
CHAPTER

3
RADIATIVE
PROPERTIES OF REAL
SURFACES

3.1 INTRODUCTION

Ideally, electromagnetic wave theory may be used to predict all radiative properties of any mate-
rial (reflectivity and transmissivity at an interface, absorption and emission within a medium).
For a variety of reasons, however, the usefulness of the electromagnetic wave theory is ex-
tremely limited in practice. For one, the theory incorporates a large number of assumptions
that are not necessarily good for all materials. Most importantly, electromagnetic wave theory
neglects the effects of surface conditions on the radiative properties of these surfaces, instead
assuming optically smooth interfaces of precisely the same (homogeneous) material as the bulk
material—conditions that are very rarely met in practice. In the real world surfaces of materials
are generally coated to varying degree with contaminants, oxide layers, and the like, and they
usually have a certain degree of roughness (which is rarely even known on a quantitative basis).
Thus, the greatest usefulness of the electromagnetic wave theory is that it provides the engineer
with a tool to augment sparse experimental data through intelligent interpolation and extrap-
olation. Still, it is important to realize that radiative properties of opaque materials depend
exclusively on the makeup of a very thin surface layer and, thus, may, for the same material,
change from batch to batch and, indeed, overnight. This behavior is in contrast to most other
thermophysical properties, such as thermal conductivity, which are bulk properties and as such
are insensitive to surface contamination, roughness, and so on. The National Institute of Stan-
dards and Technology (NIST, formerly NBS) has recommended to reserve the ending “-ivity”
for radiative properties of pure, perfectly smooth materials (the ones discussed in the previous
chapter), and “-ance” for rough and contaminated surfaces. Most real surfaces fall into the
latter category, discussed in the present chapter. Consequently, we will use the ending “-ance”
for the definitions in the following section, and for most surface properties throughout this
chapter (and the remainder of this book), unless the surface in question is optically smooth and
the property is obtained from electromagnetic wave theory. Note that there will be occasions
when either term could be used (“almost smooth” surfaces, comparing experimental data with
electromagnetic wave theory, etc.).

In the present chapter we shall first develop definitions of all radiative properties that are
relevant for real opaque surfaces. We then apply electromagnetic wave theory to predict trends
of radiative properties for metals and for dielectrics (electrical nonconductors). These theoretical
results are compared with a limited number of experimental data. This is followed by a brief
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62 3 RADIATIVE PROPERTIES OF REAL SURFACES

discussion of phenomena that cannot be predicted by electromagnetic wave theory, such as the
effects of surface roughness, of surface oxidation and contamination, and of the preparation
of “special surfaces” (i.e., surfaces whose properties are customized through surface coatings
and/or controlled roughness).

Most experimental data available today were taken in the 1950s and 1960s during NASA’s
“Golden Age,” when considerable resources were directed toward sending a man to the moon.
Interest waned, together with NASA’s funding, during the 1970s and early 1980s. More recently,
because of the development of high-temperature ceramics and high-temperature applications,
there has been renewed interest in the measurement of radiative surface properties.

No attempt is made here to present a complete set of experimental data for radiative surface
properties. Extensive data sets of such properties have been collected in a number of references,
such as [1–8], although all of these surveys are somewhat outdated.

3.2 DEFINITIONS

Emittance
The most basic radiative property for emission from an opaque surface is its spectral, directional
emittance, defined as

ε′λ(T, λ, ŝo) ≡
Iλ(T, λ, ŝo) cosθo dΩo

Ibλ(T, λ) cosθo dΩo
=

Iλ(T, λ, ŝo)
Ibλ(T, λ)

, (3.1)

which compares the actual spectral, directional emissive power with that of a black surface
at the same conditions. We have added a prime to the letter ε to distinguish the directional
emittance from the hemispherical (i.e., directionally averaged) value, and the subscript λ to
distinguish the spectral emittance from the total (i.e., spectrally averaged) value. The direction
vector is denoted by ŝo to emphasize that, for emission, we are considering directions away from
a surface (outgoing). Finally, we have chosen wavelength λ as the spectral variable, since this is
the preferred variable by most authors in the field of surface radiation phenomena. Expressions
identical to equation (3.1) hold if frequency ν or wavenumber η are employed.

Some typical trends for experimentally determined directional emittances for actual materi-
als are shown in Fig. 3-1a,b, as given by Schmidt and Eckert [9] (all emittances in these figures
have been averaged over the entire spectrum; see the definition of the total, directional emittance
below). For nonmetals the directional emittance varies little over a large range of polar angles
but decreases rapidly at grazing angles until a value of zero is reached at θ = π/2. Similar
trends hold for metals, except that, at grazing angles, the emittance first increases sharply be-
fore dropping back to zero (not shown). Note that emittance levels are considerably higher for
nonmetals.

A spectral surface whose emittance is the same for all directions is called a diffuse emitter, or
a Lambert surface [since it obeys Lambert’s law, equation (1.35)]. No real surface can be a diffuse
emitter since electromagnetic wave theory predicts a zero emittance at θ = π/2 for all materials.
However, little energy is emitted into grazing directions, as seen from equation (1.31), so that
the assumption of diffuse emission is often a good one.

The spectral, hemispherical emittance, defined as

ελ(T, λ) ≡
Eλ(T, λ)
Ebλ(T, λ)

, (3.2)

compares the actual spectral emissive power (i.e., emission into all directions above the surface)
with that of a black surface. The spectral, hemispherical emittance may be related to the
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FIGURE 3-1
Directional variation of surface emittances (a) for several nonmetals and (b) for several metals [9].

directional one through equations (1.31) and (1.33),

ελ(T, λ) =

∫ 2π

0

∫ π/2

0 Iλ(T, λ, θ, ψ) cosθ sinθ dθ dψ

π Ibλ(T, λ)

=

∫ 2π

0

∫ π/2

0 ε′λ(T, λ, θ, ψ)Ibλ(T, λ) cosθ sinθ dθ dψ

π Ibλ(T, λ)
, (3.3)

which may be simplified to

ελ(T, λ) =
1
π

∫ 2π

0

∫ π/2

0
ε′λ(T, λ, θ, ψ) cosθ sinθ dθ dψ, (3.4)

since Ibλ does not depend on direction. For an isotropic surface, i.e., a surface that has no different
structure, composition, or behavior for different directions on the surface (azimuthal angle),
equation (3.4) reduces to

ελ(T, λ) = 2
∫ π/2

0
ε′λ(T, λ, θ) cosθ sinθ dθ. (3.5)

We note that the hemispherical emittance is an average over all solid angles subject to the weight
factor cosθ (arising from the directional variation of emissive power). For a diffuse surface, ε′λ
does not depend on direction and we find
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ελ(T, λ) = ε′λ(T, λ). (3.6)

The total, directional emittance is a spectral average of ε′λ, defined by

ε′(T, ŝ) =
I(T, ŝ) cosθ dΩ

Ib(T) cosθ dΩ
=

I(T, ŝ)
Ib(T)

, (3.7)

or, from equations (1.30) and (1.34),

ε′(T, ŝ) =
1
Ib

∫
∞

0
Iλ dλ =

1
Ib

∫
∞

0
ε′λIbλ dλ =

1
n2σT4

∫
∞

0
ε′λ(T, λ, ŝ) Ebλ(T, λ) dλ. (3.8)

Finally, the total, hemispherical emittance is defined as

ε(T) =
E(T)
Eb(T)

, (3.9)

and may be related to the spectral, hemispherical emittance through

ε(T) =

∫
∞

0 Eλ(T, λ) dλ

Eb(T)
=

1
n2σT4

∫
∞

0
ελ(T, λ) Ebλ(T, λ) dλ. (3.10)

It is apparent that the total emittance is a spectral average with the spectral emissive power as
a weight factor. If the spectral emittance is the same for all wavelengths then equation (3.10)
reduces to

ε(T) = ελ(T). (3.11)

Such surfaces are termed gray. If we have the very special case of a gray, diffuse surface, this
implies

ε(T) = ελ = ε′ = ε′λ. (3.12)

While no real surface is truly gray, it often happens that ελ is relatively constant over that part
of the spectrum where Ebλ is substantial, making the simplifying assumption of a gray surface
warranted.

Example 3.1. A certain surface material has the following spectral, directional emittance when exposed
to air:

ε′λ(λ, θ) =
{ 0.9 cosθ, 0 < λ < 2µm,

0.3, 2µm < λ < ∞.

Determine the total hemispherical emittance for a surface temperature of T = 500 K.

Solution
We first determine the hemispherical, spectral emittance from equation (3.5) as

ελ(λ) =

 2 × 0.9
∫ π/2

0 cos2θ sinθ dθ = 0.6, 0 < λ < 2µm,

2 × 0.3
∫ π/2

0 cosθ sinθ dθ = 0.3, 2µm < λ < ∞.

The total, hemispherical emittance follows from equation (3.10) as

ε(T) =
1

n2σT4

(
0.6

∫ 2µm

0
Ebλ dλ + 0.3

∫
∞

2µm
Ebλ dλ

)
= 0.3 +

0.6 − 0.3
n2σT4

∫ 2µm

0
Ebλ dλ

= 0.3
[
1 + f (1×2µm×500 K)

]
= 0.3 × (1 + 0.00032) ' 0.3,

where the fractional blackbody emissive power f (nλT) is as defined in equation (1.23). For a temperature
of 500 K the spectrum below 2µm is unimportant, and the surface is essentially gray and diffuse.
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FIGURE 3-2
Directional irradiation onto a surface.

Absorptance
Unlike emittance, absorptance (as well as reflectance and transmittance) is not truly a surface
property, since it depends on the external radiation field, as seen from its definition, equa-
tion (1.51). As for emittance we distinguish between directional and hemispherical, as well as
spectral and total absorptances.

The radiative heat transfer rate per unit wavelength impinging onto an infinitesimal area
dA, from the direction of ŝi over a solid angle of dΩi is, as depicted in Fig. 3-2,

Iλ(r, λ, ŝ i)(cosθi dA) dΩi,

where we have used the definition of intensity as radiative heat transfer rate per unit area
normal to the rays, and per unit solid angle. Iλ is the local radiative intensity at location r (just
above the surface). This incoming heat transfer rate, when evaluated per unit surface area dA
and per unit incoming solid angle dΩi, is known as spectral, directional irradiation,

H′λ(r, λ, ŝ i) = Iλ(r, λ, ŝ i) cosθi. (3.13)

Irradiation is a heat flux always pointing into the surface. Thus, there is no need to attach a sign
to its value, and it is evaluated as an absolute value (in contrast to the definition of net heat flux
in Chapter 1). The spectral, directional absorptance at surface location r is then defined as

α′λ(r, λ, ŝ i) ≡
H′

λ,abs

H′λ
, (3.14)

where H′

λ,abs is that part of H′

λ that is absorbed by dA. If local thermodynamic equilibrium
prevails, the fraction α′λ will not change if H′λ increases or decreases. Under this condition
we find that the spectral, directional absorptance does not depend on the external radiation
field and is a surface property that depends on local temperature, wavelength, and incoming
direction. To determine its magnitude, we consider an isothermal spherical enclosure shown in
Fig. 3-3, similar to the one used in Section 1.6 to establish the directional isotropy of blackbody
intensity. The enclosure coating is again perfectly reflecting except for a small area dAs, which is
also perfectly reflecting except over the wavelength interval between λ and λ + dλ, over which
it is black. However, the small surface dA suspended at the center is now nonblack. Following
the same arguments as for the development of equation (1.32), augmenting the emitted flux by
ε′λ and the absorbed flux by α′λ, we find immediately

α′λ(T, λ, θ, ψ) = ε′λ(T, λ, θ, ψ). (3.15)
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Therefore, if local thermodynamic equilibrium prevails, the spectral, directional absorptance is
a true surface property and is equal to the spectral, directional emittance.

The spectral radiative heat flux incident on a surface per unit wavelength from all directions,
i.e., from the hemisphere above dA, is

Hλ(r, λ) =

∫
2π

H′λ(r, λ, ŝ i) dΩi =

∫
2π

Iλ(r, λ, ŝi) cosθi dΩi. (3.16)

Of this the amount absorbed is, from equation (3.14),∫
2π
α′λ(T, λ, ŝi)Iλ(r, λ, ŝ i) cosθi dΩi.

Thus, we define the spectral, hemispherical absorptance as

αλ(r, λ) ≡
Hλ,abs

Hλ
=

∫
2π α

′

λ(T, λ, ŝ i)Iλ(r, λ, ŝ i) cosθi dΩi∫
2π Iλ(r, λ, ŝ i) cosθi dΩi

. (3.17)

Since the incoming radiation, Iλ, depends on the radiation field of the surrounding enclosure,
the spectral, hemispherical absorptance normally depends on the entire temperature field and
is not a surface property. However, if the incoming radiation is approximately diffuse (i.e., if
Iλ is independent of ŝ i), then the Iλ may be moved outside the integrals in equation (3.17) and
cancelled. Then

αλ(T, λ) =
1
π

∫ 2π

0

∫ π/2

0
α′λ(T, λ, θi, ψi) cosθi sinθi dθi dψi, (3.18)

or, using equations (3.4) and (3.15),

αλ(T, λ) = ελ(T, λ) (diffuse irradiation). (3.19)

This equality also holds if α′λ = ε′λ are independent of direction, in which case α′λ can be removed
from the integral. Therefore, spectral hemispherical absorptances and emittances are equal if
(and only if) either the irradiation and/or the spectral, directional absorptance are diffuse (i.e., do
not depend on incoming direction).

On the other hand, energy incident from a single distant source results in (near-) parallel
rays from a unique direction ŝ i, such as irradiation from the sun or from a laser. This is known
as collimated irradiation, and leads to

Hλ(r, λ) = H′λ(r, λ, ŝi) δΩi = Iλ(r, λ, ŝi) cosθi δΩi (3.20)
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and

αλ(T, λ) = α′λ(T, λ, ŝi) = ε′λ(T, λ, ŝi) (collimated irradiation). (3.21)

Thus, for collimated irradiation there is no difference between directional and hemispherical
absorptances.

The total irradiation per unit area and per unit solid angle, but over all wavelengths, is

H′(r) =

∫
∞

0
Iλ(r, λ, ŝ i) cosθi dλ. (3.22)

Thus, we may define a total, directional absorptance as

α′(r, ŝ i) ≡

∫
∞

0 α′λ(T, λ, ŝi)Iλ(r, ŝi) dλ∫
∞

0 Iλ(r, ŝi) dλ
, (3.23)

where the factor cosθi has cancelled out since it does not depend on wavelength. Again, α′

is not normally a surface property but depends on the entire radiation field. However, if the
irradiation may be written as

Iλ(r, λ, ŝ i) = C(ŝi)Ibλ(T, λ), (3.24)

where C(ŝ) is an otherwise arbitrary function that does not depend on wavelength, i.e., if the
incoming radiation is gray (based on the local surface temperature T), then, from equations (3.8)
and (3.15),

α′(T, θ, ψ) = ε′(T, θ, ψ). (3.25)

Of course, this relation also holds if the surface is gray (i.e., α′λ = ε′λ do not depend on wave-
length).

Finally, the total irradiation per unit area from all directions and over the entire spectrum is

H(r) =

∫
∞

0

∫
2π

Iλ(r, λ, ŝ i) cosθi dΩi dλ. (3.26)

Therefore, the total, hemispherical absorptance is defined as

α(r) ≡
Habs

H
=

∫
∞

0 αλ(r, λ)Hλ(r, λ) dλ∫
∞

0 Hλ(r, λ) dλ
=

∫
∞

0

∫
2π α

′

λ(T, λ, ŝ i)Iλ(r, λ, ŝi) cosθi dΩi dλ∫
∞

0

∫
2π Iλ(r, λ, ŝi) cosθi dΩi dλ

. (3.27)

This absorptance is related to the total hemispherical emittance only for the very special cases
of a gray, diffuse surface, equation (3.12), and/or diffuse and gray irradiation, i.e., if

Iλ(r, λ, ŝi) = CIbλ(T, λ), (3.28)

where T is the temperature of the surface and C is a constant. Under those conditions we find,
again using equation (3.15),

α(T) = ε(T). (3.29)

Example 3.2. Let the surface considered in the previous example be irradiated by the sun from a
30◦ off-normal direction (i.e., a vector pointing to the sun from the surface forms a 30◦ angle with the
outward surface normal). Determine the relevant surface absorptance.
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Solution
Since the sun irradiates the surface from only one direction, but over the entire spectrum, we need to
find the total, directional absorptance. From the last example, with θi = 30◦, we have

α′λ

(
λ, θi =

π
6

)
=

{
0.45
√

3, 0 < λ < 2µm,
0.3, 2µm < λ < ∞.

