

1

-1

-3

Figure 1: Flame surface (c0 = 0.2) for Le05Ka100 at a given instant of time colored by
S̃d/SL.

Figure 1 presents the iso-surface c = c0 where c0 = 0.2 is colored with
normalized density-weighted flame displacement speed, S̃d/SL = ρSd/ρuSL at
a given time instant for the case Le05Ka100. Qualitatively, an enhancement
in S̃d up to a factor of five over SL is observed at the large negatively curved
trailing edge of the flame surface due to flame-flame interaction. Le05Ka100
shows S̃d/SL > 1 for most parts of the iso-scalar surface, in contrast to cases
with Le ≈ 1 discussed in the literature [34, 35] for which most of the regions
on the flame surface have S̃d ≈ SL.

The widespread enhancement of average S̃d over SL for Le05Ka100 is
also evident from Fig. 2, which presents the joint probability density func-
tion (JPDF) of normalized density-weighted local flame displacement speed,
S̃d/SL and the non-dimensional curvature, κδL for Le05Ka100 at c0 = 0.05,
0.2, 0.4 and 0.6 over multiple time instances. The blue curve shows the nor-
malized conditional mean of the density-weighted local flame displacement
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c0 = 0.05 c0 = 0.2 c0 = 0.4 c0 = 0.6
8
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2
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0
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-20 -10 0 10 -20 -10 0 10 -20 -10 0 10 -20 -10 0 10

ln(joint probability density)
0 2-2-4-6-8

Figure 2: Joint probability density function (JPDF) of normalized density-weighted flame
displacement speed, S̃d/SL, and normalized curvature, κδL, for iso-scalar, c0 = 0.05,0.2,0.4
and 0.6 for Le05Ka100. The colorscale represents the natural logarithm of the JPDF
magnitude. The solid blue curve is the conditional mean, ⟨S̃d∣κ⟩/SL, at a given κ, obtained
from the DNS. The solid horizontal and the dashed vertical red lines show S̃d,0/SL and
⟨κδL⟩, respectively. In this paper, we calculate the mean of the variables conditioned
on κ = 0 over a narrow range −0.1 < κδL < 0.1. The dashed black line represents the
analytical model, S̃d = −2α̃0κ and the solid black curve with circular markers represent
the IPF results. The hollow square symbol marks S̃d,0/SL conditioned on zero tangential

strain rate, S̃d,0∣aT =0/SL.

speed at a given curvature ⟨S̃d∣κ⟩/SL. Henceforth, ⟨⋅⟩ denotes the mean of the
quantity over all the points lying on an iso-surfaces defined by c0. The mean
of the variables conditioned on zero-curvature is calculated over a narrow
range −0.1 < κδL < 0.1 throughout the present study. The vertical dotted red
lines denote the mean non-dimensional curvature ⟨κδL⟩ and indicate that
⟨κδL⟩ ≈ 0 for all c0. Figure 2 overlays the IPF simulation results in solid
black lines with black circular symbols, and the corresponding analytical
model Eq. (1) in dashed black line, where α̃0 is the density-weighted thermal
diffusivity computed using Chemkin-PREMIX [63]. The horizontal dotted
black line denotes the normalized standard laminar value S̃d/SL = 1. The
individual JPDFs also include a hollow square marker in black, which shows
the mean of S̃d∣κ=0/SL conditioned on zero mean tangential strain rate. This
is discussed later in the paper.
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The two notably overarching observations from Fig. 2 are the follow-
ing: (1) The conditional mean of the JPDF (blue curve) asymptotically
matches with the IPF simulation as well as the analytical model prediction
for κδL ≪ −1 for all c0. In fact, with the increase in c0, the conditional
mean aligns perfectly with the IPF and the model. The slope of ⟨S̃d∣κ⟩/SL

in the asymptotic limit appears to increase with c0, consistent with the IPF
and model prediction. The increase in slope is mainly due to the increasing
density-weighted thermal diffusivity, α̃0 in the model. (2) The horizontal
solid red line indicate S̃d,0/SL = ⟨S̃d∣κ=0⟩/SL, whereas the red arrow indicate
the net enhancement of S̃d,0/SL over unity. The S̃d,0 is enhanced to around
four times SL for c0 = 0.05. This deviation of S̃d,0 from SL decreases with c0
as we move further into the flame structure. This observation is in contrast
with higher Le ≈ 0.7 − 1.0 cases [22, 34, 35, 64], where S̃d,0 ≈ SL for most c0
values [34], but similar to the observation in [65]. The significance of S̃d,0 lies
in the fact that, on average, the flame surfaces have near zero-curvature (as
shown by the dashed vertical red line) and hence in-depth understanding of
this deviation of S̃d,0 from SL is required.

In the following short subsections, we further elaborate on observation 1,
while sections 3.2 and 3.3 will be devoted to investigating observation 2.

3.1. Behavior of S̃d during flame-flame interaction at κδL ≪ −1

(a) (b)

450

900

1350

0 2.5 5

0.9

0.45

0 0

1.5

3

0 2.5 5

0.8 ms

4 ms
3.2 ms
2.4 ms
1.6 ms

-2

Figure 3: Radial temperature and normalized heat release rate profiles obtained from
IPF for conditions as that of Le05Ka100 at various time instances during flame-flame
interaction until the iso-scalar c0 = 0.6 is annihilated.

To explain the behavior of S̃d at large negative curvature, κδL ≪ −1, Fig. 3
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shows the temporal evolution of temperature and the heat release rate (HRR)
profiles obtained from the IPF simulation at the thermodynamic conditions
of Le05Ka100 during the annihilation event. The HRR is normalized by its
maximum standard laminar value. Note that the HRR barely exist with
3% of the laminar value even before the onset of interaction due to strong
negative stretch rates and Le effects. As the preheat zone flame-flame inter-
action proceeds, the HRR eventually becomes zero. Thus the heat release
zone never interacts. This is in compliance with the inherent assumption of
non-interacting heat release layers of the interacting flame theory describing
the local cylindrical self-interaction among the isotherms in turbulent flames
at large negative κ resulting in enhanced S̃d [22, 34] even for ultra-lean hydro-
gen flames. This results in a near-perfect agreement between the theoretical
model (Eq. 1) and the DNS results for the ultra-lean hydrogen-air flame at
very large negative curvatures.

3.2. Can S̃d at κδL = 0 be described using counterflow flames?

A 1D cylindrical flame model successfully explained the limiting behavior
of S̃d at large negative κ for locally interacting premixed flames in turbulence.
It is well known that the material or propagating surfaces undergo straining
in turbulence [36, 66–68]. Hence, we use a planar flame with finite tangential
strain rate to understand the large increase in S̃d,0/SL as found from DNS
at κδL ≈ 0. In the following sub-section, results from the second model
configuration of a 1D premixed counterflow flame (CFF) [69–72], with the
tangential strain rate, aT,CFF representing the mean value over the iso-scalar
surface for the DNS data at κ = 0, i.e. ⟨aT ∣κ=0⟩ (aT being tangential strain
rate from DNS), is considered as an attempt to explain the deviation of S̃d,0

from SL. For consistency in nomenclature, we define aT,0 = ⟨aT ∣κ=0⟩, whereas
the subscript CFF is used for counterflow flame. The results from CFF are
compared with those obtained from the DNS for all the cases at iso-tangential
strain rate, i.e., aT,CFF = aT,0. While, the present subsection discusses the
key findings and the shortcomings of the canonical form in describing the
behavior of S̃d,0 the following subsection explores the underlying reasons for
the same.

Figure 4 presents the joint probability density function (JPDF) of nor-
malized density-weighted flame displacement speed and tangential strain rate
conditioned on zero-curvature locations for Le05Ka100 at c0 = 0.05,0.2,0.4
and 0.6. Each of the JPDF is superimposed with ⟨S̃d∣κ=0,aT ⟩/SL, i.e., the
conditional mean of S̃d/SL given aT , at zero-curvature shown in blue curve.
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c0 = 0.05 c0 = 0.2 c0 = 0.4 c0 = 0.6
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Figure 4: Joint probability density function (JPDF) of S̃d∣κ=0/SL and aT ∣κ=0 for Le05Ka100
at c0 = 0.05,0.2,0.4 and 0.6. The colorscale corresponds to the natural logarithm of the
joint probability density magnitude. The conditional mean of normalized density-weighted
local flame displacement speed at zero-curvature given tangential strain, ⟨S̃d∣κ=0,aT

⟩/SL is

presented by the blue curve. The hollow red square represents the point (aT,0, S̃d,0/SL).
The solid black curves represent the corresponding CFF solution.

The hollow square marker in red represents the point (aT,0, S̃d,0/SL). The
CFF solutions at the same c0 (T0) are represented in black curves. Although
the nature of the overall response of ⟨S̃d∣κ=0,aT ⟩/SL to tangential strain rate
aT ∣κ=0 is qualitatively similar to that given by CFF [73] the strain response
of the flame in turbulence is much weaker than that in the CFF configura-
tion. Interestingly, while the CFF solution approaches SL at zero tangential
strain rate, ⟨S̃d∣κ=0,aT =0⟩ > SL (see Fig. 2) for all isotherms under investiga-
tion. At aT,CFF = aT,0 it is seen that CFF fails to predict the mean DNS
trends at higher aT,0 or lower c0 (c0 = 0.05,0.2) but at c0 = 0.4,0.6 the CFF
results are fairly close to that of S̃d,0/SL. The variation of S̃d,0/SL with aT,0
for Le05Ka100 are shown in Fig. 5a in hollow markers. The CFF solutions
at c0 = 0.05,0.2,0.4 and 0.6 from Fig. 4 for the corresponding c0 are also
included. Fig. 5b and c present similar plots for Le08Ka1000 and Le1Ka100,
respectively. The colorscale at the bottom represents the c0 for both DNS
and CFF simulations.

Comparing the DNS and the CFF results in the preheat zone before max-
imum heat release rate for Le05Ka100 (all the four c0 values) and Le1Ka100
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Figure 5: The variation of S̃d,0/SL with aT,0 for (a) Le05Ka100 (b) Le08Ka1000 (c)
Le1Ka100 in hollow markers. The solid lines represent the results from CFF. The colorscale
corresponds to c0.

(c0 = 0.05 and 0.2) show that indeed S̃d,0 increases beyond SL under positive
tangential straining, but their mutual agreement is inconsistent. CFF fails
to provide any solution at c0 = 0.05 for Le05Ka100 and c0 = 0.05,0.2 for
Le1Ka100 at equal tangential strain rate conditions. Furthermore, even if
a solution exists, it is larger than S̃d,0 obtained from DNS for c0 before the
maximum heat release rate. While for c0 post maximum heat release rate the
CFF solutions are smaller than S̃d,0, i.e., c0 = 0.4,0.6 for Le1Ka100. Thus, the
trends of S̃d∣κ=0 with aT ∣κ=0, as well as their corresponding mean, are quan-
titatively different from the CFF solutions for Le05Ka100 and Le1Ka100.
While the CFF trends remain the same for Le08Ka100, the trends in DNS
results are different. Consistency persists in the fact that at c0 = 0.6 (be-
yond maximum heat release rate), the CFF solution is lower than the DNS
result while no solutions are found at lower c0. It is inferred that under the
same tangential strain rate, CFF is unable to describe the mean local flame
structure at κ = 0 in 3D turbulent flames. Thus, the canonical configuration
falls short in describing the behavior of S̃d,0. This is consistent with [72],
where the local structure of leading regions was compared with those from
critically strained flames. This was attributed to history or transient effects
for turbulent flames by Im et al. [74], as such conditioning on aT = 0 also
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yields S̃d,0∣aT =0 > SL for Le05Ka100 case as shown using black squares in Fig.
2 in agreement with [65]. Hence, further investigation of S̃d,0 is necessary
based on the mean local flame structure, the effect of which on Sd will be
instantaneous, eliminating history effects.

c0 = 0.05 c0 = 0.2 c0 = 0.4 c0 = 0.6
6
5
4
3
2
 1
 0

ln(joint probability density)
0 2-2-4-6-8

Figure 6: Joint probability density function (JPDF) of S̃d∣κ=0/SL with ∣∇̃c∣c0 ∣κ=0 for
Le05Ka100 at c0 = 0.05,0.2,0.4 and 0.6. The colorscale corresponds to the natural loga-
rithm of the joint probability density magnitude. The conditional mean given normalized
scalar gradient conditioned on zero-curvature, ⟨S̃d∣κ=0,∣∇̂c∣c0 ∣κ=0⟩ is presented by the blue

curve. The hollow square red markers represent the point (⟨∣∇̂c∣c0 ∣κ=0⟩, S̃d,0/SL). The
solid black curves represent the CFF solution.