Since we know that the sun behaves like a blackbody at a temperature of Tsun = 5777 K, we also know
the spectral behavior of the sunshine falling onto our surface, or

Iλ(λ, θi) = CIbλ(Tsun, λ), (3.30)

where C is a proportionality constant independent of wavelength.1 Substituting this into equation (3.23)
leads to

α′
(
θi =

π
6

)
=

∫
∞

0 ε′λ(λ, θi)Ibλ(Tsun, λ) dλ∫
∞

0 Ibλ(Tsun, λ) dλ

=
1

n2σT4
sun

[
0.45
√

3
∫ 2µm

0
Ebλ(Tsun, λ) dλ + 0.3

∫
∞

2µm
Ebλ(Tsun, λ) dλ

]
= 0.3 + (0.45

√

3 − 0.3) f (1×2×5777) = 0.3 + (0.779 − 0.3) × 0.93962 = 0.750.

In contrast to the previous example we find that at a temperature of 5777 K the spectrum above 2µm is
of very little importance, and the surface is again essentially gray.

We realize from this example that (i) if a surface is irradiated from a gray source at tem-
perature Tsource, and (ii) if the spectral, directional emittance of the surface is independent of
temperature (as it is for most surfaces with good degree of accuracy), then the total absorptance
is equal to its total emittance evaluated at the source temperature, or

α = ε(Tsource). (3.31)

This relation holds on a directional basis, and also for hemispherical values if the irradiation is
diffuse.

Reflectance
The reflectance of a surface depends on two directions: the direction of the incoming radiation, ŝ i,
and the direction into which the reflected energy travels, ŝr. Therefore, we distinguish between
total and spectral values, and between a number of directional reflectances. The heat flux per
unit wavelength impinging on an area dA from a direction of ŝi over a solid angle of dΩi was
given by equation (3.13) as

H′λ dΩi = Iλ(r, λ, ŝi) cosθi dΩi. (3.32)

Of this, the finite fraction α′λ will be absorbed by the surface (assuming it to be opaque), and the
rest will be reflected into all possible directions (total solid angle 2π). Therefore, in general, only
an infinitesimal fraction will be reflected into an infinitesimal cone of solid angle dΩr around
direction ŝr, as shown in Fig. 3-4. Denoting this fraction by ρ′′λ (r, λ, ŝi, ŝr) dΩr we obtain the
reflected energy within the cone dΩr as

dIλ(r, λ, ŝi, ŝr) dΩr = (H′λ dΩi)ρ′′λ (r, λ, ŝi, ŝr) dΩr. (3.33)

The spectral, bidirectional reflection function2 ρ′′λ (r, λ, ŝi, ŝr) is directly proportional to the magnitude
of reflected light that travels into the direction of ŝr,

ρ′′λ (r, λ, ŝi, ŝr) =
dIλ(r, λ, ŝ i, ŝr)

Iλ(r, λ, ŝi) cosθi dΩi
. (3.34)

1As we have seen in Section 1.7, this constant is equal to unity.
2ρ′′λ is sometimes referred to as a bidirectional reflectance; we avoid this nomenclature since the bidirectional reflectance

function is not a fraction (i.e., constrained to values between 0 and 1), but may be larger than unity.
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Equation (3.34) is the most basic of all radiation properties: All other radiation properties of an
opaque surface can be related to it. However, experimental determination of this function for
all materials, temperatures, wavelengths, incoming directions, and outgoing directions would
be a truly Herculean task, limiting its practicality.

One may readily show that the law of reciprocity holds for the spectral, bidirectional reflection
function (cf. McNicholas [10] or Siegel and Howell [11]),

ρ′′λ (r, λ, ŝi, ŝr) = ρ′′λ (r, λ,−ŝr,−ŝi), (3.35a)
or

ρ′′λ (r, λ, θi, ψi, θr, ψr) = ρ′′λ (r, λ, θr, ψr, θi, ψi). (3.35b)

This is done with another variation of Kirchhoff’s law by placing a surface element into an
isothermal black enclosure and evaluating the net heat transfer rate—which must be zero—
between two arbitrary, infinitesimal surface elements on the enclosure wall. The sign change on
the right-hand side of equation (3.35) emphasizes that ŝ i points into the surface, while ŝr points
away from it. Examination of equation (3.34) shows that 0 ≤ ρ′′λ < ∞. Reaching the limit of
ρ′′λ → ∞ implies that a finite fraction of H′λ is reflected into an infinitesimal cone of solid angle
dΩr. Such ideal behavior is achieved by an optically smooth surface, resulting in specular reflection
(perfect mirror). For a specular reflector we have ρ′′λ = 0 for all ŝr except the specular direction
θr = θi, ψr = ψi + π, for which ρ′′λ →∞ (see Fig. 3-4).

Some measurements by Torrance and Sparrow [12] for the bidirectional reflection function
are shown in Fig. 3-5 for magnesium oxide, a material widely used in radiation experiments
because of its diffuse reflectance, as defined in equation (3.38) below, in the near infrared
(discussed in the last part of this chapter). The data in Fig. 3-5 are for an average surface
roughness of 1µm and are normalized with respect to the value in the specular direction. It is
apparent that the material reflects rather diffusely at shorter wavelengths, but displays strong
specular peaks for λ > 2µm.

A property of greater practical importance is the spectral, directional–hemispherical reflectance,
which is defined as the total reflected heat flux leaving dA into all directions due to the spectral,
directional irradiation H′λ. With the reflected intensity (i.e., reflected energy per unit area normal
to ŝr) given by equation (3.33), we have, after multiplying with cosθr,

ρ′
��
λ (r, λ, ŝ i) ≡

∫
2π dIλ(r, λ, ŝi, ŝr) cosθr dΩr

H′λ(r, λ, ŝi) dΩi
, (3.36)
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or
ρ′
��
λ (r, λ, ŝi) =

∫
2π
ρ′′λ (r, λ, ŝ i, ŝr) cosθr dΩr, (3.37)

where the (H′λ dΩi) cancels out since it does not depend on outgoing direction ŝr. Here we have
temporarily added the superscript “��” to distinguish the directional–hemispherical reflectance
(ρ′

��
) from the hemispherical–directional reflectance (ρ

��
′, defined below). If the reflection func-

tion is independent of both ŝi and ŝr, then the surface reflects equal amounts into all directions,
regardless of incoming direction, and

ρ′
��
λ (r, λ) = πρ′′λ (r, λ). (3.38)

Such a surface is called a diffuse reflector.
Comparing the definition of the spectral, directional–hemispherical reflectance with that of the

spectral, directional absorptance, equation (3.14), we also find, for an opaque surface,

ρ′
��
λ (r, λ, ŝ i) = 1 − α′λ(r, λ, ŝi). (3.39)

Sometimes it is of interest to determine the amount of energy reflected into a certain direction,
coming from all possible incoming directions. Equation (3.33) gives the reflected intensity due to
a single incoming direction. Integrating this expression over the entire hemisphere of incoming
directions leads to

Iλ(r, λ, ŝr) =

∫
2π
ρ′′λ (r, λ, ŝi, ŝr) H′λ(r, λ, ŝ i) dΩi

=

∫
2π
ρ′′λ (r, λ, ŝi, ŝr) Iλ(r, λ, ŝ i) cosθi dΩi. (3.40)

On the other hand, the spectral, hemispherical irradiation is

Hλ(r, λ) =

∫
2π

Iλ(r, λ, ŝi) cosθi dΩi. (3.41)
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If the surface were a perfect reflector, it would reflect all of Hλ, and it would reflect it equally
into all outgoing directions. Thus, for the ideal case, the outgoing intensity would be, from
equation (1.34), Hλ/π. Consequently, the spectral, hemispherical–directional reflectance is defined
as

ρ
��
λ
′(r, λ, ŝr) ≡

Iλ(r, λ, ŝr)
Hλ(r, λ)/π

=

∫
2π ρ

′′

λ (r, λ, ŝ i, ŝr) Iλ(r, λ, ŝi) cosθi dΩi

1
π

∫
2π Iλ(r, λ, ŝi) cosθi dΩi

. (3.42)

For the special case of diffuse irradiation (i.e., the incoming intensity does not depend on ŝ i)
equation (3.42) reduces to

ρ
��
λ
′(r, λ, ŝr) =

∫
2π
ρ′′λ (r, λ, ŝ i, ŝr) cosθi dΩi, (3.43)

which is identical to equation (3.37) if the reciprocity of the bidirectional reflection function,
equation (3.35), is invoked. Thus, for diffuse irradiation,

ρ
��
λ
′(r, λ, ŝr) = ρ′

��
λ (r, λ, ŝi), ŝi = −ŝr, (3.44a)

or
ρ
��
λ
′(r, λ, θr, ψr) = ρ′

��
λ (r, λ, θi = θr, ψi = ψr), (3.44b)

that is, reciprocity exists between the spectral directional–hemispherical and hemispherical–
directional reflectances for any given irradiation/reflection direction. Use of this fact is often
made in experimental measurements: While the directional–hemispherical reflectance is of great
practical importance, it is very difficult to measure; the hemispherical–directional reflectance,
on the other hand, is not very important but readily measured (see Section 3.10).

Finally, we define a spectral, hemispherical reflectance as the fraction of the total irradiation
from all directions reflected into all directions. From equation (3.36) we have the heat flux
reflected into all directions for a single direction of incidence, ŝi, as

ρ′
��
λ (r, λ, ŝ i) H′λ(r, λ, ŝi) dΩi.

Integrating this expression as well as H′λ itself over all incidence angles gives

ρλ(r, λ) =

∫
2π ρ

′
��
λ (r, λ, ŝi) H′λ(r, λ, ŝ i) dΩi∫

2π H′λ(r, λ, ŝi) dΩi
=

∫
2π ρ

′
��
λ (r, λ, ŝi) Iλ(r, λ, ŝi) cosθi dΩi∫

2π Iλ(r, λ, ŝi) cosθi dΩi
. (3.45)

If the incident intensity is independent of direction (diffuse irradiation), then equation (3.45)
may be simplified again, and

ρλ(r, λ) =
1
π

∫
2π
ρ′
��
λ (r, λ, ŝi) cosθi dΩi. (3.46)

Also, comparing the definitions of spectral, hemispherical absorptance and reflectance, we
obtain, for an opaque surface,

ρλ(r, λ) = 1 − αλ(r, λ). (3.47)

Finally, as for emittance and absorptance we need to introduce spectrally-integrated or
“total” reflectances. This is done by integrating numerator and denominator independently
over the full spectrum for each of the spectral reflectances, leading to the following relations:
Total, bidirectional reflection function

ρ′′(r, ŝ i, ŝr) =

∫
∞

0 ρ′′λ (r, λ, ŝi, ŝr) Iλ(r, λ, ŝi) dλ∫
∞

0 Iλ(r, λ, ŝi) dλ
; (3.48)
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TABLE 3.1
Summary of definitions for radiative properties of surfaces.

Property Symbol Equation Comments

Emittance
Spectral, directional ε′λ(T, λ, θ, ψ) (3.1)

hemispherical ελ(T, λ) (3.4) directional average of ε′λ
(over outgoing directions)

Total, directional ε′(T, θ, ψ) (3.8) spectral average of ε′λ
(with Ibλ as weight factor)

hemispherical ε(T) (3.10) directional and spectral average of ε′λ
Absorptance depends on incoming intensity Iin

Spectral, directional α′λ(T, λ, θ, ψ) (3.14)

hemispherical αλ(Iλ,in,T, λ) (3.17) directional average of α′λ
(over incoming directions)

Total, directional α′(Iin,T, θ, ψ) (3.23) spectral average of α′λ
(with Iλ,in as weight factor)

hemispherical α(Iin,T) (3.27) directional and spectral average of α′λ
Reflectance depends on incoming intensity Iin

Spectral, bidirectional ρ′′λ (T, λ, θi, ψi, θr, ψr) (3.34) reflection function, 0 ≤ ρ′′λ ≤ ∞

directional–hemispherical ρ′
��
λ (Iλ,in,T, λ, θi, ψi) (3.37) integral of ρ′′λ over outgoing

directions
hemispherical–directional ρ

��
′

λ (Iλ,in,T, λ, θr, ψr) (3.42) directional average of ρ′′λ
over incoming directions

hemispherical ρλ(Iλ,in,T, λ) (3.45) directional average of ρ′λ
(incoming and outgoing direc-
tions)

Total, bidirectional ρ′′(Iin,T, θi, ψi, θr, ψr) (3.48) spectral average of ρ′′λ
(with Iλ,in as weight factor)

directional–hemispherical ρ′
��

(Iin,T, θi, ψi) (3.49) integral of ρ′′ over outgoing
directions

hemispherical–directional ρ
��
′(Iin,T, θr, ψr) (3.50) directional average of ρ′′

over incoming directions
hemispherical ρ(Iin,T) (3.51) directional and spectral

average of ρ′
��
λ

Total, directional–hemispherical reflectance

ρ′
��

(r, ŝi) =

∫
∞

0 ρ′
��
λ (r, λ, ŝ i) Iλ(r, λ, ŝi) dλ∫
∞

0 Iλ(r, λ, ŝi) dλ
; (3.49)

Total, hemispherical–directional reflectance

ρ
��
′(r, ŝr) =

∫
∞

0 ρ
��
λ
′(r, λ, ŝr)

∫
2π Iλ(r, λ, ŝi) cosθi dΩi dλ∫

∞

0

∫
2π Iλ(r, λ, ŝi) cosθi dΩi dλ

; (3.50)

Total, hemispherical reflectance

ρ(r) =

∫
∞

0 ρλ(r, λ)
∫

2π Iλ(r, λ, ŝ i) cosθi dΩi dλ∫
∞

0

∫
2π Iλ(r, λ, ŝ i) cosθi dΩi dλ

. (3.51)

The reciprocity relations in equations (3.35) and (3.44) also hold for total reflectances (subject to
the same restrictions), as do the relations between reflectance and absorptance, equations (3.39)
and (3.47).

The rather confusing array of radiative property definitions and their interrelationships have
been summarized in Table 3.1 (property definitions) and Table 3.2 (property interrelations).
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TABLE 3.2
Summary of relations between radiative properties of surfaces.

Property Relation Restrictions

Spectral,
directional

α′λ(T, λ, θ, ψ) = 1 − ρ′
��
λ (T, λ, θ, ψ) opaque surfaces (θ,ψ = incoming directions)

= ε′λ(T, λ, θ, ψ) none (θ,ψ = outgoing directions)

Spectral,
hemispherical

αλ(T, λ) = 1 − ρλ(T, λ) opaque surfaces (values depend on direc-
tional distribution of source)

= ελ(T, λ) irradiation and/or ε′λ independent of direc-
tion (diffuse)

Total,
directional

α′(T, θ, ψ) = 1 − ρ′
��

(T, θ, ψ) opaque surfaces (values depend on spectral
distribution of source)

= ε′(T, θ, ψ) ε′λ independent of wavelength (gray)

α′(Ts,T, θ, ψ) = ε′(Ts, θ, ψ) source is gray with source temperature Ts, and
ε′λ is independent of T, or Ts = T

Total,
hemispherical

α(T) = 1 − ρ(T) opaque surfaces (values depend on spectral
and directional distribution of source)

= ε(T) ε′λ independent of wavelength and direction
(gray and diffuse)

α(Ts,T) = ε(Ts) source is gray and diffuse with source temper-
ature Ts, and ε′λ is independent of T, or Ts = T

3.3 PREDICTIONS FROM
ELECTROMAGNETIC WAVE THEORY

In Chapter 2 we developed in some detail how the spectral, directional–hemispherical reflectiv-
ity of an optically smooth interface (specular reflector) can be predicted by the electromagnetic
wave and dispersion theories. Before comparing such predictions with experimental data, we shall
briefly summarize the results of Chapter 2.

Consider an electromagnetic wave traveling through air (refractive index = 1), hitting the
surface of a conducting medium (complex index of refraction m = n − ik) at an angle of θ1 with
the surface normal (cf. Fig. 3-6). Fresnel’s relations predict the reflectivities for parallel- and
perpendicular-polarized light from equations (2.107) through (2.113)3 as

ρ‖ =
(p − sinθ1 tanθ1)2 + q2

(p + sinθ1 tanθ1)2 + q2 ρ⊥, (3.52)

ρ⊥ =
(cosθ1 − p)2 + q2

(cosθ1 + p)2 + q2 , (3.53)

where

p2 =
1
2

[√
(n2 − k2 − sin2θ1)2 + 4n2k2 + (n2

− k2
− sin2θ1)

]
, (3.54)

q2 =
1
2

[√
(n2 − k2 − sin2θ1)2 + 4n2k2 − (n2

− k2
− sin2θ1)

]
. (3.55)

Nonreflected light is refracted into the medium, traveling on at an angle of θ2 with the surface
normal, as predicted by the generalized Snell’s law, from equation (2.108),

p tanθ2 = sinθ1. (3.56)
3For simplicity of notation we shall drop the superscripts ′

��
for the directional–hemispherical reflectivity whenever

there is no possibility of confusion.
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FIGURE 3-6
Transmission and reflection at an in-
terface between air and an absorbing
medium.

For normal incidence θ1 = θ2 = 0, and equations (3.52) through (3.55) simplify to p = n, q = k,
and

ρnλ = ρ‖ = ρ⊥ =
(n − 1)2 + k2

(n + 1)2 + k2 . (3.57)

If the incident radiation is unpolarized, the reflectivity may be calculated as an average, i.e.,

ρ = 1
2 (ρ‖ + ρ⊥). (3.58)

For a dielectric medium (k = 0), p2 = n2
− sin2θ1, and Snell’s law becomes

n sinθ2 = sinθ1. (3.59)

Therefore, p = n cosθ2 and, with q = 0, Fresnel’s relations reduce to

ρ‖ =
(cosθ2 − n cosθ1

cosθ2 + n cosθ1

)2

, (3.60a)

ρ⊥ =
(cosθ1 − n cosθ2

cosθ1 + n cosθ2

)2

. (3.60b)

Except for the section on semitransparent sheets, in this chapter we shall be dealing with
opaque media. For such media ρ + α = 1 and, from Kirchhoff’s law,

ε′λ = α′λ = 1 − ρ′λ. (3.61)

To predict radiative properties from electromagnetic wave theory, the complex index of
refraction, m, must be known, either from direct measurements or from dispersion theory pre-
dictions. In the dispersion theory the complex dielectric function, ε = ε′ − iε′′, is predicted by
assuming that the surface material consists of harmonic oscillators interacting with electromag-
netic waves. The complex dielectric function is related to the complex index of refraction by
ε = m2, or

n2 = 1
2

(
ε′ +

√

ε′2 + ε′′2
)
, (3.62a)

k2 = 1
2

(
−ε′ +

√

ε′2 + ε′′2
)
, (3.62b)
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where

ε′ =
ε
ε0
, ε′′ =

σe

2πνε0
;

ε is the electrical permittivity, ε0 is its value in vacuum, and σe is the medium’s electrical
conductivity. Both ε and σe are functions of the frequency of the electromagnetic wave ν. For an
isolated oscillator (nonoverlapping band) ε is predicted by the Lorentz model, equation (2.139),
as

ε′ = ε0 +
ν2

pi(ν
2
i − ν

2)

(ν2
i − ν

2)2 + γ2
i ν

2
, (3.63a)

ε′′ =
ν2

piγiν

(ν2
i − ν

2)2 + γ2
i ν

2
, (3.63b)

where ε0 is the contribution to ε′ from bands at shorter wavelengths, νi is the resonance fre-
quency, νpi is called the plasma frequency, and γi is an oscillation damping factor. If these three
constants can be determined or measured, then n and k can be predicted for all frequencies
(or wavelengths) from equation (3.62), and the radiative properties can be calculated for all
frequencies (or wavelengths) and all directions from equations (3.52) through (3.55).

3.4 RADIATIVE PROPERTIES OF METALS

In this section we shall briefly discuss how the radiative properties of clean and smooth metallic
surfaces (i.e., electrical conductors) can be predicted from electromagnetic wave theory and
dispersion theory, and how these predictions compare with experimental data. The variation of
the spectral, normal reflectance with wavelength and total, normal properties will be examined,
followed by a discussion of the directional dependence of radiative properties and the evalu-
ation of hemispherical reflectances (and emittances). Finally, we will look at the temperature
dependence of spectral as well as total properties.

Wavelength Dependence of Spectral, Normal
Properties
Metals are in general excellent electrical conductors because of an abundance of free electrons.
Drude [13] developed an early theory to predict the dielectric function for free electrons that
is essentially a special case of the Lorentz model: Since free electrons do not oscillate but
propagate freely, they may be modeled as a “spring” with a vanishing spring constant leading
to a resonance frequency of νi = 0. Thus the Drude theory for the dielectric function for free
electrons follows from equation (3.63) as

ε′(ν) = ε0 −
ν2

p

ν2 + γ2 , (3.64a)

ε′′(ν) =
ν2

pγ

ν(ν2 + γ2)
. (3.64b)

Figure 3-7 shows the spectral, normal reflectivity of three metals—aluminum, copper, and
silver. The theoretical lines are from Ehrenreich and coworkers [14] (aluminum) and Ehren-
reich and Phillip [15] (copper and silver), who semiempirically determined the values of the
unknowns ε0, νp, and γ in equation (3.64). The experimental reflectance data are taken from
Shiles and coworkers [16] (aluminum) and Hagemann and coworkers [17] (copper and silver).
The agreement between experiment and theory in the infrared is very good. For wavelengths
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FIGURE 3-7
Spectral, normal reflectivity at room temperature for aluminum, copper, and silver.

λ > 1µm the Drude theory has been shown to represent the reflectivity of many metals accu-
rately, if samples are prepared with great care. Discrepancies are due to surface preparation
methods and the limits of experimental accuracy. Aluminum has a dip in reflectivity centered
at ∼ 0.8µm; this is due to bound electron transitions that are not considered by the Drude
model. Since γ� νp always, there exists for each metal a frequency in the vicinity of the plasma
frequency, ν ' νp, where ε′ = 1 and ε′′ � 1 or n ' 1, k � 1: This fact implies that many metals
neither reflect nor absorb radiation in the ultraviolet near νp, but are highly transparent!

For extremely long wavelengths (very small frequency ν), we find from equations (3.64) and
(2.134) that

ε′′ =
ν2

p

νγ
=

σe

2πνε0
, ν� γ, (3.65)

where σe is the (in general, frequency-dependent) electrical conductivity, and

σe = 2πε0ν
2
p/γ = const = σdc. (3.66)

Note that at the long-wavelength limit the electrical conductivity becomes independent of
wavelength and is known as the dc-conductivity. Since the dc-conductivity is easily measured it
is advantageous to recast equation (3.64) as

ε(ν) = ε0 −
σdcγ/2πε0

ν(ν + iγ)
, (3.67a)

ε′ = ε0 −
σdcγ/2πε0

ν2 + γ2 , (3.67b)

ε′′ =
σdcγ2/2πε0

ν(ν2 + γ2)
. (3.67c)

Room temperature values for electrical resistivity, 1/σdc, and for electron relaxation time, 1/2πγ,
have been given by Parker and Abbott [18] for a number of metals. They have been converted
and are reproduced in Table 3.3. Note that these values differ appreciably from those given in
Fig. 3-7. No values for ε0 are given; however, the influence of ε0 is generally negligible in the
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TABLE 3.3
Inverse relaxation times and dc electrical conductivities for various metals at room
temperature [18].

Metal γ,Hz σdc,Ω−1cm−1 ν2
p = σdcγ/2πε0,Hz2

Lithium 1.85 × 1013 1.09 × 105 3.62 × 1030

Sodium 5.13 × 1012 2.13 × 105 1.96 × 1030

Potassium 3.62 × 1012 1.52 × 105 9.88 × 1029

Cesium 7.56 × 1012 0.50 × 105 6.78 × 1029

Copper 5.89 × 1012 5.81 × 105 6.14 × 1030

Silver 3.88 × 1012 6.29 × 105 4.38 × 1030

Gold 5.49 × 1012 4.10 × 105 4.04 × 1030

Nickel 1.62 × 1013 1.28 × 105 3.72 × 1030

Cobalt 1.73 × 1013 1.02 × 105 3.17 × 1030

Iron 6.63 × 1012 1.00 × 105 1.19 × 1030

Palladium 1.73 × 1013 0.91 × 105 2.83 × 1030

Platinum 1.77 × 1013 1.00 × 105 3.18 × 1030

infrared. Extensive sets of spectral data for a large number of metals have been collected by
Ordal and coworkers [19] (for a smaller number of metals they also give the Drude parameters,
which are also conflicting somewhat with the data of Table 3.3), while a listing of spectral values
of the complex index of refraction for a large numbers of metals and semiconductors has been
given in a number of handbooks [20–23].

For long wavelengths equation (3.62) may be simplified considerably, since for such case,
ε′′ � |ε′|, and it follows that

n2
≈ k2

≈ ε′′/2 =
σdc

4πνε0
=
σdcλ0

4πc0ε0
� 1, (3.68)

where λ0 is the wavelength in vacuum. Substituting values for the universal constants c0 and
ε0, equation (3.68) becomes

n ' k '
√

30λ0σdc, λ0 in cm, σdc in Ω−1cm−1, (3.69)

which is known as the Hagen–Rubens relation [24]. For comparison, results from equation (3.69)
are also included in Fig. 3-7. It is commonly assumed that the Hagen–Rubens relation may be
used for λ0 > 6µm, although this assumption can lead to serious errors, in particular as far as
evaluation of the index of refraction is concerned. While equation (3.69) is valid for the metal
being adjacent to an arbitrary material, we will—for notational simplicity—assume for the rest
of this discussion that the adjacent material has a refractive index of unity (vacuum or gas), that
is, λ0 = λ. Substituting equation (3.69) into equation (3.57) leads to

ρnλ =
2n2
− 2n + 1

2n2 + 2n + 1
, (3.70)

εnλ = 1 − ρnλ =
4n

2n2 + 2n + 1
. (3.71)

Since n� 1 equation (3.71) may be further simplified to

εnλ =
2
n
−

2
n2 + · · · , (3.72a)

and, with equation (3.69), to

εnλ '
2

√
30λσdc

−
1

15λσdc
, λ in cm, σdc in Ω−1 cm−1. (3.72b)
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This 1/
√
λ dependence is not predicted by the Drude theory (except for the far infrared), nor

is it observed with optically smooth surfaces. However, it often approximates the behavior of
polished (i.e., not entirely smooth) surfaces.

Example 3.3. Using the constants given in Fig. 3-7 calculate the complex index of refraction and the
normal, spectral reflectivity of silver atλ = 6.2µm, using (a) the Drude theory, and (b) the Hagen–Rubens
relation.

Solution
(a) From Fig. 3-7 we have for silver ε0 = 3.4, νp = 2.22 × 1015 Hz, and γ = 4.30 × 1012 Hz. Substituting
these into equation (3.64) with ν = c0/λ = 2.998 × 108 m/s × (106 µm/m)/6.2µm = 4.84 × 1013 Hz, we
obtain

ε′ = 3.4 −
(2.22 × 1015)2

(4.84 × 1013)2 + (4.30 × 1012)2 = 3.4 − 2087 = −2084,

ε′′ = 2087 × 4.30 × 1012
/
4.84 × 1013 = 185.1.

The complex index of refraction follows from equation (3.62) as

n2 =
1
2

(
−2084 +

√

20842 + 185.12
)

= 4.102,

k2 =
1
2

(
2084 +

√

20842 + 185.12
)

= 2088,

or n = 2.03 and k = 45.7. Finally, the normal reflectivity follows from equation (3.57) as

ρnλ =
(1 − 2.03)2 + 45.72

(1 + 2.03)2 + 45.72 = 0.996.

(b) Using the Hagen–Rubens relation we find, from equation (3.66), that

σdc = 2π × 8.8542 × 10−12 C2

N m2 ×
(
2.22 × 1015 Hz

)2 /
4.30 × 1012 Hz

= 6.376×107 C2

N m2 s
= 6.376×107 Ω−1m−1 = 6.376×105 Ω−1cm−1.

Substituting this value into equation (3.69) yields

n = k =
√

30 × 6.2 × 10−4 × 6.376 × 105 = 108.9,

and

ρnλ = 1 − εnλ = 1 −
2
n

+
2
n2 = 1 −

2
108.9

+
2

108.92 = 0.982.

The two sets of results may be compared with experimental results of n = 2.84, k = 45.7 and ρnλ = 0.995
[17]. At first glance the Hagen–Rubens prediction for ρnλ appears very good because, for any k � 1,
ρnλ ≈ 1. The values for n and k show that the Hagen–Rubens relation is in serious error even at a
relatively long wavelength of λ = 6.2µm.

Total Properties for Normal Incidence
The total, normal reflectance and emittance may be evaluated from equation (3.8), with spectral,
normal properties evaluated from the Drude theory or from the simple Hagen–Rubens relation.
While the Hagen–Rubens relation is not very accurate, it does predict the emittance trends
correctly in the infrared, and it does allow an explicit evaluation of total, normal emittance.
Substituting equation (3.72) into equation (3.8) leads to an integral that may be evaluated in
a similar fashion as for the total emissive power, equation (1.19), and, retaining the first three
terms of the series expansion

εn = 0.578 (T/σdc)1/2
− 0.178 (T/σdc) + 0.0584 (T/σdc)3/2, T in K, σdc in Ω−1cm−1. (3.73)
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Total, normal emittance of various polished metals as a function of temperature [18].

Of course, equation (3.73) is only valid for small values of (T/σdc), i.e., the temperature of the
surface must be such that only a small fraction of the blackbody emissive power comes from
short wavelengths (where the Hagen–Rubens relation is not applicable). For pure metals, to a
good approximation, the dc-conductivity is inversely proportional to absolute temperature, or

σdc = σref
Tref

T
. (3.74)

Therefore, for low enough temperatures, the total, normal emittance of a pure metal should
be approximately linearly proportional to temperature. Comparison with experiment (Fig. 3-
8) shows that this nearly linear relationship holds for many metals up to surprisingly high
temperatures; for example, for platinum (T/σdc)1/2 = 0.5 corresponds to a temperature of 2700 K.
It is interesting to note that spectral integration of the Drude model results in 30% to 70% lower
total emissivities for all metals and, thus, fails to follow experimental trends. Such integration
was carried out by Parker and Abbott [18] in an approximate fashion. They attributed the
discrepancy to imperfections in the molecular lattice induced by surface preparation and to the
anomalous skin effect [25], both of which lower the electrical conductivity in the surface layer.

Directional Dependence of Radiative
Properties
The spectral, directional reflectivity at the interface between an absorber and a nonabsorber is
given by Fresnel’s relations, (3.52) through (3.55). Since, in the infrared, n and k are generally
fairly large for metals one may with little error neglect the sin2θ1 in equations (3.54) and (3.55),
leading to p ' n and q ' k. Then, from equations (3.52) and (3.53) the reflectivities for parallel-
and perpendicular-polarized light are evaluated from4

ρ‖ =
(n cosθ − 1)2 + (k cosθ)2

(n cosθ + 1)2 + (k cosθ)2 , (3.75a)

ρ⊥ =
(n − cosθ)2 + k2

(n + cosθ)2 + k2 . (3.75b)

The directional, spectral emissivity (unpolarized) follows as

4The simple form for ρ‖ used here is best obtained from the reflection coefficient given by equation (2.111) by
neglecting sin2θ1 and canceling m = n − ik from both numerator and denominator.
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ε′λ = 1 − 1
2 (ρ‖ + ρ⊥), (3.76)

and is shown (as reflectance) in Fig. 3-9 for platinum at λ = 2µm. The theoretical line for
room temperature has been calculated with n = 5.29, k = 6.71 from [23]. Comparison with
experimental emittances of Brandenberg [26], Brandenberg and Clausen [27], and Price [28]
demonstrates the validity of Fresnel’s relations.5

Equation (3.75) may be integrated analytically over all directions to obtain the spectral,
hemispherical emissivity from equation (3.5). This was done by Dunkle [29] for the two different
polarizations, resulting in

ε‖ =
8n

n2+k2

(
1 −

n
n2+k2 ln

[
(n+1)2+k2

]
+

(n2
−k2)

k(n2+k2)
tan−1 k

n+1

)
, (3.77a)

ε⊥ = 8n
(
1 − n ln

(n+1)2+k2

n2+k2 +
(n2
−k2)
k

tan−1 k
n(n+1)+k2

)
, (3.77b)

ελ =
1
2

(ε‖ + ε⊥). (3.77c)

Figure 3-10, from Dunkle [30], is a plot of the ratio of the hemispherical and normal emissivities,
ελ/εnλ. For the case of k/n = 1 the dashed line represents results from equation (3.77), while the
solid lines were obtained by numerically integrating equations (3.52) through (3.55). For k/n > 1
the two lines become indistinguishable. Hering and Smith [31] reported that equation (3.77) is
accurate to within 1–2% for values of n2 + k2 larger than 40 and 3.25, respectively. In view of
the large values that n and, in particular, k assume for metals, equation (3.77) is virtually always
accurate to better than 2% for metals in the visible and infrared wavelengths. For the reader’s
convenience the function emmet is included in Appendix F for the evaluation of equation (3.77).