Previously, the magnitude of the scalar gradient ∣∇c∣ has been used as
a measure of separation between the iso-scalar surfaces [38, 75]. In fact,
the inverse of the local scalar gradient magnitude has been defined as the
local flame width [75]. Hence, it is first recognized that the magnitude of
the scalar gradient of the progress variable normalized by the corresponding
laminar value at that c0, ∣∇c∣c0/∣∇c∣c0,L, is a possible measure of the local
flame structure compared to its standard laminar counterpart. Thus we seek
to correlate S̃d∣κ=0/SL and the normalized absolute gradient of the progress
variable conditioned on κ = 0, ∣∇̂c∣c0 ∣κ=0 = ∣∇c∣c0 ∣κ=0/∣∇c∣c0,L. Figure 6 shows
the joint probability density function of S̃d∣κ=0/SL and ∣∇̂c∣c0 ∣κ=0 for the case
Le05Ka100 at the four c0 values superimposed with the conditional mean
of S̃d∣κ=0/SL given ∣∇̂c∣c0 ∣κ=0. The corresponding CFF solutions are shown in
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Figure 7: Correlation of S̃d,0/SL with ⟨∣∇̂c∣c0 ∣κ=0⟩ for DNS and laminar CFF (a) in the
preheat zone (c0 before maximum heat release rate only) (b) over the entire flame structure
at c0 = 0.05,0.2,0.4 and 0.6. Hollow symbols represent DNS data, and filled symbols of the
same shape represent CFF data at the same thermodynamic conditions, with aT,CFF =

aT,0. Lines show CFF solutions over varying aT,CFF . (c) Correlation of ⟨S̃d⟩/SL with
⟨∣∇̂c∣c0 ∣⟩ for the present cases and those from previous studies [34, 35, 43]. Data from
these additional cases are denoted by: F1: ‘☆’, F3: ‘×’, F4: ‘△’, P3: ‘◊’, P7: ‘+’

the solid black curve. It is apparent that S̃d∣κ=0/SL correlate fairly well with
∣∇̂c∣c0 ∣κ=0 for both the DNS as well as the CFF. The conditional mean from
DNS closely follows the CFF solution at c0 = 0.05 and 0.2. At c0 = 0.4 and
0.6 the average slope of the conditional mean shows deviation from unity.
Nevertheless, the point (⟨∣∇̂c∣c0 ∣κ=0⟩, S̃d,0/SL) shown in hollow red square
lie close to the CFF solution for all c0. Next, we proceed to correlate the
averages: S̃d,0/SL and ⟨∣∇̂c∣c0 ∣κ=0⟩ from DNS as well as from CFF in Fig. 7.
The figure shows the results for the three DNS cases under study as well as
cases F1, F4, P3 and P7 from previous studies [34, 35, 43] for a wider range of
Ka, Ret and Le conditions. The results from CFF simulations with varying
aT,CFF for c0 = 0.05,0.2,0.4 and 0.6 are shown in different line types, whereas
the solid markers correspond to CFF solutions at aT,CFF = aT,0 conditioned
on the same isotherms. The dash-dotted grey line denoting Eq. (5) with
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unity slope is obtained from an approximate scaling analysis of Eq. (4) for
κ = 0 (see Appendix A).

S̃d∣κ=0

SLc,0

≈
∣∇c∣c0 ∣κ=0
∣∇c∣c0,L

= ∣∇̂c∣c0 ∣κ=0 (5)

Figure 7a includes the points for c0 before the maximum heat release
rate and Fig. 7b at all c0 values. Overall, S̃d,0/SL show a good correlation
with ⟨∣∇̂c∣c0 ∣κ=0⟩ for all the DNS cases and CFF solutions in the preheat
zone. This observation is consistent with that in [34], but generalizes the
findings to a much wider range of Le conditions over large ⟨∣∇̂c∣c0 ∣κ=0⟩ val-
ues. Overall, Eq. (5) qualitatively justifies the above observations. Figure 7c
shows that ⟨S̃d⟩/SL and ⟨∣∇̂c∣c0⟩ are also very well correlated since for all
the surfaces ⟨κδL⟩ ≈ 0 (see Fig. 2). Nevertheless, from the data it is appar-
ent that Le05Ka100 case exhibits more thinned preheat zones with increased
⟨∣∇̂c∣c0 ∣κ=0⟩, resulting in large S̃d,0/SL, while Le08Ka1000 and Le1Ka100 cases
show local broadening in preheat zone thickness with S̃d,0/SL < 1. While
the suggested correlations show overall good agreement for all Le conditions
under study, there is an additional important issue that needs further dis-
cussion. The data points from CFF calculations at aT,CFF = aT,0 (shown in
filled symbols) for the Le05Ka100 case, appear at higher values along both
axes when compared to the DNS in Fig. 7a (shown in hollow symbols but
of the same shape). This implies that the turbulent flame segment with
zero-curvature subjected to the same average tangential strain rate has a
relatively smaller net flame thinning effect compared to the steady laminar
strained flame counterpart. It seems that there is some degree of attenuation
in the effect of local straining of the turbulent flame. In other words, the
flame surface is locally thinned or propagates faster on average compared to
the standard laminar flame, while thickened or propagates slower compared
to the corresponding CFF. For the cases, Le08Ka1000 and Le1Ka100, the
net broadening of the flame structure is observed. One may argue that this
broadening is due to turbulence mitigating the local flame surface’s response
to the local tangential strain rate, reducing S̃d,0 relative to the CFF S̃d values
at aT,CFF = aT,0. However, it cannot be concluded that for a premixed flame
with even lower Le and Ka, S̃d,0 cannot be higher than the corresponding
CFF solution. This is discussed later in section 3.3.2. However, based on
the DNS cases currently investigated, we observe a consistent effect residing
in turbulence-flame interaction where the turbulent flames are broadened on
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average compared to equivalent laminar strained flames.
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Figure 8: Probability density function (PDF) of ∣∇̂c∣c0 (solid blue curve) and ∣∇̂c∣c0 ∣κ=0
(dashed blue curve) at c0 = 0.05,0.2,0.4 and 0.6 for (a) Le05Ka100 (b) Le08Ka1000 (c)
Le1Ka100. The solid and dashed vertical red line denote their respective means, ⟨∣∇̂c∣c0⟩
and ⟨∣∇̂c∣c0 ∣κ=0⟩. The solid black lines represent the CFF solution, whereas the dotted gray
line denotes the standard laminar value, ∣∇̂c∣c0,L = 1.

As a further proof, the probability density function (PDF) of ∣∇̂c∣c0 and
∣∇̂c∣c0 ∣κ=0 is shown in Fig. 8 for c0 = 0.05,0.2,0.4 and 0.6 for the case (a)
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Le05Ka100 (b) Le08Ka1000 (c) Le1Ka100. The pdfs of ∣∇̂c∣c0 and ∣∇̂c∣c0 ∣κ=0
are shown in solid and dashed blue curves. The solid and dashed verti-
cal red lines represent their corresponding means. The solid black lines are
CFF solutions, whereas the dotted gray line denotes the standard laminar
value, i.e., ∣∇̂c∣c0,L = 1. The pdfs (∣∇̂c∣c0 and ∣∇̂c∣c0 ∣κ=0) appear quasi log-
normal but with a distinctive negative skewness. The negative skewness in
the pdf of ∣∇̂c∣c0 was also observed by [38, 47]. The negative skewness or
occurrence of such small values of ∣∇̂c∣c0 is attributed to the regions on the
flame surfaces undergoing flame-flame interactions at large negative curva-
ture (κδL ≪ −1) leading to homogenization of gradients (∣∇̂c∣c0 → 0). On the
other hand, pdf of ∣∇̂c∣c0 ∣κ=0 includes the points on the flame surfaces in the
non-interacting regime (κδL ≈ 0) but is still negatively skewed resulting in
∣∇̂c∣c0 ∣κ=0 < ∣∇̂c∣c0,CFF . The existence of such low ∣∇̂c∣c0 ∣κ=0 needs investiga-
tion. Overall, on average, the flame for Le05Ka100 and Le1Ka100 for most
parts is thinned w.r.t. the standard laminar flame but is thickened w.r.t.
the CFF flame structure. However, in Le08Ka1000 the flame is thickened for
most parts w.r.t. the standard laminar flame except at large c0 values.

3.3. Non-local effects influencing S̃d at κδL = 0

3.3.1. Non-local effect of flame-flame interaction at large negative curvatures
on S̃d at κδL = 0

+
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Figure 9: Variation of mean of normal strain rate (aN ) and ∂Sd/∂n conditioned on κ = 0
with c0 for (a) Le05Ka100 (b) Le08Ka1000 (c) Le1Ka100. The dashed gray curve denotes
the sum of the two terms.
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Since S̃d,0 and ⟨∣∇̂c∣c0 ∣κ=0⟩ were found to be well correlated, we seek to
understand the deviation of ∣∇̂c∣c0 ∣κ=0 from its corresponding CFF as well as
the standard laminar value. To that end, we consider the transport equation
for ∣∇̂c∣ in the Lagrangian form at the flame surface [47, 76–78]:

D̃∣∇̂c∣

D̃t
= − [aN +

∂Sd

∂n
] ∣∇̂c∣ (6)

where aN is the fluid motion-induced normal strain rate and ∂Sd/∂n is the
normal strain rate due to flame propagation with the normal, n = −∇c/∣∇c∣
being the local normal in the direction of the reactants. Each term on the
right-hand side shows the mechanism of thickening or thinning of the flame
structure. In steady flames, the sum is identically zero. Fig. 9 shows the
variation of the mean aN and ∂Sd/∂n conditioned on κ = 0 with c0 for
all the cases. Dopazo et al. [77] reported ⟨aN⟩ > 0 and ⟨∂Sd/∂n⟩ < 0 for
low Ka flames. In the present study, we found that for Le08Ka1000 and
Le1Ka100, ⟨∂Sd/∂n∣κ=0⟩ > 0, similar to those observed in large Ka methane-
air Bunsen flames by Wang et al. [78] but in direct contrast to planar lami-
nar unstrained/strained flame behavior where ∂Sd/∂n = −aN < 0. Although
Le05Ka100 shows ⟨∂Sd/∂n∣κ=0⟩ < 0 for 0.1 < c0 < 0.5 its magnitude is much
less than ⟨aN ∣κ=0⟩. For Ka ∼ 100 cases, ⟨aN ∣κ=0⟩ > 0 possibly due to dilata-
tion, while for Ka ∼ 1000, ⟨aN ∣κ=0⟩ < 0. The nature of ⟨aN ∣κ=0⟩ in turbulent
premixed flame based on the alignment of the smallest principal strain rate
and the normal to the iso-scalar surfaces have been discussed [47, 79]. Unlike
a steady laminar flame, where positive aN and negative ∂Sd/∂n balance out,
in these turbulent flames, their net contribution remains positive (dashed
gray curve). This is primarily due to ⟨∂Sd/∂n∣κ=0⟩ attaining positive values
or small negative values that are insufficient to balance ⟨aN ∣κ=0⟩, leading to
local flame broadening.

We seek to understand such crucial behavior of the normal gradient of
the flame speed, which is central to flame thickening and associated reduc-
tion in S̃d,0. Conditionally averaged flame structures along their local normal
directions from surface locations c = c0 where κ = 0, are analyzed. Figure 10
presents a schematic including the two-dimensional contour of heat release
rate overlaid with iso-scalar curves at mid-plane extracted from Le05Ka100
at a given time instant. The schematic includes two points, x1 and x2 on
a selected iso-scalar surface c = c0 where κ ≈ 0. The local normal at these
points extending in either direction is shown in blue. The local flame struc-
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Figure 10: Two-dimensional contour of heat release rate overlaid with iso-scalar curves at
mid-plane extracted from Le05Ka100 at a given time instant. x1 and x2 are the points on
a selected iso-scalar surface c = c0 where κ ≈ 0. The local normal at these points extending
in either direction is shown in blue. The local flame structures based on c extracted on
either side of x1 and x2 along their normal direction up to a distance of δL are shown in
black. The circular markers on the c profile represent the c values at the corresponding
neighboring iso-scalar.