Example 3.4. Determine the spectral, hemispherical emissivity for room-temperature nickel at a
wavelength of λ = 10µm, using (a) the Drude theory, and (b) the Hagen–Rubens relation.

Solution
We first need to determine the optical constants n and k from either theory, then calculate the hemispher-
ical emissivity from equation (3.77) or read it from Fig. 3-10.

5In the original figure of Brandenberg and Clausen [27] older values for n and k were used that gave considerably
worse agreement with experiment.
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FIGURE 3-10
Ratio of hemispherical and normal spectral emissivity for electrical conductors as a function of n and k [30].

(a) Using values for nickel from Table 3.3 in equation (3.64), we find with ν = c0/λ = 2.998 ×
108 m/s/10−5 m = 2.998 × 1013 Hz,

ε′ = 1.0 − 3.72 × 1030
/ [

(2.998 × 1013)2 + (1.62 × 1013)2
]

= 1 − 3204 = −3203,

ε′′ = 3204 × 1.62 × 1013
/
2.998 × 1013 = 1731,

n2 = 0.5 ×
(
−3208 +

√

32082 + 17312
)

= 219,

k2 = 0.5 ×
(
3208 +

√

32082 + 17312
)

= 3422,

and
n = 14.8, k = 58.5, k/n = 58.5/14.8 = 3.95.

To use Fig. 3-10 we first determine ρnλ as

ρnλ =
13.82 + 58.52

15.82 + 58.52 = 0.984,

and

εnλ = 1 − ρnλ = 0.016.

From Fig. 3-10 ελ/εnλ ' 1.29 and, therefore, ελ ' 0.021.
(b) Using the Hagen–Rubens relation we find, from equation (3.72),

εnλ =
2

√

30 × 10−3 × 1.28 × 105
−

1
15 × 10−3 × 1.28 × 105 = 0.032.

Further, with n ' k '
√

30 × 10−3 × 1.28 × 105 = 62.0, we obtain from Fig. 3-10 ελ/εnλ ' 1.275 and
ελ ' 0.041.

The answers from both models differ by a factor of ∼2. This agrees with the trends shown in Fig. 3-7.

Theoretical values for total, directional emissivities are obtained by (numerical) integration of
equations (3.75) and (3.76) over the entire spectrum. The directional behavior of total emissivities
is similar to that of spectral emissivities, as shown by the early measurements of Schmidt and
Eckert [9], as depicted in Fig. 3-1b in a polar diagram (as opposed to the Cartesian representation
of Fig. 3-9). The emittances were determined from total radiation measurements from samples
heated to a few hundred degrees Celsius.
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FIGURE 3-11
Total, hemispherical emittance of various polished metals as a function of temperature [18].

Total, Hemispherical Emittance
Equation (3.77) may be integrated over the spectrum using equation (3.10), to obtain the total,
hemispherical emittance of a metal. Several approximate relations, using the Hagen–Rubens
limit, have been proposed, notably the ones by Davisson and Weeks [32] and by Schmidt and
Eckert [9]. Expanding equation (3.77) into a series of powers of 1/n (with n = k � 1), Parker
and Abbott [18] were able to integrate equation (3.77) analytically, leading to

ε(T) = 0.766(T/σdc)1/2
− [0.309 − 0.0889 ln(T/σdc)] (T/σdc)

−0.0175(T/σdc)3/2, T in K, σdc in Ω−1cm−1. (3.78)

As for the total, normal emittance the total, hemispherical emittance is seen to be approximately
linearly proportional to temperature (since σdc ∝ 1/T) as long as the surface temperature is
relatively low (so that only long wavelengths are of importance, for which the Hagen–Rubens
relation gives reasonable results). Emittances calculated from equation (3.78) are compared
with experimental data in Fig. 3-11. Parker and Abbott also integrated the series expansion
of equation (3.77) with n and k evaluated from the Drude theory. As for normal emissivities,
the Drude model predicts values 30–70% lower than the Hagen–Rubens relations, contrary to
experimental evidence shown in Fig. 3-11. Again, the discrepancy was attributed to lattice
imperfections and to the anomalous skin effect.

Effects of Surface Temperature
The Hagen–Rubens relation, equation (3.72), predicts that the spectral, normal emittance of
a metal should be proportional to 1/

√
σdc. Since the electrical conductivity is approximately

inversely proportional to temperature, the spectral emittance should, therefore, be proportional
to the square root of absolute temperature for long enough wavelengths. This trend should also
hold for the spectral, hemispherical emittance. Experiments have shown that this is indeed true
for many metals. A typical example is given in Fig. 3-12, showing the spectral dependence of the
hemispherical emittance for tungsten for a number of temperatures [33]. Note that the emittance
for tungsten tends to increase with temperature beyond a crossover wavelength of approximately
1.3µm, while the temperature dependence is reversed for shorter wavelengths. Similar trends
of a single crossover wavelength have been observed for many metals.
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Temperature dependence of the spectral, hemispherical emittance of tungsten [33].

The total, normal or hemispherical emittances are calculated by integrating spectral values
over all wavelengths, with the blackbody emissive power as weight function. Since the peak of
the blackbody emissive power shifts toward shorter wavelengths with increasing temperature,
we infer that hotter surfaces emit a higher fraction of energy at shorter wavelengths, where
the spectral emittance is higher, resulting in an increase in total emittance as demonstrated in
Figs. 3-8 and 3-11. Since the crossover wavelength is fairly short for many metals, the Hagen–
Rubens temperature relation often holds for surprisingly high temperatures.

3.5 RADIATIVE PROPERTIES OF
NONCONDUCTORS

Electrical nonconductors have few free electrons and, thus, do not display the high reflectance
and opaqueness behavior across the infrared as do metals. Semiconductors, as their title sug-
gests, have some free electrons and are usually discussed together with nonconductors; however,
they display some of the characteristics of a metal. The radiative properties of pure nonconduc-
tors are dominated in the infrared by photon–phonon interaction, i.e., by the photon excitation
of the vibrational energy levels of the solid’s crystal lattice. Outside the spectral region of strong
absorption by vibrational transitions there is generally a region of fairly high transparency (and
low reflectance), where absorption is dominated by impurities and imperfections in the crystal
lattice. As such, these spectral regions often show irregular and erratic behavior.

Wavelength Dependence of Spectral, Normal
Properties
The spectral behavior of pure, crystalline nonconductors is often well described by the single
oscillator Lorentz model of equation (3.63). One such material is the semiconductorα-SiC (silicon
carbide), a high-temperature ceramic of ever increasing importance. The spectral, normal
reflectivity of pure, smooth α-SiC at room temperature is shown in Fig. 3-13, as given by Spitzer
and coworkers [34]. The theoretical reflectivity in Fig. 3-13 is evaluated from equations (3.63),
(3.62) and (3.57) with ε0 = 6.7, νpi = 4.327 × 1013 Hz, νi = 2.380 × 1013 Hz, γi = 1.428 × 1011

Hz. Agreement between theory and experiment is superb for the entire range between 2µm
and 22µm. Inspection of equations (3.63) and (3.62) shows that outside the spectral range
10µm < λ < 13µm (or 2.5 × 1013 Hz > ν > 1.9 × 1013 Hz), α-SiC is essentially transparent
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(absorptive index k � 1) and weakly reflecting. Within the range of 10µm < λ < 13µm α-
SiC is not only highly reflecting but also opaque (i.e., any radiation not reflected is absorbed
within a very thin surface layer, since k > 1). The reflectivity drops off sharply on both
sides of the absorption band. For this reason materials such as α-SiC are sometimes used as
bandpass filters: If electromagnetic radiation is reflected several times by an α-SiC mirror, the
emerging light will nearly exclusively lie in the spectral band 10µm < λ < 13µm. This effect
has led to the term Reststrahlen band (German for “remaining rays”) for absorption bands due
to crystal vibrational transitions. Bao and Ruan [35] have demonstrated that the dielectric
function for semiconductors can be calculated through density functional theory, resulting in
good agreement with experiment for GaAs.

Not all crystals are well described by the single oscillator model since two or more different
vibrational transitions may be possible and can result in overlapping bands. Magnesium
oxide (MgO) is an example of material that can be described by a two-oscillator model (two
overlapping bands), as Jasperse and coworkers [36] have shown (Fig. 3-14). The theoretical
reflectivities are obtained with the parameters for the evaluation of equation (3.63) given in the
figure. Note that for the calculation of ε′ and ε′′, equation (3.63) needs to be summed over both
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bands, i = 1 and 2. From a quantum viewpoint, the second, weaker oscillator is interpreted as
the excitation of two phonons by a single photon [37].

Since the radiative properties outside a Reststrahlen band depend strongly on defects and
impurities they may vary appreciably from specimen to specimen and even between different
points on the same sample. For example, the spectral, normal reflectance of silicon at room
temperature is shown in Fig. 3-15 (redrawn from data collected by Touloukian and DeWitt
[7]). Strong influence of different types and levels of impurities is clearly evident. Therefore,
looking up properties for a given material in published tables is problematical unless a detailed
description of surface and material preparation is given.

Equation (3.63) demonstrates that—outside a Reststrahlen band—ε′′ and, therefore, the
absorptive index k of a nonconductor are very small; typically k < 10−6 for a pure substance.
While impurities and lattice defects can increase the value of k, it is very unlikely to find values
of k > 10−2 for a nonconductor outside Reststrahlen bands. At first glance it might appear,
therefore, that all nonconductors must be highly transparent in the near infrared (and the
visible). That this is not the case is readily seen from equation (1.55), which relates transmissivity
to absorption coefficient. This, in turn, is related to the absorptive index through equation (2.42):

τ = e−κs = e−4πks/λ0 . (3.79)

For a 1 mm thick layer of a material with k = 10−3 at a wavelength (in vacuum) of λ0 = 2µm,
equation (3.79) translates into a transmissivity of τ = exp(−4π × 10−3

× 1/2 × 10−3) = 0.002, i.e.,
the layer is essentially opaque. Still, the low values of k allow us to simplify Fresnel’s relations
considerably for the reflectivity of an interface. With k2

� (n− 1)2 the nonconductor essentially
behaves like a perfect dielectric and, from equation (3.57), the spectral, normal reflectivity may
be evaluated as

ρnλ =
(n − 1

n + 1

)2

, k2
� n2. (3.80)

Therefore, for optically smooth nonconductors the radiative properties may be calculated from
refractive index data. Refractive indices for a number of semitransparent materials at room
temperature are displayed in Fig. 3-16 as a function of wavelength [20]. All these crystalline
materials show similar spectral behavior: The refractive index drops rapidly in the visible
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region, then is nearly constant (declining very gradually) until the midinfrared, where n again
starts to drop rapidly. This behavior is explained by the fact that crystalline solids tend to
have an absorption band, due to electronic transitions, near the visible, and a Reststrahlen band
in the infrared: The first drop in n is due to the tail end of the electronic band, as illustrated
in Fig. 2-15b;6 the second drop in the midinfrared is due to the beginning of a Reststrahlen
band. Listings of refractive indices for various glasses, water, inorganic liquids, and air are also
available [23].

Directional Dependence of Radiative
Properties
For optically smooth nonconductors experiment has been found to follow Fresnel’s relations
of electromagnetic wave theory closely. Figure 3-17 shows a comparison between theory and
experiment for the directional reflectivity of glass (blackened on one side to avoid multiple
reflections) for polarized, monochromatic irradiation [26]. Because k2

� n2, the absorptive
index may be eliminated from equations (3.52) and (3.53), and the relations for a perfect dielectric
become valid. Thus, for unpolarized light incident from vacuum (or a gas), from equations (3.59)

6Note that the abscissa in Fig. 2-15b is frequency ν, i.e., wavelength increases to the left.
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and (3.60)

ε′λ = 1 −
1
2
(
ρ‖ + ρ⊥

)
= 1 −

1
2

n2 cosθ −
√

n2 − sin2θ

n2 cosθ +
√

n2 − sin2θ

 2

+

cosθ −
√

n2 − sin2θ

cosθ +
√

n2 − sin2θ

2 . (3.81)

Of course, the spectral, directional reflectivity for a dielectric can also be calculated from subrou-
tine fresnel in Appendix F by setting k equal to zero. The directional variation of the spectral
emissivity of dielectrics is shown in Fig. 3-18. Comparison with Fig. 3-1 demonstrates that
experiment agrees well with electromagnetic wave theory for a large number of nonconductors,
even for total (rather than spectral) directional emittances.

The spectral, hemispherical emissivity of a nonconductor may be obtained by integrating
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equation (3.81) with equation (3.5). While tedious, such an integration is possible, as shown by
Dunkle [30]:

ε‖ =
4(2n + 1)
3(n + 1)2 , (3.82a)

ε⊥ =
4n3(n2+2n−1)
(n2+1)(n4−1)

+
2n2(n2

−1)2

(n2+1)3 ln
(n+1
n−1

)
−

16n4(n4+1) ln n
(n2+1)(n4−1)2 , (3.82b)

ελ =
1
2

(ε‖ + ε⊥). (3.82c)

The variation of normal and hemispherical emissivities with refractive index may be calculated
with functions emdiel (ελ) and emdielr (ελ/εnλ) from Appendix F and is shown in Fig. 3-19.
While for metals the hemispherical emittance is generally larger than the normal emittance
(cf. Fig. 3-10), the opposite is true for nonconductors. The reason for this behavior is obvious
from Fig. 3-1: Metals have a relatively low emittance over most directions, but display a sharp
increase for grazing angles before dropping back to zero. Nonconductors, on the other hand,
have a (relatively high) emittance for most directions, which gradually drops to zero at grazing
angles (without a peak).

Example 3.5. The directional reflectance of silicon carbide atλ = 2µm and an incidence angle ofθ = 10◦

has been measured as ρ′λ = 0.20 (cf. Fig. 3-13). What is the hemispherical emittance of SiC at 2µm?

Solution
Since at θ = 10◦ the directional reflectance does not deviate substantially from the normal reflectance
(cf. Fig. 3-18), we have εnλ = 1 − ρnλ ' 1 − 0.20 = 0.80. Then, from Fig. 3-19, n ' 2.6 and ελ ' 0.76.

Effects of Surface Temperature
The temperature dependence of the radiative properties of nonconductors is considerably more
difficult to quantify than for metals. Infrared absorption bands in ionic solids due to excitation of
lattice vibrations (Reststrahlen bands) generally increase in width and decrease in strength with
temperature, and the wavelength of peak reflection/absorption shifts toward higher values.
Figure 3-20 shows the behavior of the MgO Reststrahlen band [36]; similar results have been
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obtained for SiC [38]. The reflectance for shorter wavelengths largely depends on the material’s
impurities. Often the behavior is similar to that of metals, i.e., the emittance increases with
temperature for the near infrared, while it decreases with shorter wavelengths. As an example,
Fig. 3-21 shows the normal emittance for zirconium carbide [39]. On the other hand, the
emittance of amorphous solids (i.e., solids without a crystal lattice) tends to be independent of
temperature [40].

3.6 EFFECTS OF SURFACE ROUGHNESS

Up to this point, our discussion of radiative properties has assumed that the material surfaces
are optically smooth, i.e., that the average length scale of surface roughness is much less than
the wavelength of the electromagnetic wave. Therefore, a surface that appears rough in visible
light (λ ' 0.5µm) may well be optically smooth in the intermediate infrared (λ ' 50µm). This
difference is the primary reason why the electromagnetic wave theory ceases to be valid for very
short wavelengths.