tures are extracted on either side of x1 and x2 along their normal direction
up to a distance of δL. The obtained local flame structures based on c are
shown in black, with the circular markers representing the c values at the
corresponding neighboring iso-scalar surface. Note that the actual structures
are generated from the 3D DNS fields. For further details regarding the al-
gorithm followed, the readers can refer to Yuvraj et al. [34, 35]. Figure 11a
shows the mean local flame structure (black for c and red for Sd/SL) condi-
tioned on κ = 0 for the flame surfaces c0 = 0.05,0.2,0.4 and 0.6 for Le05Ka100.
The corresponding flame structures from standard laminar flame are shown
in faint curves. The vertical grey line, i.e., ξ/δL = 0 is the origin lying on the
corresponding c0 where κ = 0. The mean c and Sd/SL values at ξ/δL = 0 are
represented by black and red square markers, respectively. ∂Sd/∂n is indeed
positive or weakly negative at the points on the flame surface conditioned
on κ = 0 (ξ/δL = 0) in the preheat zone in agreement with Fig. 9. This is
because such points are preceded by a sharp increase in Sd along n on the
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Figure 11: Mean local flame structures of (a) c and Sd/SL (b) normalized heat release rate,
ĤRR and non-dimensional tangential strain rate, aT δL/SL (c) non-dimensional curvature
κδL, non-dimensional minimum and maximum principal curvatures, κ1δL and κ2δL condi-
tioned on κ = 0 at c = c0 for Le05Ka100. The faint red and gray curves in the background
in (a) represent the corresponding standard laminar flame structures.
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Figure 12: Mean local flame structures of (a) c and Sd/SL (b) normalized heat release rate,
ĤRR and non-dimensional tangential strain rate, aT δL/SL (c) non-dimensional curvature
κδL, non-dimensional minimum and maximum principal curvatures, κ1δL and κ2δL condi-
tioned on κ = 0 at c = c0 for Le08Ka1000. The faint red and gray curves in the background
in (a) represent the corresponding standard laminar flame structures.
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Figure 13: Mean local flame structures of (a) c and Sd/SL (b) normalized heat release rate,
ĤRR and non-dimensional tangential strain rate, aT δL/SL (c) non-dimensional curvature
κδL, non-dimensional minimum and maximum principal curvatures, κ1δL and κ2δL con-
ditioned on κ = 0 at c = c0 for Le1Ka100. The faint red and gray curves in the background
in (a) represent the corresponding standard laminar flame structures.
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Figure 14: Segments of the iso-scalar surfaces of Le05Ka100 colored by Sd/SL based on
(a) T : c0 = 0.03 and 0.4 (b) YH2 : cY = 0.225 and 0.7. The black markers denote the points
with κ = 0 on (a) c0 = 0.4 and (b) cY = 0.7.
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upstream, starkly contrasting with any laminar flame structure (strained or
unstrained). The V-shaped average temperature profile suggesting possible
flame-flame interaction just preceding the point of interest is also apparent.
The second set of flame structures based on the heat release rate normalized
by the corresponding maximum laminar value (shown in dark red) and non-
dimensional tangential strain rate, aT δL/SL (shown in green) is included in
Fig. 11b.

Finally, Fig. 11c presents the third set of conditionally averaged local
flame structures (from c = c0 and κ = 0) along n which includes non-
dimensional total curvature, κδL in black, minimum and maximum non-
dimensional principal curvatures, κ1δL and κ2δL in red and blue respectively.
Coinciding with the peak in Sd and the valley in the c profiles, we observe a
sharp drop in average κ and κ1 profiles just preceding ξ/δL = 0 with κ2 ≈ 0
at minimum κ1 - the quintessential signature of cylindrical flame-flame in-
teraction shown in Fig. 2. This implies that due to their ubiquity at large
Ka, localized, cylindrical flame-flame interaction precedes the nearly flat lo-
cations of the flame surface in the direction of reactants, on average. Since
the cylindrical flame-flame interaction enhances Sd, the interacting iso-scalar
surfaces approach each other faster, in turn separating the trailing surfaces
leading to local broadening. The local flame thickening of these turbulent
flame segments is found to be mainly due to the upstream flame-flame inter-
action. The results presented in Fig. 12a and c for Le08Ka1000 and Fig. 13a
and c Le1Ka100 show qualitatively similar mean structures along the positive
normal direction at ξ/δL = 0.

Fig. 11b shows that just downstream, for ξ/δL > 0, the maximum heat
release rate of the averaged flame structure is enhanced to around 3.5 times
the maximum standard laminar value. This results in an increased temper-
ature gradient at κ = 0 (ξ/δL = 0), causing the S̃d to increase. The lean
hydrogen-air turbulent flames at κ = 0 thus exhibit an enhancement in S̃d at
sub-unity Le. This will be discussed in detail later in the subsection 3.3.2.
However, the normalized heat release rate profiles for Le08Ka1000 (Fig. 12b)
and Le1Ka100 (Fig. 13b) are different from Le05Ka100 given their Le are
close to unity and are also discussed in the subsection 3.3.2.

We visualize the non-local flame-flame interaction upstream of κ = 0 in
Fig. 14 presenting segments of the iso-scalar surfaces at an instant of time
for Le05Ka100 using both isotherms and iso-YH2 surfaces in (a) and (b),
respectively. The iso-scalar surfaces are colored with Sd/SL as shown by the
colorscale at the bottom. The black markers denote the κ = 0 points on
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c0 = 0.4 and cY = 0.7 iso-surfaces. From the viewpoint of an observer in these
nearly flat yet strained locations (black markers), the flame-flame interaction
at the neighboring, highly curved, near cylindrical surfaces increases Sd at
those corresponding neighboring surfaces. This causes those neighboring
surfaces to separate faster from the reference resulting in flame thickening
characterized by diminished scalar gradients.

3.3.2. Non-local effect of positive curvatures on S̃d at κδL = 0

The previous section discussed how the cylindrical flame-flame interac-
tions upstream (i.e. towards the reactant side) of the zero-curvature regions
lead to departure from the local laminar flame structure. Shifting our focus to
the region downstream (i.e. towards the product side) of the zero-curvature
in the direction along the local normal estimated at ξ/δL = 0, we observe that
overall temperature (or c) is enhanced for Le05Ka100 (Fig. 11a) resulting in
enhanced temperature gradient at ξ/δL = 0 at all c0. As mentioned before,
the peak heat release rate is around 3.5 times the maximum laminar value
for Le05Ka100 for all c0 as shown in Fig. 11b. However, for L08Ka1000 with
Le = 0.76, ĤRR < 1 for c0 = 0.05 and 0.2 (Fig. 12b) given that the preheat
zone is highly disrupted by the intense turbulence. For c0 = 0.4 and c0 = 0.6
the ĤRR ≈ 1.5. In the preheat zone (c0 = 0.05 and 0.2), the diffusion term
contributes majorly to Sd while for c0 = 0.4 and c0 = 0.6 close to or beyond
peak heat release rate the reaction term dominates (see Eq. (4)). In either
case, with increasing c0, the difference between the Sd/SL and Sd∣L/SL de-
creases on the downstream of ξ/δL = 0. The mean local flame structures for
Le1Ka100 show similar behavior downstream of ξ/δL = 0 (Fig. 13a and b).
For all the cases, the non-dimensionalized tangential strain rate, aT δLSL is
positive for ξ/δL ≥ 0. Interestingly, just downstream of ξ/δL = 0, the flame
surfaces are also near cylindrical with maximum principal curvature con-
tributing majorly to the local curvature (κδL = κ1δL + κ2δL ≈ κ1δL, κ2δL ≈ 0)
for all the cases. It seems that this large curvature and/or the existing tan-
gential strain rate downstream contribute significantly to a large positive
stretch. The positive stretching and preferential diffusion downstream leads
to an enhanced heat release rate, eventually increasing temperature gradient
and Sd. This effect is in addition to the existing tangential strain rate at
κ = 0.

To isolate the effect of strain rate on increased heat release rate down-
stream of ξ/δL = 0 we investigate conditionally averaged local flame struc-
tures along the local normal directions from the flame surface c = c0 where
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Figure 15: Mean local flame structures of (a) c and Sd/SL (b) normalized heat release rate,
ĤRR and non-dimensional tangential strain rate, aT δL/SL (c) non-dimensional curvature
κδL , non-dimensional minimum and maximum principal curvatures, κ1δL and κ2δL con-
ditioned on κ = 0 and aT = 0 at c = c0 for Le05Ka100. The faint red and gray curves in
the background in (a) represent the corresponding standard laminar flame structures.
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Figure 16: Mean local flame structures of (a) c and Sd/SL (b) normalized heat release rate,
ĤRR and normalized tangential strain rate, aT δL/SL (c) non-dimensional curvature κδL,
non-dimensional minimum and maximum principal curvatures, κ1δL and κ2δL conditioned
on κ = 0 and aT = 0 at c = c0 for Le08Ka1000. The faint red and gray curves in the
background in (a) represent the corresponding standard laminar flame structures.
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Figure 17: Mean local flame structures of (a) c and Sd/SL (b) normalized heat release
rate, ĤRR and normalized tangential strain rate, aT δL/SL (c) non-dimensional curvature
κδL, non-dimensional minimum and maximum principal curvatures, κ1δL and κ2δL in
conditioned on κ = 0 and aT = 0 at c = c0 for Le1Ka100. The faint red and gray curves in
the background in (a) represent the corresponding standard laminar flame structures.
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κ = aT = 0. The points on the flame surface conditioned on aT = 0 are
filtered over the range −0.1 < aT δL/SL < 0.1 for Le05Ka100 and Le1Ka100
whereas given the intense tangential straining at Ka ∼ O(1000) fewer points
are obtained on the flame surface for the given range of aT δL/SL, hence to
achieve statistical convergence of the structures we increase the range to
−0.5 < aT δL/SL < 0.5 for Le08Ka1000.

Figures 15, 16 and 17 present the mean local flame structures based on (a)
Sd/SL (red), c (black) (b) ĤRR (dark red), aT δL/SL (green) (c) κ1δL (red),
κ2δL (blue), κ2δL (black) conditioned on κ = aT = 0 for c0 = 0.05,0.2,0.4
and 0.6 in dotted curves for Le05Ka100, Le08Ka1000 and Le1Ka100 respec-
tively. For Le05Ka100 the nature of structures based on Sd/SL, c, ĤRR,
κδL, κ1δL and κ2δL qualitatively resemble those presented in Fig. 11. The
Sd > Sd∣L at ξ/δL = 0 for all c0. The temperature gradient is also higher than
the laminar counterpart at ξ/δL = 0. On the other hand, for 0 < ξ/δL ≤ 1,
aT δL/SL attains very small values, close to zero. In addition, κδL ≈ κ2δL, i.e.,
the cylindrical shape of the flame surface with positive curvature, is retained
just downstream of ξ/δL = 0. This shows that the enhanced heat release rate
caused by preferential diffusion at the positive stretch rate is contributed ma-
jorly by positive curvature rather than the tangential strain rate aT . Since
the Le ≈ 0.5, the molecular diffusivity of hydrogen exceeds that of the ther-
mal diffusivity of the ultra-lean mixture. Thus, such near cylindrical regions
with positive curvature (κδL > 1) allow the focusing of species diffusion from
low-temperature regions into the higher ones. This results in enhanced heat
released rate and consequently increased temperature and the resulting gra-
dient leading to enhanced S̃d at ξ/δL = 0. Thus the enhancement of S̃d,0

conditioned on zero tangential strain rate over SL (black hollow square in
Fig. 2) is attributed majorly to preferential diffusion at positively curved re-
gions. It should be noted that though the preexisting history effects are not
the focus of the present study, we acknowledge their possible contribution to
enhancement in Sd as well [74].

Based on the investigation of the mean local flame structures at zero-
curvature points Howarth et al. [18] reported enhanced temperature and
heat release rate at zero-curvature regions lying on the mass fraction based
iso-scalar surface with c0 = 0.9. The local flame structures were obtained
along the paths normal to the flame surface following the gradients of the
mass fraction and then averaged to obtain the corresponding mean local
flame structure [53]. Given the definition of the constructed path on which
the structures were obtained, non-local flame-flame interaction upstream of
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ξ/δL = 0 was not captured in their analysis. The present finding that en-
hanced heat release rate due to preferential diffusion at large positively curved
regions leads to faster propagation of the flame locally (ξ/δL = 0) is in agree-
ment with Howarth et al. [18]. However, it was argued by Howarth et al.
[18] that after the passage of these positively curved leading points, a wake
region with low curvature remains, which is still at superadiabatic tempera-
tures sustaining higher reaction rates than the corresponding laminar case.
This results in propagation speeds exceeding SL. Here, we find that in the
conditionally averaged structure we obtained, it is the positively curved near
cylindrical regions and not leading points that are spherical that experience
enhanced burning. Moreover, such regions are present downstream of the
zero-curvature regions in the conditionally averaged flame structure. The
triple conditioned mean local flame structure based on Sd/SL, c, ĤRR, κδL,
κ1δL, κ2δL for Le08Ka1000 and Le1Ka100 in Fig. 16 and Fig. 17 also resem-
ble their double conditioned counterparts in presented in Fig. 12 and Fig. 13
respectively. Near cylindrical positively curved regions are also present with
aT δL/SL ≈ 0 in the near vicinity of ξ/δL = 0 in the downstream of it for both
cases at all c0. Since the Le is close to unity, a temperature gradient less
than (c0 = 0.05 and 0.2) or equal (c0 = 0.4 and 0.6) to the laminar case at
ξ/δL = 0 is observed for Le08Ka100. For Le1Ka100 at c0 = 0.4 and 0.6 lying
beyond c0 for maximum heat release rate, we observe Sd > Sd∣L at ξ/δL = 0
this is due to the increased contribution from the heat release term to Sd