In this section we shall very briefly discuss some fundamental aspects of how surface
roughness affects the radiative properties of opaque surfaces. Detailed discussions have been
given in the books by Beckmann and Spizzichino [41] and Bass and Fuks [42], and in a review
article by Ogilvy [43]

The character of roughness may be very different from surface to surface, depending on
the material, method of manufacture, surface preparation, and so on, and classification of this
character is difficult. A common measure of surface roughness is given by the root-mean-square
roughness σh, defined as (cf. Fig. 3-22)

σh =
[〈

(z − zm)2
〉]1/2

=

[
1
A

∫
A

(z − zm)2 dA
]1/2

, (3.83)

where A is the surface to be examined, and |z − zm| is the local height deviation from the
mean. The root-mean-square roughness can be readily measured with a profilometer (a sharp
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tance of zirconium carbide [39].
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FIGURE 3-22
Topography of a rough surface: (a) roughness with gradual slopes, (b) roughness with steep slopes. Both surfaces have
similar root-mean-square roughness.

stylus that traverses the surface, recording the height fluctuations). Unfortunately, σh alone is
woefully inadequate to describe the roughness of a surface as seen by comparing Fig. 3-22a and
b. Surfaces of identical σh may have vastly different frequencies of roughness peaks, resulting in
different average slopes along the rough surface; in addition, σh gives no information on second
order (or higher) roughness superimposed onto the fundamental roughness.

A first published attempt at modeling was made by Davies [44], who applied diffraction
theory to a perfectly reflecting surface with roughness distributed according to a Gaussian
probability distribution. The method neglects shading from adjacent peaks and, therefore, does
poorly for grazing angles and for roughness with steep slopes (Fig. 3-22b). Comparison with
experiments of Bennett [45] shows that, for small incidence angles, Davies’ model predicts the
decay of specular peaks rather well (e.g., Fig. 3-14 for MgO).

Davies’ model predicts a sharp peak in the bidirectional reflection function, ρ′′λ , for the
specular reflection direction, as has been found to be true experimentally for most cases as long
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Normalized bidirectional reflection function (in
plane of incidence) for magnesium oxide ceramic;
σh = 1.9µm, λ = 0.5µm [47].

as the incidence angle was not too large (e.g., Fig. 3-5). For large off-normal angles of incidence,
experiment has shown that the bidirectional reflectance function has its peak at polar angles
greater than the specular direction. An example is given in Fig. 3-23 for magnesium oxide with
a roughness of σh = 1.9µm, illuminated by radiation with a wavelength of λ = 0.5µm. Shown is
the bidirectional reflection function (normalized with its value in the specular direction) for the
plane of incidence (the plane formed by the surface normal and the direction of the incoming
radiation). We see that for small incidence angles (θi = 10◦) the reflection function is relatively
diffuse, with a small peak in the specular direction. For comparison, diffuse reflection with a
direction-independent reflection function is indicated by the dashed line. For larger incidence
angles the reflection function displays stronger and stronger off-specular peaks. For example,
for an incidence angle of θi = 45◦, the off-specular peak lies in the region of θ = 80◦ to 85◦.
Apparently, these off-specular peaks are due to shadowing of parts of the surface by adjacent
peaks. The effects of shadowing have been incorporated into the model by Beckmann [46] and
Torrance and Sparrow [47]. With the appropriate choice for two unknown constants, Torrance
and Sparrow found their model agreed very well with their experimental data (Fig. 3-23).

The above models assumed that the surfaces have a certain root-mean-square roughness,
but that they were otherwise random—no attempt was made to classify roughness slopes,
secondary roughness, etc. Berry and coworkers [48,49] considered diffraction of radiation from
fractal surfaces. The behavior of fractal surfaces is such that the enlarged images appear very
similar to the original surface when the surface roughness is repeatedly magnified (Fig. 3-22b).
Majumdar and colleagues [50,51] carried out roughness measurements on a variety of surfaces
and found that both processed and unprocessed surfaces are generally fractal. Majumdar and
Tien [52] extended Davies’ theory to include fractal surfaces, resulting in good agreement for
experiments with different types of metallic surfaces [53,54]. However, since shadowing effects
have not been considered, the model is again limited to near-normal incidence.

Buckius and coworkers [55–58] have investigated various one-dimensionally rough surfaces
(i.e., where surface height is a function of one coordinate only, z = z(x) in Fig. 3-23), including
the effects of roughness peak frequency (or slopes). For a randomly rough surface peak-to-peak
spacing is usually characterized by a correlation length σl in a Gaussian correlation function
C(L), where L is the length over which the correlation diminishes by a factor of e, or

C(L) =
1
σ2

h

〈(
z(x) − zm

)(
z(x+L) − zm

)〉
= e−(L/σl)2

. (3.84)
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They first considered triangular grooves with roughnesses σh, σl and wavelength λ all of the
same order, finding the bidirectional reflectance by solving an integral form of Maxwell’s equa-
tions. They found that these exact solutions predict the same scattering peaks as found from
optical grating theory. They then applied their model to randomly rough surfaces described by
equations (3.83) and (3.84), and compared their electromagnetic wave theory results with those
from the simple Kirchhoff approximation [41]. In the Kirchhoff approximation a simplified set
of electromagnetic wave equations is considered, assuming that at every point on the surface
the electromagnetic field is equal to the field that would exist on a local tangent plane, and
multiple reflections between local peaks are neglected. This approximation has been applied by
a number of researchers to one- and two-dimensionally rough surfaces, and domains of validity
have been constructed [56, 59–61]. It is generally understood that the Kirchhoff approximation
gives satisfactory results when surface geometric parameters (σh, σl) are less than or compara-
ble to the wavelength and the slope of the roughness is small (σh/σl . 0.3). In more recent
work Buckius and coworkers have concentrated on geometric optics (i.e., assuming Fresnel’s
relations to hold at every point on the surface), noting that Kirchhoff’s approximation results in
considerably larger numerical effort without significant improvement over the specular approx-
imation. They considered one- and two-dimensionally uncoated rough surfaces [58,62,63], and
surfaces coated with a thin film [64] (together with thin film theory). A map was constructed,
shown in Fig. 3-24, depicting under what conditions geometric optics gives satisfactory results
as compared to exact electromagnetic wave theory calculations, using the criterion

Ed =

∣∣∣∣∣∣
∫ π/2

−π/2
(Ie − Ia) cosθ dθ

∣∣∣∣∣∣
/ ∫ π/2

−π/2
Ie cosθ dθ < 0.2, (3.85)

where Ie and Ia are exact and approximate reflected intensities, respectively. In general, geometric
optics requires generation of statistical surfaces together with ray tracing, a relatively time-
consuming task. Along the same line Zhang and coworkers investigated scattering from rough
silicon surfaces and wafers [65–67]. Surface topographic data obtained with an atomic force
microscope showed the surface roughness to be significantly non-Gaussian and anisotropic.
Nevertheless, the use of two-dimensional slope distributions and statistical ray tracing recovered
experimental bidirectional reflection very accurately. Tang and Buckius [68] also introduced a
statistical geometric optics model that does not require ray tracing. The resulting closed-
form expressions were found to be satisfactory for σh/σl . 1, as also indicated in Fig. 3-24.
Comparison of geometric optics calculations with experiment (Al2O3 film on aluminum) showed
good agreement, corroborating the applicability of their model [64]. Figure 3-24 was further
confirmed (and augmented somewhat) by Fu and Hsu [69], who compared statistical ray tracing
results with numerical solutions of Maxwell’s equations.
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Carminati and colleagues [70] used Kirchhoff’s approximation to provide an expression for
the spectral, directional emittance (polarized or unpolarized) of a one-dimensionally randomly
rough surface as

ε
′

λ(θ) =

∫
∞

−∞

[
1 − ρλ(θ − tan−1p)

] ∣∣∣1 − p tanθ
∣∣∣ P(p) dp, (3.86)

where ρλ(θ) is the reflectivity as given by Fresnel’s relations, equations (3.52) through (3.55),
and P(p) is a slope probability derived from the correlation function as

P(p) =
σl

σh
√

4π
e−(pσl/2σh)2

. (3.87)

Calling this a “small slope emission model” (since, similar to the conclusions of Fig. 3-24, its
validity—in particular for parallel polarization—is limited to σh/λ . 0.3), they extended this
formula to a “large slope emission model,” using Ishimaru and Chen’s [71] shadowing function
and assuming secondary reflection fields to be isotropic.

3.7 EFFECTS OF SURFACE DAMAGE AND
OXIDE FILMS

Even optically smooth surfaces have a surface structure that is different from the bulk material,
due to either surface damage or the presence of thin layers of foreign materials. Surface damage
is usually caused by the machining process, particularly for metals and semiconductors, which
distorts or damages the crystal lattice near the surface. Thin foreign coats may be formed by
chemical reaction (mostly oxidation), adsorption (e.g., coats of grease or water), or electrostatics
(e.g., dust particles). All of these effects may have a severe impact on the radiation properties
of metals, and may cause considerable changes in the properties of semiconductors. Other
materials are usually less affected, because metals have large absorptive indices, k, and thus high
reflectances. A thin, nonmetallic layer with small k can significantly decrease the composite’s
reflectance (and raise its emittance). Dielectric materials, on the other hand, have small k’s and
their relatively strong emission and absorption take place over a very thick surface layer. The
addition of a thin, different dielectric layer cannot significantly alter their radiative properties.

A minimum amount of surface damage is introduced during sample preparation if (i) the
technique of electropolishing is used [45], (ii) the surface is evaporated onto a substrate within
an ultra-high vacuum environment [72], or (iii) the metal is evaporated onto a smooth sheet of
transparent material and the reflectance is measured at the transparent medium–metal interface
[73]. Figure 3-25 shows the spectral, normal emittance of aluminum for a surface prepared
by the ultra-high vacuum method [72], and for several other aluminum surface finishes [74].
While ultra-high vacuum aluminum follows the Drude theory for λ > 1µm (cf. Fig. 3-7),
polished aluminum (clean and optically smooth for large wavelengths) has a much higher
emittance over the entire spectrum. Still, the overall level of emittance remains very low, and
the reflectance remains rather specular. Similar results have been obtained by Bennett [45], who
compared electropolished and mechanically polished copper samples. As Fig. 3-25 shows, the
emittance is much larger still when off-the-shelf commercial aluminum is tested, probably due
to a combination of roughness, contamination, and slight atmospheric oxidation. Bennett and
colleagues [75] have shown that deposition of a thin oxide layer on aluminum (up to 100 Å)
appreciably increases the emittance only for wavelengths less than 1.5µm. This statement
clearly is not true for thick oxide layers, as evidenced by Fig. 3-25: Anodized aluminum (i.e.,
electrolytically oxidized material with a thick layer of alumina, Al2O3) no longer displays the
typical trends of a metal, but rather shows the behavior of the dielectric alumina. The effects
of thin and thick oxide layers have been measured for many metals, with similar results. A
good collection of such measurements has been given by Wood and coworkers [3]. As a rule of
thumb, clean metal exposed to air at room temperature grows oxide films so thin that infrared
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Effects of ultraviolet and gamma ray irradiation
on a titanium dioxide/epoxy coating [78].

emittances are not affected appreciably. On the other hand, metal surfaces exposed to high-
temperature oxidizing environments (furnaces, etc.) generally have radiative properties similar
to those of their oxide layer.

While most severe for metallic surfaces the problem of surface modification is not unknown
for nonmetals. For example, it is well known that silicon carbide (SiC), when exposed to air
at high temperature, forms a silica (SiO2) layer on its surface, resulting in a reflection band
around 9µm [76]. Nonoxidizing chemical reactions can also significantly change the radiative
properties of dielectrics. For example, the strong ultraviolet radiation in outer space (from the
sun) as well as gamma rays (from inside the Earth’s van Allen belt) can damage the surface of
spacecraft protective coatings like white acrylic paint [77] or titanium dioxide/epoxy coating [78],
as shown in Fig. 3-26.

In summary, radiative properties for opaque surfaces, when obtained from figures in this
chapter, from the tables given in Appendix B, or from other tabulations and figures of [1–8,79,80],
should be taken with a grain of salt. Unless detailed descriptions of surface purity, preparation,
treatment, etc., are available, the data may not give any more than an order-of-magnitude
estimate. One should also keep in mind that the properties of a surface may change during a
process or overnight (by oxidation and/or contamination).
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FIGURE 3-27
Reflectivity and transmissivity of a thick semitransparent sheet.

3.8 RADIATIVE PROPERTIES OF
SEMITRANSPARENT SHEETS

The properties of radiatively participating media will be discussed in Chapters 11 through 13;
i.e., semitransparent media that absorb and emit in depth and whose temperature distribution
is, thus, strongly affected by thermal radiation. There are, however, important applications
where thermal radiation enters an enclosure through semitransparent sheets, and where the
temperature distribution within the sheet is unimportant or not significantly affected by thermal
radiation. Applications include solar collector cover plates, windows in connection with light
level calculations within interior spaces, and so forth. We shall, therefore, briefly present here the
radiative properties of window glass, for single and multiple pane windows with and without
surface coatings. Glass and other amorphous solids tend to have extremely smooth surfaces,
allowing for accurate predictions of interface reflectivities from electromagnetic wave theory.

Properties of Single Pane Glasses
For an optically smooth window pane of a thickness d substantially larger than the wavelength
of incident light, d� λ, the radiative properties are readily determined through geometric optics
and ray tracing. Consider the sheet of semitransparent material depicted in Fig. 3-27. The sheet
has a complex index of refraction m2 = n2 − ik2 with k2 � 1, so that the transmission through
the sheet (not counting surface reflections),

τ = e−κ2d/cosθ2 = e−4πk2d/λ0 cosθ2 , (3.88)

is appreciable [cf. equation (2.42)]. Here κ2 = 4πk2/λ0 is the absorption coefficient, λ0 is the
wavelength of the incident light in vacuum, and d/cosθ2 is the distance a light beam of oblique
incidence travels through Medium 2 in a single pass. The semitransparent sheet is surrounded
by two dielectric materials with refractive indices n1 and n3. To calculate the reflectivity at the
interfaces 1–2 and 2–3 it is sufficient to use Fresnel’s relations for dielectric media, since k2 � 1.
Interchanging n1 and n2, as well as θ1 and θ2, in equation (2.96) shows that the reflectivity at
the 1–2 interface is the same, regardless of whether radiation is incident from Medium 1 or
Medium 2, i.e., ρ12 = ρ21 and ρ23 = ρ32. Now consider radiation of unit strength to be incident
upon the sheet from Medium 1 in the direction of θ1. As indicated in Fig. 3-27 the fraction ρ12 is
reflected at the first interface, while the fraction (1 − ρ12) is refracted into Medium 2, according
to Snell’s law. After traveling a distance d/cosθ2 through Medium 2 the attenuated fraction
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(1 − ρ12)τ arrives at the 2–3 interface. Here the amount (1 − ρ12)τρ23 is reflected back to the 1–2
interface, while the fraction (1 − ρ12)τ(1 − ρ23) leaves the sheet and penetrates into Medium 3 in
a direction of θ3. The internally reflected fraction keeps bouncing back and forth between the
interfaces, as indicated in the figure, until all energy is depleted by reflection back into Medium
1, by absorption within Medium 2, and by transmission into Medium 3. Therefore, the slab
reflectivity, Rslab, may be calculated by summing over all contributions, or

Rslab = ρ12 + ρ23(1 − ρ12)2τ2
[
1 + ρ12ρ23τ

2 + (ρ12ρ23τ
2)2 + · · ·

]
.

Since ρ12ρ23τ2 < 1 the series is readily evaluated [81], and

Rslab = ρ12 +
ρ23(1 − ρ12)2τ2

1 − ρ12ρ23τ2 =
ρ12 + (1 − 2ρ12)ρ23τ2

1 − ρ12ρ23τ2 . (3.89)

Similarly, the slab transmissivity, Tslab, follows as

Tslab = (1 − ρ12)(1 − ρ23)τ
[
1 + ρ12ρ23τ

2 + (ρ12ρ23τ
2)2 + · · ·

]
=

(1 − ρ12)(1 − ρ23)τ
1 − ρ12ρ23τ2 . (3.90)

These relations are the same as the ones evaluated for thick sheets by the electromagnetic wave
theory, equations (2.129) and (2.130). From conservation of energy Aslab + Rslab + Tslab = 1, and
the slab absorptivity follows as

Aslab =
(1 − ρ12)(1 + ρ23τ)(1 − τ)

1 − ρ12ρ23τ2 . (3.91)

If Media 1 and 3 are identical (say, air), then ρ12 = ρ23 = ρ and equations (3.89) through (3.91)
reduce to

Rslab = ρ

[
1 +

(1 − ρ)2τ2

1 − ρ2τ2

]
, (3.92)

Tslab =
(1 − ρ)2τ

1 − ρ2τ2 , (3.93)

Aslab =
(1 − ρ)(1 − τ)

1 − ρτ
. (3.94)

Figure 3-28 shows typical slab transmissivities and reflectivities of several different types
of glasses for normal incidence and for a pane thickness of 12.7 mm. Most glasses have fairly
constant and low slab reflectivity in the spectral range from 0.1µm up to about 9µm (relatively
constant refractive index n, small absorptive index k). Beyond 9µm the reflectivity increases
because of two Reststrahlen bands [82] (not shown). Glass transmissivity tends to be very high
between 0.4µm and 2.5µm. Beyond 2.5µm the transmissivity of window glass diminishes
rapidly, making windows opaque to infrared radiation. This gives rise to the so-called “green-
house” effect: Since the sun behaves much like a blackbody at 5777 K, most of its energy (≈ 95%)
falling onto Earth lies in the spectral range of high glass transmissivities. Therefore, solar energy
falling onto a window passes readily into the space behind it. The spectral variation of solar
irradiation, for extraterrestrial and unity air mass conditions, was given in Fig. 1-3. On the
other hand, if the space behind the window is at low to moderate temperatures (300 to 400 K),
emission from such surfaces is at fairly long wavelengths, which is absorbed by the glass and,
thus, cannot escape.
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The influence of pane thickness on reflectivity and transmissivity is shown in Fig. 3-29 for
the case of soda–lime glass (i.e., ordinary window glass). As the pane thickness increases,
transmissivity decreases due to the increasing absorption. Since the absorption coefficient is
small for λ < 2.7µm (see Fig. 1-17), the effect is rather minor (and even less so for the other
glasses shown in Fig. 3-28).

In some high-temperature applications the emission from hot glass surfaces becomes impor-
tant (e.g., in the manufacture of glass). Gardon [83] has calculated the spectral, hemispherical
and total, hemispherical emissivity of soda–lime glass sheets at 1000◦C based on the data of
Neuroth [84]. Spectral emissivities beyond 2.7µm do not depend strongly on temperature since
the absorption coefficient is relatively temperature-independent (see Fig. 1-17). For all but the
thinnest glass sheets the material becomes totally opaque, and the hemispherical emissivity is
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evaluated as ελ = 1 − ρλ ' 0.91.7

Coatings

Glass sheets and other transparent solids often have coatings on them for a variety of reasons: to
eliminate transmission of ultraviolet radiation, to decrease or increase transmission over certain
spectral regions, and the like. We distinguish between thick coatings (d � λ, no interference
effects) and thin film coatings (d = O(λ), with wave interference, as discussed in Chapter 2).
The effects of a thick dielectric layer (with refractive index n2, and absorptive index k2 ' 0) on
the reflectivity of a thick sheet of glass (n3 and k3 ' 0) is readily analyzed with the two-interface
formula given by equation (3.89). With τ ' 1 and, for normal incidence,

ρ12 =
(n1 − n2

n1 + n2

)2
and ρ23 =

(n2 − n3

n2 + n3

)2
,

the coating reflectivity becomes

Rcoat =
ρ12 + ρ23 − 2ρ12ρ23

1 − ρ12ρ23
= 1 −

(1 − ρ12)(1 − ρ23)
1 − ρ12ρ23

= 1 −
(4n1n2)(4n2n3)

(n1 + n2)2(n2 + n3)2 − (n1 − n2)2(n2 − n3)2 ,

which is readily simplified to

Rcoat = 1 −
4n1n2n3

(n2
2 + n1n3)(n1 + n3)

. (3.95)

If the aim is to minimize the overall reflectivity of the semitransparent sheet, then a value for
the refractive index of the coating must be chosen to make Rcoat a minimum. Thus, setting
dRcoat/dn2 = 0 leads to

n2,min =
√

n1n3. (3.96)

Substituting equation (3.96) into (3.95) results in a minimum coated-surface reflectivity of

Rcoat,min = 1 −
2
√

n1n3

n1 + n3
. (3.97)

The slab reflectivity for a thin dielectric coating on a dielectric substrate, d = O(λ), is subject
to wave interference effects and has been evaluated in Chapter 2, from equation (2.124), with
δ12 = π and δ23 = 0 (cf. Example 2.6), as

Rcoat =
r2

12 + 2r12r23 cos ζ + r2
23

1 + 2r12r23 cos ζ + r2
12r2

23

, (3.98a)

r12 =
n1 − n2

n1 + n2
, r23 =

n2 − n3

n2 + n3
, ζ =

4πn2d
λ

. (3.98b)

Equation (3.98) has an interference minimum when ζ = π (i.e., if the film thickness is a quarter
of the wavelength inside the film, d = 0.25λ/n2). For this interference minimum the reflectivity
of the coated surface becomes

Rcoat =
( r12 − r23

1 − r12r23

)2
. (3.99)

7The hemispherical emissivity is evaluated by first evaluating ρnλ: With n ' 1.5 (for λ > 2.7µm), from Fig. 3-16
ρnλ = 0.04 and εnλ = 0.96; finally, from Fig. 3-19 ελ ' 0.91.
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FIGURE 3-30
Spectral, normal reflectivity and transmissivity of a
0.35µm thick Sn-doped In2O3 film deposited on Corn-
ing 7059 glass [86].

Clearly, this equation results in a minimum (or zero) reflectivity if r12 = r23, or n2,min =
√

n1n3,
which is the same as for thick films, equation (3.96). To obtain minimum reflectivities for glass
(n3 ' 1.5) facing air (n1 ' 1) would require a dielectric film with n2 ' 1.22. Dielectric films of
such low refractive index do not appear possible. However, Yoldas and Partlow [85] showed
that a porous film (pore size� λ) can effectively lower the refractive index, and they obtained
glass transmissivities greater than 99% throughout the visible.

In other applications a strong reflectivity is desired. An example of experimentally deter-
mined reflectivity and transmissivity of a coated dielectric is given in Fig. 3-30 for a 0.35µm
thick layer of Sn-doped In2O3 film on glass [86]. The oscillating properties clearly demonstrate
the effects of wave interference at shorter wavelengths. At wavelengths λ > 1.5µm the material
has a strong absorption band, making it highly reflective and opaque. Thus, this coated glass
makes a better solar collector cover plate than ordinary glass, since internally emitted infrared
radiation is reflected back into the collector (rather than being absorbed), keeping the cover glass
cool and reducing losses. Similar behavior was obtained by Yoldas and O’Keefe [87], who
deposited thin (20 to 50 nm) triple-layer films (titanium dioxide–silver–titanium dioxide) on
soda–lime glass. It is also possible to tailor the directional reflection behavior using special,
obliquely deposited films [88].

Multiple Parallel Sheets
To minimize convection losses, two or more parallel sheets of windows are often employed, as
illustrated in Fig. 3-31a. To find the total reflectivity and transmissivity of n layers, we break the
system up into a single layer and the remaining (n − 1) layers. Then ray tracing (see Fig. 3-31b)
results in

Rn = R1 + T2
1Rn−1

[
1 + R1Rn−1 + (R1Rn−1)2 + · · ·

]
= R1 +

T2
1Rn−1

1 − R1Rn−1
, (3.100)

and, similarly,

Tn =
T1Tn−1

1 − R1Rn−1
, (3.101)

where Rn−1 and Tn−1 are the net reflectivity and transmissivity of (n − 1) layers. The net
absorptivity of the n layers can be calculated directly either from

An = A1 + A1T1Rn−1 (1 + R1Rn−1 + · · · ) + An−1T1 (1 + R1Rn−1 + · · · )

= A1 +
T1(A1Rn−1 + An−1)

1 − R1Rn−1
, (3.102)
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FIGURE 3-31
Reflectivity and transmissivity of multiple sheets: (a) geometric arrangement, (b) ray tracing for interaction between a
single layer and the remainder of the sheets.

or from conservation of energy, i.e., An + Rn + Tn = 1. In the development of equation (3.100)
we have assumed that R1 is the same for light shining onto the top or the bottom of the sheet
(ρ12 = ρ23), in other words, that equation (3.92) is valid. The above recursion formulae were
first derived by Edwards [89] without the restriction of ρ12 = ρ23. In a later paper Edwards [90]
expanded the method to include wave interference effects for stacked thin films. Multiple
sheets subject to mixed diffuse and collimated irradiation, but without interference effects, were
analyzed by Mitts and Smith [91].

Example 3.6. Determine the normal transmissivity of a triple-glazed window for visible wavelengths.
The window panes are thin sheets of soda–lime glass, separated by layers of air.

Solution
The reflectivity R1 and transmissivity T1 of a single sheet are readily calculated from equations (3.92)
and (3.93). For thin sheets (e.g., curve 1 in Fig. 3-29) we have τ ' 1, and with n ' 1.5 (cf. Fig. 3-16),
ρ = [(1.5 − 1)/(1.5 + 1)]2 = 0.04. Therefore,

R1 = ρ

[
1 +

(1 − ρ)2

1 − ρ2

]
=

2ρ
1 + ρ

=
2 × 0.04
1 + 0.04

= 0.0769,

T1 =
(1 − ρ)2

1 − ρ2 =
1 − ρ
1 + ρ

= 1 − R1 = 0.9231

(and A1 = 0, since we assumed τ ' 1). For two panes, from equations (3.100) and (3.101) with n = 2,

R2 = R1 +
T2

1R1

1 − R2
1

= 0.0769
(
1 +

0.92312

1 − 0.07692

)
= 0.1429,

T2 =
T2

1

1 − R2
1

= 0.8571

(and, again A2 = 0). Finally, for three panes

R3 = R1 +
T2

1R2

1 − R1R2
= 0.0769 +

0.92312
× 0.1429

1 − 0.0769 × 0.1429
= 0.2000,

T3 =
T1T2

1 − R1R2
=

0.9231 × 0.8571
1 − 0.0769 × 0.1429

= 0.8000.

Assuming negligible absorption within the glass, 80% of visible radiation is transmitted through the
triple-pane window (at normal incidence), while 20% is reflected back.

Although they are valid, equations (3.89) and (3.90) are quite cumbersome for oblique
incidence, in particular, if absorption cannot be neglected. Some calculations for nonabsorbing
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(for n = 1.5 [92] and for n = 1.526 [93]) and absorbing [93] (n = 1.526) multiple sheets of
window glass have been carried out. Note that, for oblique incidence, the overall reflectivity and
transmissivity are different for parallel- and perpendicular-polarized light. Even for unpolarized
light the polarized components must be determined before averaging, as

Rn =
1
2

(Rn⊥ + Rn‖), Tn =
1
2

(Tn⊥ + Tn‖). (3.103)

The results of the calculations by Duffie and Beckman [93] are given in graphical form in Fig. 3-32.

3.9 SPECIAL SURFACES

For many engineering applications it would be desirable to have a surface material available
with very specific radiative property characteristics. For example, the net radiative heat gain
of a solar collector is the difference between absorbed solar energy and radiation losses due to
emission by the collector surface. While a black absorber plate would absorb all solar irradiation,
it unfortunately would also lose a maximum amount of energy due to surface emission. An
ideal solar collector surface has a maximum emittance for those wavelengths and directions over
which solar energy falls onto the surface, and a minimum emittance for all other wavelengths
and directions. On the other hand, a radiative heat rejector, such as the ones used by the U.S.
Space Shuttle to reject excess heat into outer space, should have a high emittance at longer
wavelengths, and a high reflectance for those wavelengths and directions with which sunshine
falls onto the heat rejector.

To a certain degree the radiative properties of a surface can be tailored toward desired
characteristics. Surfaces that absorb and emit strongly over one wavelength range, and reflect
strongly over the rest of the spectrum are called spectrally selective, while surfaces with tailored
directional properties are known as directionally selective.
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An ideal, spectrally selective surface would be black (αλ = ελ = 1) over the wavelength
range over which maximum absorption (or emission) is desired, and would be totally reflective
(αλ = ελ = 0) beyond a certain cutoff wavelength λc, where undesirable emission (or absorption)
would occur. Of course, in practice such behavior can only be approximated. Such an ideal
surface is indicated by the long-dash line in Fig. 3-33.

The performance of a selective surface is usually measured by the “α/ε-ratio,” where α
is the total, directional absorptance of the material for solar irradiation, while ε is the total,
hemispherical emittance for infrared surface emission. Consider a solar collector plate (Fig. 3-
34), irradiated by the sun at an off-normal angle of θs. Making an energy balance (per unit area
of the collector), we find

qnet = εσT4
coll − αqsun cosθs, (3.104)

where the factor cosθs appears since qsun is solar heat flux per unit area normal to the sun’s rays.
The total, hemispherical emittance may be related to spectral, hemispherical values through
equation (3.10), while the total, directional absorptance is found from equation (3.23). Thus

ε =
1

σT4
coll

∫
∞

0
ελ(Tcoll, λ) Ebλ(Tcoll, λ) dλ, (3.105a)

α =
1

qsun

∫
∞

0
αλ(Tcoll, λ, θs) qsun,λ dλ =

1
σT4

sun

∫
∞

0
αλ(Tcoll, λ, θs) Ebλ(Tsun, λ) dλ, (3.105b)
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where we have made use of the fact that the spectral distribution of qsun is the same as the
blackbody emission from the sun’s surface. Clearly, for optimum performance of a collector
the solar absorptance should be maximum, while the infrared emittance should be minimum.
Therefore, a large α/ε-ratio indicates a better performance for a solar collector. On the other
hand, for radiative heat rejectors a minimum value for α/ε is desirable.

Most selective absorbers are manufactured by coating a thin nonmetallic film onto a metal.
Over most wavelengths the nonmetallic film is very transmissive and incoming radiation passes
straight through to the metal interface with its very high reflectance. However, many noncon-
ductors have spectral regions over which they do absorb appreciably without being strongly
reflective (usually due to lattice defects or contaminants). The result is a material that acts like
a strongly reflecting metal over most of the spectrum, but like a strongly absorbing nonconduc-
tor for selected wavelength ranges. A few examples of such selective surfaces are also given
in Fig. 3-33. Black chrome (chrome-oxide coating) and black nickel (nickel-oxide coating) are
popular solar collector materials, while epoxy paint may be used as an efficient solar energy
rejector. If the coatings are extremely thin, interference effects can also be exploited to improve
selectivity. For example, Martin and Bell [94] showed that a three-layer coating of SiO2–Al–SiO2
on metallic substrates has a solar absorptance greater than 90%, but an infrared emittance of <
10%. Fan and Bachner [86] produced a coating for glass that raised its reflectance to > 80% for
infrared wavelengths, without appreciably affecting solar transmittance (Fig. 3-30).

The advantages of spectrally selective surface properties were first recognized by Hottel
and Woertz [95]. With the growing interest in solar energy collection during the 1950s and
1960s, a number of selective coatings were developed, and the subject was discussed by Gier
and Dunkle [96], and Tabor and coworkers [97,98]. There are several compilations for radiative
properties of selective absorbers [3,8,99]. A somewhat more detailed discussion about spectrally
selective surface properties has been given by Duffie and Beckman [93].

Example 3.7. Let us assume that it is possible to manufacture a diffusely absorbing/emitting selective
absorber with a spectral emittance ελ = εs = 0.05 for 0 < λ < λc and ελ = εc = 0.95 for λ > λc, where
the cutoff wavelength can be varied through manufacturing methods. Determine the optimum cutoff
wavelength for a solar collector with an absorber plate at 350 K that is exposed to solar irradiation of
qsun = 1000 W/m2 at an angle of θs = 30◦ off-normal. What is the net radiative energy gain for such a
collector?

Solution
A simple energy balance on the surface, using equations (3.9) and (3.41) leads to

qnet = E −H′abs(θs) = εEb − α
′(θs) H′(θs)

where qnet > 0 if a net amount of energy leaves the surface, and qnet < 0 if energy is collected. Total,
hemispherical emittance follows from equation (3.10) while total, directional absorptance is determined
from equation (3.23). For our diffuse absorber we have α′λ(λ, θ) = ελ(λ) and

ε =
1

σT4
coll

[
εs

∫ λc

0
Ebλ(Tcoll, λ) dλ + εc

∫
∞

λc

Ebλ(Tcoll, λ) dλ
]

= εs +
(εc − εs)
σT4

coll

∫
∞

λc

Ebλ(Tcoll, λ) dλ,

α =
1

σT4
sun

[
εs

∫ λc

0
Ebλ(Tsun, λ) dλ + εc

∫
∞

λc

Ebλ(Tsun, λ) dλ
]

= εs +
(εc − εs)
σT4

sun

∫
∞

λc

Ebλ(Tsun, λ) dλ.

Substituting these expressions into our energy balance leads to

qnet = εs(σT4
coll − qsun cosθs) + (εc − εs)

∫
∞

λc

[
Ebλ(Tcoll, λ) −

qsun cosθs

σT4
sun

Ebλ(Tsun, λ)
]

dλ.