compared to the diffusion term (see Eq. (4)).
Finally, it is noteworthy to mention that although planar laminar flames

under tangential straining with increased gradients are faster than the stan-
dard laminar flame, they do not experience the effect of preferential diffusion
at positive curvatures. On the other hand, turbulent flame surfaces with
zero-curvatures experience enhanced S̃d majorly due to the non-local Le ef-
fect rather than the local tangential strain rate. Therefore, the regions with
κ = 0 on a turbulent flame surface, on average, can propagate faster than the
canonical form under the same tangential strain rates. We observe this for
the c0 lying beyond the peak heat release rate, i.e., c0 = 0.6 for Le08Ka1000
and c0 = 0.4,0.6 for Le1Ka100 (see Fig. 5b and c). Thus, due to the distinct
nature of the mean local flame structure, including the underlying mecha-
nism for S̃d enhancement at zero-curvature regions in turbulent flames, the
standalone CFF may not be the best model for predicting S̃d,0 under the
same tangential strain rate condition.
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4. Conclusions

Localized cylindrical flame-flame interaction at large negative curvatures
leads to enhanced flame displacement speeds in near unity Lewis number lean
hydrogen-air turbulent flames. Analytical or numerical interaction models
can explain such large excursions of Sd. The present study investigates the
behavior of S̃d at large negative curvatures in preferentially diffusive ultra-
lean H2-air turbulent flames and further explores its implications paired with
the Lewis number effect on the mean local flame structure and consequently
the mean local flame displacement speed at zero-curvature.

To that end, three 3D DNS datasets at varying Le and Ka are investi-
gated to understand the S̃d at large negative curvatures as well as at zero-
curvatures. Detailed reaction mechanisms [57, 80] are used to model the
chemistry for all the datasets. Strong negative flame stretch led to an ex-
tremely low heat release rate during flame-flame interaction at large negative
curvature. This resulted in a near-perfect agreement of mean S̃d conditioned
on curvature with the interaction model in the asymptotic limit of large
negative curvature.

In addition, it is found that most parts of ultra-lean, large Ka hydrogen
flames, characterized by κ ≈ 0, propagate faster in turbulence when compared
to their standard laminar counterpart due to preferential diffusion effects.
However, the canonical configuration of a steady laminar strained flame was
insufficient in quantifying and explaining such enhancement. Mapping flame
displacement speed (ratios) with the local structure represented by the ther-
mal gradient (ratios), the reason for this difference systematically emerges.
All the investigated turbulent flames, irrespective of Le and Ka, possess
unique mean local flame structures in the zero-curvature regions. At zero-
curvatures, local broadening persists due to a reversed flame speed gradient
resulting from the non-local cylindrical flame-flame interaction with negative
curvature upstream in the positive normal direction. The severity of this
effect however depends on the Ka. This effect is paired with an increased
local temperature gradient resulting from preferential diffusion at the posi-
tively curved near cylindrical regions downstream of zero-curvature regions,
imparting the turbulent premixed flame its distinct mean local structure and
the local flame speed at these points. This work thus highlights for the first
time that mean local flame structure in turbulence results from the aforemen-
tioned non-local effects rather than just local tangential straining present in
the canonical configurations.
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Appendix A. Scaling analysis

Sd =
1

ρCp
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⎢
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⎥
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(A.1)

A term-by-term analysis is performed for Eq. (A.1), where λ′, Vk, hk

and ω̇k are the thermal conductivity of the mixture, the molecular diffusion
velocity, enthalpy, and net production rate of the kth species at a given
isotherm, respectively. Cp,k and Cp are the constant-pressure specific heat
for the kth species and the bulk mixture using the mixture-averaged formula.
The terms T1, T2 and T3 represent the contributions from heat conduction,
heat transfer by mass diffusion and reaction, respectively. For an isotherm
lying in the preheat zone far from the heat release layers, we can assume

∑k hkω̇k = 0. Existing literature found [8, 35] T2 to be an order of magnitude
smaller than T1 and T3 and can be assumed negligible. Thus decomposing
T1 [22] we get,

Sd ≈
1

ρCp

[−λ′κ −
λ′

∣∇T ∣
n ⋅∇(∣∇T ∣)] (A.2)

Using n as the local unit normal vector, we substitute ∣∇T ∣ = −∂T /∂n and
n ⋅∇ = ∂/∂n. Now, Sd for an isotherm surface, c0 at κ = 0 can be written as,

Sd∣κ=0 ≈ −α
∂2T /∂n2∣κ=0

∂T /∂n∣κ=0
(A.3)
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Using scaling relationship as ∂2T /∂n2 ∼ ∆T /δ2p and ∂T /∂n ∼ ∆T /δp. ∆T
and δp are the characteristic temperature rise and local flame thickness in
the preheat zone at κ = 0. Since Sd,0 = ⟨Sd∣κ=0⟩, we get Sd,0 ∼ α/δp.

Applying density-weighing and normalizing by the corresponding laminar
counterpart, we get Eq. (A.4)

Sd,0

SL,c0

=
S̃d,0

SL

≈
δp
δp,0
≈
∣∇c∣c0 ∣κ=0
∣∇c∣c0,L

≈ ∣∇̂c∣c0 ∣κ=0 (A.4)

Here the characteristic thickness is assumed to be inversely proportional to
the local gradient i.e. δp = (c0 − cmin)/∣∇c∣c0 = c0/∣∇c∣c0 [38, 47] similar to
δL = (cmax − cmin)/∣∇c∣max = 1/∣∇c∣max.
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[13] C. Rutland, A. Trouvé, Direct simulations of premixed turbulent flames
with nonunity lewis numbers, Combust. Flame 94 (1993) 41–57.