Optimizing the value of λc implies finding a maximum for qnet. Therefore, from Leibniz’s rule (see,
e.g., [81]), which states that

d
dx

∫ b(x)

a(x)
f (x, y) dy =

db
dx

f (x, b) −
da
dx

f (x, a) +

∫ b

a

d f
dx

(x, y) dy, (3.106)
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we find

dqnet

dλc
= −(εc − εs)

[
Ebλ(Tcoll, λc) −

qsun cosθs

σT4
sun

Ebλ(Tsun, λc)
]

= 0,

or

Ebλ(Tcoll, λc) =
qsun cosθs

σT4
sun

Ebλ(Tsun, λc).

Note that the cutoff wavelength does not depend on the values for εc and εs. Using Planck’s law,
equation (1.13), with n = 1 (surroundings are air), the last expression reduces to

exp(C2/λcTcoll) − 1 =
σT4

sun

qsun cosθs

[
exp(C2/λcTsun) − 1

]
.

This transcendental equation needs to be solved by iteration. As a first guess one may employ Wien’s
distribution, equation (1.18) (dropping two ‘−1’ terms),

exp(C2/λcTcoll) '
σT4

sun

qsun cosθs
exp(C2/λcTsun)

or

exp
[C2

λc

( 1
Tcoll

−
1

Tsun

)]
'

σT4
sun

qsun cosθs
,

λc ' C2

( 1
Tcoll

−
1

Tsun

) /
ln

σT4
sun

qsun cosθs

= 14,388
( 1

350
−

1
5777

)
µm

/
ln

5.670 × 10−8
× 57774

1000 × cos 30◦
= 3.45µm.

Iterating the full Planck’s law leads to a cutoff wavelength of λc = 3.69µm. Substituting these values
into the expressions for emittance and absorptance,

ε = εs + (εc − εs)
[
1 − f (λc Tcoll)

]
= 0.95 − 0.90 + 0.90 f (3.69 × 350)

= 0.05 + 0.90 × 0.00413 = 0.054,

α = εs + (εc − εs)
[
1 − f (λc Tsun)

]
= 0.05 + 0.90 × f (3.69 × 5777)

= 0.05 + 0.90 × 0.98785 = 0.939.

The net heat flux follows then as

qnet = 0.054×5.760×10−8
×3504

− 0.939×1000×cos 30◦ = −767 W/m2.

Actually, neither f (λc Tcoll) ' 0 nor f (λc Tsun) ' 1 is particularly sensitive to the exact value of λc, because
there is very little spectral overlap between solar radiation (95% of which is in the wavelength range8 of
λ < 2.2µm) and blackbody emission at 350 K (95% of which is at λ > 5.4µm).

Surfaces can be made directionally selective by mechanically altering the surface finish on a
microscale (microgrooves) or macroscale. For example, large V-grooves (large compared with
the wavelengths of radiation) tend to reflect incoming radiation several times for near-normal
incidence, as indicated in Fig. 3-35 (from Trombe and coworkers [101]) for an opening angle
of γ = 30◦, each time absorbing a fraction of the beam. The number of reflections decreases
with increasing incidence angle, down to a single reflection for incidence angles θ > 90◦ − γ
(or 60◦ in the case of Fig. 3-35). Hollands [102] has shown that this type of surface has a
significantly higher normal emittance, which is important for collection of solar irradiation,
than hemispherical emittance, which governs emission losses. A similarly shaped material,
with flat black bottoms, was theoretically analyzed by Perlmutter and Howell [103]. Their
analytical values for directional emittance were experimentally confirmed by Brandenberg and
Clausen [27], as illustrated in Fig. 3-36.

8Based on a blackbody at 5777 K. This number remains essentially unchanged for true, extraterrestrial solar irradi-
ation [100], while the 95% fraction moves to even shorter wavelengths if atmospheric absorption is taken into account
(cf. Fig. 1-3).
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3.10 EXPERIMENTAL METHODS

It is quite apparent from the discussion in the preceding sections that, although electromagnetic
wave theory can be used to augment experimental data, it cannot replace them. While the
spectral, bidirectional reflection function, equation (3.34), is the most basic radiation property of
an opaque surface, to which all other properties can be related, it is rarely measured. Obtaining
the bidirectional reflection function is difficult because of the low achievable signal strength. It is
also impractical since it is a function of both incoming and outgoing directions and of wavelength
and temperature. A complete description of the surface requires enormous amounts of data. In
addition, the use of the bidirectional reflection function complicates the analysis to such a point
that it is rarely attempted.

If bidirectional data are not required it is sufficient, for an opaque material, to measure one of
the following, from which all other ones may be inferred: absorptance, emittance, directional–
hemispherical reflectance, and hemispherical–directional reflectance. Various different mea-
surement techniques have been developed, which may be separated into three loosely-defined
groups: calorimetric emission measurements, radiometric emission measurements, and reflection mea-
surements. The interest in experimental methods was at its peak during the 1960s as a result
of the advent of the space age. Compilations covering the literature of that period have been
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given in two NASA publications [104, 105]. Interest waned during the 1970s and 1980s but has
recently picked up again because of the development of better and newer materials operating
at higher temperatures. Sacadura [106] has given an updated review of experimental methods.

While measurement techniques vary widely from method to method, most of them employ
similar optical components, such as light sources, monochromators, and detectors. Therefore,
we shall begin our discussion of experimental methods with a short description of important
optical components.

Instrumentation
Radiative property measurements generally require a light source, a monochromator, a detector,
and the components of the optical path, such as mirrors, lenses, beam splitters, optical windows,
and so on. Depending on the nature of the experiment and/or detector, other accessories, such
as optical choppers, may also be necessary.

LIGHT SOURCES. Light sources are required for the measurement of absorption by, or
reflection from, an opaque surface, as well as for the alignment of optical components in any
spectroscopic system. In addition, light sources are needed for transmission and scattering
measurements of absorbing/scattering media, such as gases, particles, and semitransparent
solids, and liquids (to be discussed in later chapters). We distinguish between monochromatic
and polychromatic light sources.

Monochromatic sources. These types of sources operate through stimulated emission, pro-
ducing light over an extremely narrow wavelength range. Their monochromaticity, low beam
divergence, coherence, and high power concentration make lasers particularly attractive as light
sources. While only invented some 30 years ago, there are today literally dozens of solid-state
and gas lasers covering the spectrum between the ultraviolet and the far infrared. Although
lasers are generally monochromatic, there are a number of gas lasers that can be tuned over a
part of the spectrum by stimulating different transitions. For example, dye lasers (using large
organic dye molecules as the lasing medium) may be operated at a large number of wavelengths
in the range 0.2µm < λ < 1µm, while the common CO2 laser (usually operating at 10.6µm)
may be equipped with a movable grating, allowing it to lase at a large number of wavelengths
in the range 9µm < λ < 11µm. Even solid-state lasers can be operated at several wavelengths
through frequency-doubling. For example, the Nd-YAG laser, the most common solid-state
laser, can be used at 1.064µm, 0.532µm, 0.355µm, and 0.266µm. Of particular importance for
radiative property measurements is the helium–neon laser because of its low price and small
size and because it operates in the visible at 0.633µm (making it useful for optical alignment).

A different kind of monochromatic source is the low-pressure gas discharge lamp, in which
a low-density electric current passes through a low-pressure gas. Gas atoms and molecules
become ionized and conduct the current. Electrons bound to the gas atoms become excited to
higher energy levels, from which they fall again, emitting radiation over a number of narrow
spectral lines whose wavelengths are characteristic of the gas used, such as zinc, mercury, and
so on.

Polychromatic sources. These usually incandescent light sources emit radiation by spon-
taneous emission due to the thermal excitation of source atoms and molecules, resulting in a
continuous spectrum. The spectral distribution and total radiated power depend on the tem-
perature, area, and emittance of the surface. Incandescent sources may be of the filament type
(similar to an ordinary light bulb) or of the bare-element type. The quartz–tungsten–halogen
lamp has a doped tungsten filament inside a quartz envelope, which is filled with a rare gas
and a small amount of a halogen. Operating at a filament temperature greater than 3000 K,
this lamp produces a near-blackbody spectrum with maximum emission below 1µm. How-
ever, because of the transmission characteristics of quartz (which is the same as fused silica,
Fig. 3-28), there is no appreciable emission beyond 3µm. Bare-element sources are either rods
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FIGURE 3-37
Spectral irradiation on a distant surface from various incandescent light sources.

of silicon carbide, called globars, or heating wires embedded in refractory oxides, called Nernst
glowers. Globars operate at a temperature of 1000 K and produce an almost-gray spectrum
with a maximum around 2.9µm. Nernst glowers operate at temperatures up to 1500 K, with a
somewhat less ideal spectral distribution. The irradiation onto a distant surface from different
incandescent sources is shown in Fig. 3-37. None of the light sources shown in Fig. 3-37 has a
truly “black” spectral distribution, since their output is influenced by their spectral emittance.
In most experiments this is of little importance since, in general, sample and reference signals
(coming from the same spectral source) are compared. If a true blackbody source is required
(primarily for calibration of instruments) blackbody cavity sources are available from a number of
manufacturers. In these sources a cylindrical and/or conical cavity, made of a high-temperature,
high-emittance material (such as silicon carbide) is heated to a desired temperature. Radiation
leaving the cavity, also commonly called Hohlraum (German for “hollow space”), is essentially
black (cf. Table 5.1).

The brightest conventional source of optical radiation is the high-pressure gas discharge lamp,
which combines the characteristics of spontaneous and stimulated emission. The lamp is similar
to a low-pressure gas discharge source, but with high current density and gas pressure. This
configuration results in an arc with highly excited atoms and molecules forming a plasma.
While the hot plasma emits as an incandescent source, ionized atoms emit over substantially
broadened spectral lines, resulting in a mixed spectrum (Fig. 3-37). Commonly used gases for
such arc sources are xenon, mercury, and deuterium.

SPECTRAL SEPARATORS. Spectral radiative properties can be measured over part of the
spectrum in one of two ways: (i) Measurements are made using a variety of monochromatic light
sources, which adequately represent the desired part of the spectrum, or (ii) a polychromatic
source is used together with a device that allows light of only a few select wavelengths to reach
the detector. Such devices may consist of simple optical filters, manually driven or motorized
monochromators, or highly sophisticated FTIR (Fourier Transform InfraRed) spectrometers.

Optical filters. These are multilayer thin-film devices that selectively transmit radiation only
over desired ranges of wavelengths. Bandpass filters transmit light only over a finite, usually
narrow, wavelength region, while edge filters transmit only above or below certain cutoff or edge
wavelengths. Bandpass filters consist of a series of thin dielectric films that, at each interface,
partially reflect and partially transmit radiation (cf. Fig. 2-13). The spacing between layers is
such that beams of the desired wavelength are, after multiple reflections within the layers, in
phase with the transmitted beam (constructive interference). Other wavelengths are rejected
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(a) (b)

FIGURE 3-38
Schematic of spectral separation with (a) a
transparent prism, (b) a diffraction grating.

because they destructively interfere with one another. Bandpass filters for any conceivable
wavelength between the ultraviolet and the midinfrared are routinely manufactured. Edge
filters operate on the same principle, but are more complex in design.

Monochromators. These devices separate an incoming polychromatic beam into its spectral
components. They generally consist of an entrance slit, a prism or grating that spreads the
incoming light according to its wavelengths, and an exit slit, which allows only light of desired
wavelengths to escape. If a prism is used, it is made of a highly-transparent material with a
refractive index that varies slightly across the spectrum (cf. Fig. 3-16). As shown in Fig. 3-38a,
the incoming radiant energy is separated into its constituent wavelengths since, by Snell’s law,
the prism bends different wavelengths (with different refractive index) by different amounts.
Rotating the prism around an axis allows different wavelengths to escape through the exit slit.
Instead of a prism one can use a diffraction grating to separate the wavelengths of incoming light,
employing the principle of constructive and destructive interference [107], as schematically
indicated in Fig. 3-38b. Until a few years ago all monochromators employed salt prisms, while
today almost all systems employ diffraction gratings, since they are considerably cheaper and
simpler to handle (salt prisms tend to be hygroscopic, i.e., they are attacked by the water
vapor in the surrounding air). However, diffraction gratings have the disadvantages that their
spectral range is more limited (necessitating devices with multiple gratings), and they may give
erroneous readings due to higher-order signals (frequency-doubling).

FTIR spectrometers. These instruments collect the entire radiant energy (i.e., comprising all
FTIR spectrometer wavelengths) after reflection from a moving mirror. The measured intensity
depends on the position of the moving mirror owing to constructive and destructive interfer-
ence. This signal is converted by a computer through an inverse Fast Fourier Transform into a
power vs. wavelength plot. The spectral range of FTIRs is limited only by the choice of beam
splitters and detectors, and is comparable to that of prism monochromators. However, while
monochromators generally require several minutes to collect data over their entire spectral
range, the FTIR is able to do this in a fraction of a second. Detailed descriptions of the operation
of FTIRs may be found in books on the subject, such as the one by Griffiths and de Haseth [108].

DETECTORS. In a typical spectroscopic experiment the detector measures the intensity of
incoming radiation due to transmission through, emission from, or reflection by, a sample.
This irradiation may be relatively monochromatic (i.e., covers a very narrow wavelength range
after having passed through a filter or monochromator), or may be polychromatic (for total
emittance measurements, or if an FTIR is used). In either case, the detector converts the beam’s
power into an electrical signal, which is amplified and recorded. The performance of detectors
is measured by certain criteria, which are generally functions of several operating conditions,
such as wavelength, temperature, modulating frequency, bias voltage, and gain of any internal
amplifier. The response time (τ) is the time for a detector’s output to reach 1 − 1/e = 63% of
its final value, after suddenly being subjected to constant irradiation. The linearity range of a
detector is the range of input power over which the output signal is a linear function of the
input. The noise equivalent power (NEP) is the radiant energy rate in watts that is necessary to
give an output signal equal to the rms noise output from the detector. More widely used is the
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FIGURE 3-39
Schematic of (a) a pyroelectric detector, (b) a photoconductive detector.

reciprocal of NEP, the detectivity (D). The detectivity is known to vary inversely with the square
root of the detector area, AD, while the signal noise is proportional to the square root of the
amplifier’s noise-equivalent bandwidth ∆ f (in Hz). Thus, a normalized detectivity (D*) is defined
to allow comparison between different types of detectors regardless of their detector areas and
amplifier bandwidths as

D∗ = (AD ∆ f )1/2 D. (3.107)

Depending on how the incoming radiation interacts with the detector material, detectors are
grouped into thermal and photon (or quantum) detectors.

Thermal detectors. These devices convert incident radiation into a temperature rise. This
temperature change is measured either through one or more thermocouples, or by using the
pyroelectric effect. A single, usually blackened (to increase absorptance) thermocouple is the
simplest and cheapest of all thermal detectors. However, it suffers from high amplifier noise and,
therefore, limited detectivity. One way to increase output voltage and detectivity is to connect a
number of thermocouples in series (typically 20 to 120), constituting a thermopile. Thermopiles
can be manufactured economically through thin-film processes. Pyroelectric detectors are made
of crystalline materials that have permanent electric polarization. When heated by irradiation,
the material expands and changes its polarization, which causes a current to flow in a circuit
that connects the detector’s top and bottom surfaces, as shown in the schematic of Fig. 3-39a.
Since the change in temperature produces the current, pyroelectric detectors respond only to
pulsed or chopped irradiation. They respond to changes in irradiation much more rapidly than
thermocouples and thermopiles, and are not affected by steady background radiation.

Photon detectors. These absorb the energy of incident radiation with their electrons, pro-
ducing free charge carriers (photoconductive and photovoltaic detectors) or even ejecting electrons
from the material (photoemissive detectors). In photoconductive and photovoltaic detectors the
production of free electrons increases the electrical conductivity of the material. In the photo-
conductive mode an applied voltage, or reverse bias, causes a current that is proportional to the
strength of irradiation to flow, as schematically shown in Fig. 3-39b. In the photovoltaic mode
no bias is applied and, closing the electric circuit, a current flows as a result of the excitation
of electrons (as in the operation of photovoltaic, or solar, cells). Photovoltaic detectors have
greater detectivity, while photoconductive detectors exhibit extremely fast response times. For
optimum performance each mode requires slightly different design, although a single device
may be operated in either mode. Typical semiconductor materials used for photovoltaic and
photoconductive detectors are silicon (Si), germanium (Ge), indium antimonide (InSb), mercury
cadmium telluride (HgCdTe),9 lead sulfide and selenide (PbS and PbSe), and cadmium sulfide
(CdS). While most semiconductor detectors have a single detector element, many of them today

9Mercury–Cadmium–Telluride detectors are also commonly referred to as MCT detectors.
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FIGURE 3-40
Typical spectral ranges and normalized detectivities for various detectors.

are also available as linear arrays and surface arrays (up to 512 × 512 elements), which—when
combined with a monochromator—allows for ultra-fast data acquisition at many wavelengths.