[14] A. Alqallaf, M. Klein, N. Chakraborty, Effects of lewis number on
the evolution of curvature in spherically expanding turbulent premixed
flames, Fluids 4 (2019) 12.

[15] R. Sankaran, E. R. Hawkes, C. S. Yoo, J. H. Chen, Response of flame
thickness and propagation speed under intense turbulence in spatially
developing lean premixed methane–air jet flames, Combust. Flame 162
(2015) 3294–3306.

[16] A. Amato, M. Day, R. K. Cheng, J. Bell, D. Dasgupta, T. Lieuwen,
Topology and burning rates of turbulent, lean, h2/air flames, Combust.
Flame 162 (2015) 4553–4565.

[17] A. Amato, Leading points concepts in turbulent premixed combustion
modeling, Ph.D. thesis, Georgia Institute of Technology, 2014.

[18] T. Howarth, E. Hunt, A. Aspden, Thermodiffusively-unstable lean pre-
mixed hydrogen flames: Phenomenology, empirical modelling, and ther-
mal leading points, Combust. Flame 253 (2023) 112811.

37



[19] S. Chaudhuri, Life of flame particles embedded in premixed flames in-
teracting with near isotropic turbulence, Proc. Combust. Inst. 35 (2015)
1305–1312.

[20] H. L. Dave, A. Mohan, S. Chaudhuri, Genesis and evolution of premixed
flames in turbulence, Combust. Flame 196 (2018) 386–399.

[21] Ya. B. Zeldovich, G. I. Barenblatt, V. B. Librovich, G. M. Makhvi-
ladze, Mathematical theory of combustion and explosions, Consultants
Bureau, New York, NY, 1985.

[22] H. L. Dave, S. Chaudhuri, Evolution of local flame displacement speeds
in turbulence, J. Fluid Mech. 884 (2020) A46.

[23] J. Bechtold, M. Matalon, The dependence of the markstein length on
stoichiometry, Combust. Flame 127 (2001) 1906–1913.

[24] G. K. Giannakopoulos, M. Matalon, C. E. Frouzakis, A. G. Tomboulides,
The curvature markstein length and the definition of flame displacement
speed for stationary spherical flames, Proc. Combust. Inst. 35 (2015)
737–743.

[25] G. K. Giannakopoulos, A. Gatzoulis, C. E. Frouzakis, M. Matalon, A. G.
Tomboulides, Consistent definitions of “flame displacement speed” and
“markstein length” for premixed flame propagation, Combust. Flame
162 (2015) 1249–1264.

[26] N. Peters, Turbulent Combustion, Cambridge University Press, 2000.

[27] N. Chakraborty, R. S. Cant, Direct numerical simulation analysis of the
flame surface density transport equation in the context of large eddy
simulation, Proc. Combust. Inst. 32 (2009) 1445–1453.

[28] A. Haghiri, M. Talei, M. J. Brear, E. R. Hawkes, Sound generation by
turbulent premixed flames, J. Fluid Mech. 843 (2018) 29–52.

[29] D. Brouzet, A. Haghiri, M. Talei, M. J. Brear, Annihilation events topol-
ogy and their generated sound in turbulent premixed flames, Combust.
Flame 204 (2019) 268–277.

38



[30] T. D. Dunstan, N. Swaminathan, K. N. C. Bray, N. G. Kingsbury, Flame
interactions in turbulent premixed twin v-flames, Combust. Sci. Technol.
185 (2013) 134–159.

[31] R. Griffiths, J. Chen, H. Kolla, R. Cant, W. Kollmann, Three-
dimensional topology of turbulent premixed flame interaction, Proc.
Combust. Inst. 35 (2015) 1341–1348.

[32] S. Trivedi, R. Griffiths, H. Kolla, J. H. Chen, R. S. Cant, Topology of
pocket formation in turbulent premixed flames, Proc. Combust. Inst.
37 (2019) 2619–2626.

[33] A. Haghiri, M. Talei, M. Brear, E. Hawkes, Flame annihilation displace-
ment speed and stretch rate in turbulent premixed flames, Flow Turbul.
Combust. 104 (2020) 977–996.

[34] Yuvraj, Y. N. Ardebili, W. Song, H. G. Im, C. K. Law, S. Chaudhuri,
et al., On flame speed enhancement in turbulent premixed hydrogen-air
flames during local flame-flame interaction, Combust. Flame 257 (2023)
113017.

[35] Yuvraj, W. Song, H. Dave, H. G. Im, S. Chaudhuri, et al., Local flame
displacement speeds of hydrogen-air premixed flames in moderate to
intense turbulence, Combust. Flame 236 (2022) 111812.

[36] S. Pope, P. Yeung, S. Girimaji, The curvature of material surfaces in
isotropic turbulence, Phys. Fluids A: Fluid Dynamics 1 (1989) 2010–
2018.

[37] T. Zheng, J. You, Y. Yang, Principal curvatures and area ratio of prop-
agating surfaces in isotropic turbulence, Phys. Rev. Fluids 2 (2017)
103201.

[38] P. E. Hamlington, A. Y. Poludnenko, E. S. Oran, Intermittency in
premixed turbulent reacting flows, Phys. Fluids 24 (2012) 075111.

[39] P. E. Hamlington, A. Y. Poludnenko, E. S. Oran, Interactions between
turbulence and flames in premixed reacting flows, Phys. Fluids 23 (2011)
125111.

39



[40] P. E. Hamlington, A. Y. Poludnenko, E. S. Oran, Turbulence and scalar
gradient dynamics in premixed reacting flows, in: 40th Fluid Dynamics
Conference and Exhibit, 2010, p. 5027.

[41] A. Y. Poludnenko, E. Oran, The interaction of high-speed turbulence
with flames: Global properties and internal flame structure, Combust.
Flame 157 (2010) 995–1011.

[42] A. Poludnenko, E. Oran, The interaction of high-speed turbulence with
flames: Turbulent flame speed, Combust. Flame 158 (2011) 301–326.

[43] W. Song, F. E. Hernandez-Perez, E. A. Tingas, H. G. Im, Statistics of
local and global flame speeds for turbulent H2/air premixed flames at
high Karlovitz numbers, Combust. Flame 232 (2021) 111523.

[44] A. Lipatnikov, V. Sabelnikov, F. Hernández-Pérez, W. Song, H. G. Im,
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