The most basic photoemissive device is a photodiode, in which high-energy photons (ultravio-
let to near infrared) cause emission of electrons from photocathode surfaces placed in a vacuum.
Applying a voltage causes a current that is proportional to the intensity of incident radiation
to flow. The signal of a vacuum photodiode is amplified in a photomultiplier by fitting it with
a series of anodes (called dynodes), which produce secondary emission electrons and a current.
The latter is an order-of-magnitude higher than the original photocurrent.

Thermal detectors generally respond evenly across the entire spectrum, while photon de-
tectors have limited spectral response but higher detectivity and faster response times. The
normalized detectivity of several detectors is compared in Fig. 3-40. The spectral response of
photon detectors can be tailored to a degree by varying the relative amounts of detector material
components. The response time of thermal detectors is relatively slow, normally in the order of
milliseconds, while the response time of photon detectors ranges from microseconds to a few
nanoseconds. The detectivity is often increased by cooling the detector thermoelectrically (to
−30◦C), with dry ice (195 K), or by attaching it to a liquid-nitrogen Dewar flask (77 K).

OTHER COMPONENTS. In a spectroscopic experiment light from a source and/or sample
is guided toward the detector by a number of mirrors and lenses. Plane mirrors are employed
to bend the beam path while curved mirrors are used to focus an otherwise diverging beam onto
a sample, the monochromator entrance slit, or the detector. Today’s optical mirrors provide
extremely high reflectivities (> 99.5%) over the entire spectrum of interest. While focusing
mirrors are generally preferable for a number of reasons, sometimes lenses need to be used
for focusing. The most important drawbacks of lenses are that they tend to have relatively
large reflection losses and their spectral range (with high transmissivity) is limited. While
antireflection coatings can be applied, these coatings are generally only effective over narrow
spectral ranges as a result of interference effects. Common lens materials for the infrared are
zinc selenide (ZnSe), calcium fluoride (CaF2), germanium (Ge), and others. Sometimes it is
necessary to split a beam into two portions (e.g., to create a reference beam that does not pass
over the sample) using a beam splitter. Beam splitters are made of the same material as lenses,
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FIGURE 3-41
Typical setup for calorimetric emission
measurements [110].

exploiting their reflecting and transmitting tendencies. It is also common to chop the beam using
a mechanical chopper, which consists of a rotating blade with one or more holes or slits. Chopping
may be done for a variety of reasons, such as to provide an alternating signal for a pyroelectric
detector, to separate background radiation from desired radiation, to decrease electronic noise
by using a lock-in amplifier tuned into the chopper frequency, and so on.

Calorimetric Emission Measurement Methods
If only knowledge of the total, hemispherical emittance of a surface is required, this is most
commonly determined by measuring the net radiative heat loss or gain of an isolated speci-
men [109–125]. Figure 3-41 shows a typical experimental setup, which was used by Funai [110].
The specimen is suspended inside an evacuated test chamber, the walls of which are coated with
a near-black material. The chamber walls are cooled, while the specimen is heated electrically,
directly (metallic samples), through a metal substrate (nonconducting samples), or by some
other means. Temperatures of the specimen and chamber wall are monitored by thermocou-
ples. The emittance of the sample can be determined from steady-state [109–117] or transient
measurements [111, 118–125].

In the steady-state method the sample is heated to, and kept at, a desired temperature by
passing the appropriate current through the heating element. The total, hemispherical emittance
may then be calculated by equating electric heat input to the specimen with the radiative heat
loss from the specimen to the surroundings, or

ε(T) =
I2R

Asσ(T4
s − T4

w)
, (3.108)

where I2R is the dissipated electrical power, As is the exposed surface area of the specimen,
and Ts and Tw are the temperatures of specimen and chamber walls, respectively. As will be
discussed in Chapter 5, equation (3.108) assumes that the surface area of the chamber is much
larger than As and/or that the emittance of the chamber wall is near unity [cf. equation (5.36)].

In the transient calorimetric technique the current is switched off when the desired tem-
perature has been reached, and the rates of loss of internal energy and radiative heat loss are
equated, or

ε(T) = −
mscs dTs/dt

Asσ(T4
s − T4

w)
, (3.109)

where ms and cs are mass and specific heat of the sample, respectively.
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Emissometer with separate reference blackbody and two optical paths [126].

Radiometric Emission Measurement Methods
High-temperature, spectral, directional surface emittances are most often determined by com-
paring the emission from a sample with that from a blackbody at the same temperature and
wavelength, both viewed by the same detector over an identical or equivalent optical path.
Under those conditions the signal from both measurements will be proportional to emitted in-
tensity (with the same proportionality constant), and the spectral, directional emittance is found
by taking the ratio of the two signals, or

ε′λ (T, λ, θ, ψ) =
Iλ(T, λ, θ, ψ)

Ibλ (T, λ)
. (3.110)

The comparison blackbody may be a separate blackbody kept at the same temperature, or it may
be an integral part of the sample chamber. The latter is generally preferred at high temperatures,
where temperature control is difficult, and for short wavelengths, where small deviations in
temperatures can cause large inaccuracies.

Separate reference blackbody. In this method a blackbody, usually a long, cylindrical, isother-
mal cavity with an L/D-ratio larger than 4, is kept separate from the sample chamber, while both
are heated to the same temperature. Radiation coming from this Hohlraum is essentially black
(cf. Table 5.1). The control system keeps the sample and blackbody at the same temperature
by monitoring temperature differences with a differential thermocouple and taking corrective
action whenever necessary. To monitor sample and blackbody emission via an identical optical
path, either two identical paths have to be constructed, or sample and blackbody must be al-
ternately placed into the single optical path. In the former method, identical paths are formed
either through two sets of optics [126], or by moving optical components back and forth [39].
Figure 3-42 shows an example of a system with two different optical paths [126], while Fig. 3-43
is an example of a linearly actuated blackbody/sample arrangement [127]. It is also possible
to combine blackbody and sample, and the device is rotated or moved back-and-forth inside
a single furnace [128]. Markham and coworkers [129] mounted sample/reference blackbody
individually on a turntable, heated them with a torch, and measured the directional, spectral
emittance of sandblasted aluminum (up to 750 K), alumina (1300 to 2200 K), fused quartz (900 K),
and sapphire (1000 K) with an FTIR spectrometer. Other materials measured with the separate
reference blackbody technique include the normal, spectral emittance of solid and liquid silicon
just below and above the melting point [130], and of a collection of 30 metals and alloys at
temperatures up to 1200◦C [131, 132].
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Integrated reference blackbody. At high temperatures it is preferable to incorporate the ref-
erence blackbody into the design of the sample furnace. If the sample rests at the bottom of a
deep isothermal, cylindrical cavity, the radiation leaving the sample (by emission and reflection)
corresponds to that of a black surface. If the hot side wall is removed or replaced by a cold
one, radiation leaving the sample is due to emission only. Taking the ratio of the two signals
then allows the determination of the spectral, directional emittance from equation (3.110). Re-
moving the reflection component from the signal may be achieved in one of two ways. Several
researchers have used a tubular furnace with the sample mounted on a movable rod [133–135].
When the sample is deep inside the furnace the signal corresponds to a blackbody. The sam-
ple is then rapidly moved to the exit of the furnace and the signal is due to emission alone.
Disadvantages of the method are (i) maintaining isothermal conditions up to close to the end
of the tube, (ii) keeping the sample at the same temperature after displacement, and (iii) stress
on the high-temperature sample due to the rapid movement. In the approach of Vader and
coworkers [136] and Postlethwait et al. [137], reflection from the sample is suppressed by freely
dropping a cold tube into the blackbody cavity. A schematic of the apparatus of Postlethwait
et al. is shown in Fig. 3-44. Once the cold tube has been dropped, measurements must be taken
rapidly (in a few seconds’ time), before substantial heating of the drop tube (and cooling of
the sample). Vader and coworkers obtained spectral measurements by placing various filters in
front of their detector, performing a number of drops for each sample temperature. Postlethwait
employed an FTIR spectrometer, allowing them to measure the entire spectral range from 1µm
to 9µm in a single drop. In a method more akin to the separate blackbody technique, Havstad
and colleagues [128] incorporated a small blackbody cavity into a tungsten crucible (holding
liquid metal samples). The entire assembly is then moved to have the optics focus on sample or
blackbody, respectively.

Reflection Measurements
Reflection measurements are carried out to determine the bidirectional reflection function, the
directional–hemispherical reflectance, and the hemispherical–directional reflectance. The latter
two provide indirect means to determine the directional absorptance and emittance of opaque
specimens, in particular, if sample temperatures are too low for emission measurements.
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BIDIRECTIONAL REFLECTION MEASUREMENTS. If the bidirectional reflection behav-
ior of a surface is of interest, the bidirectional reflection function, ρ′′λ , must be measured directly,
by irradiating the sample with a collimated beam from one direction and collecting the reflected
intensity over various small solid angles. A sketch of an early apparatus used by Birkebak and
Eckert [138] and Torrance and Sparrow [139] is shown in Fig. 3-45. Radiation from a globar A
travels through a diaphragm to a spherical mirror SM, which focuses it onto the test sample
S. A pencil of radiation reflected from the sample into the desired direction is collected by
another spherical mirror and focused onto the entrance slit of the monochromator, in which
the wavelengths are separated by the rock salt prism P, and the signal is recorded by the ther-
mopile T. The test sample is mounted on a multiple-yoke apparatus, which allows independent
rotation around three perpendicular axes. The resulting measurements are relative (i.e., abso-
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lute values can only be obtained by calibrating the apparatus with a known standard in place
of the test sample). Example measurements for magnesium oxide are shown in Fig. 3-5 [12].
More recently built devices use sophisticated, multiple-degree-of-freedom sample mounts as
well as FTIR spectrometers, such as the one of Ford and coworkers [140], who measured the
bidirectional reflectances of diffuse gold and grooved nickel.

The main problem with bidirectional reflection measurements is the low level of reflected
radiation that must be detected (particularly in off-specular directions), even with the advent
of FTIR spectrometers and highly sensitive detectors. Consequently, a number of designs have
employed strong monochromatic laser sources to overcome this problem, for example, [141–145].

An overview of the different methods to determine directional–hemispherical and hemispher-
ical–directional reflectances has been given by Touloukian and DeWitt [6]. The different types of
experiments may be grouped into three categories, heated cavity reflectometers, integrating sphere
reflectometers, and integrating mirror reflectometers, each having their own ranges of applicability,
advantages, and shortcomings.

HEATED CAVITY REFLECTOMETERS. The heated cavity reflectometer [6, 146–148] (some-
times known as the Gier–Dunkle reflectometer after its inventors [148]) consists of a uniformly
heated enclosure fitted with a water-cooled sample holder and a viewport, as schematically
shown in Fig. 3-46. Since the sample is situated within a more or less closed isothermal enclo-
sure, the intensity striking it from any direction is essentially equal to the blackbody intensity
Ibλ(Tw) (evaluated at the cavity-wall temperature, Tw). Images of the sample and a spot on the
cavity wall are alternately focused onto the entrance slit of a monochromator. The signal from
the specimen corresponds to emission (at the sample’s temperature, Ts) plus reflection of the
cavity-wall’s blackbody intensity, Ibλ(Tw). Since the signal from the cavity wall is proportional
to Ibλ(Tw), the ratio of the two signals corresponds to

Is

Iw
=
ρ
��
λ
′(ŝ) Ibλ(Tw) + ε′λ(ŝ) Ibλ(Ts)

Ibλ(Tw)
. (3.111)

If the sample is relatively cold (Ts � Tw), emission may be neglected and the device simply
measures the hemispherical–directional reflectance. For higher specimen temperatures, and for
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an opaque surface with diffuse irradiation, from equations (3.42), (3.39) and (3.44),

ρ
��
′

λ(ŝ) = ρ′
��
λ (ŝ) = 1 − α′λ(ŝ) = 1 − ε′λ(ŝ), (3.112)

and
Is

Iw
= 1 − ε′λ(ŝ)

[
1 −

Ibλ(Ts)
Ibλ(Tw)

]
. (3.113)

The principal source of error in this method is the difficulty in making the entire cavity reasonably
isothermal and (as a consequence) making the reference signal proportional to a blackbody at
the cavity-wall temperature. To make these errors less severe the method is generally only used
for low sample temperatures.

INTEGRATING SPHERE REFLECTOMETERS. These devices are most commonly employed
for reflectance measurements [147,149–159] and are available commercially in a variety of forms,
either as separate instruments or already incorporated into spectrophotometers. A good early
discussion of different designs was given by Edwards and coworkers [154]. The integrating
sphere may be used to measure hemispherical–directional or directional–hemispherical re-
flectance, depending on whether it is used in indirect or direct mode. Schematics of integrating
spheres operating in the two modes are shown in Fig. 3-47. The ideal device is coated on its
inside with a material of high and perfectly diffuse reflectance. The most common material in
use is smoked magnesium oxide, which reflects strongly and very diffusely up to λ ' 2.6µm
(cf. Fig. 3-5). Other materials, such as “diffuse gold” [155–158], have been used to overcome the
wavelength limitations. The strong, diffuse reflectance, together with the spherical geometry,
assures that any external radiation hitting the surface of the sphere is converted into a perfectly
diffuse intensity field due to many diffuse reflections. In the direct method the sample is illu-
minated directly by an external source, as shown in Fig. 3-47a. All of the reflected radiation
is collected by the sphere and converted into a diffuse intensity field, which is measured by a
detector. Similar readings are then taken on a comparison standard of known reflectance, under
the same conditions. The sample may be removed and replaced by the standard (substitution
method); or there may be separate sample and standard holders, which are alternately irradiated
by the external source (comparison method), the latter being generally preferred. In the indirect
method a spot on the sphere surface is irradiated while the detector measures the intensity
reflected by the sample (or the comparison standard) directly.

Errors in integrating sphere measurements are primarily caused by imperfections of the
surface coating (imperfectly diffuse reflectance), losses out of apertures, and unwanted irradi-
ation onto the detector (direct reflection from the sample in the direct mode, direct reflection
from the externally-irradiated spot on the sphere in the indirect mode). Because of temperature
sensitivity of the diffuse coatings, integrating-sphere measurements have mostly been limited
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to moderate temperature levels. However, for monochromatic and high-speed FTIR measure-
ments it is possible to rapidly heat up only the sample by a high-power source, such as a laser,
as was done by Zhang and Modest [160].

INTEGRATING MIRROR REFLECTOMETERS. An alternative to the integrating sphere is
a similar design utilizing an integrating mirror. Mirrors in general have high reflectivities in the
infrared and are much more efficient than integrating spheres and, hence, are highly desirable in
the infrared where the energy of the light source is low. On the other hand, it is difficult to collect
the radiant energy, reflected by the sample into the hemisphere above it, into a parallel beam of
small cross-section. For this reason, an integrating mirror reflectometer requires a large detector
area. There are three types of integrating mirrors: hemispherical [161], paraboloidal [146, 162] and
ellipsoidal [163–169]. Schematics of the three different types are shown in Fig. 3-48. The principle
of operation of all three is the same, only the shape of the mirror is different. Each of these
mirrors has two conjugate focal points, i.e., if a point source of light is placed at one focal point,
all radiation will, after reflection off the mirror, fall onto the second focal point. Thus, in the
integrating mirror technique an external beam is focused onto the sample, which is located at one
of the focal points, through a small opening in the mirror. Radiation reflected from the sample
into any direction will be reflected by the integrating mirror and is then collected by the detector
located at the other focal point. This technique yields the directional–hemispherical reflectance
of the sample, after comparison with a reference signal. Alternatively, one of the focal points
can hold a blackbody source, with the ellipsoidal mirror focusing the energy onto the sample at
the second focal point. Radiation leaving the sample is then probed through a small hole in the
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mirror and spectrally resolved and detected by a monochromator or FTIR spectrometer, yielding
the hemispherical–directional reflectance of the sample [169]. Sources for error in the integrating
mirror method are absorption by the mirror, energy lost through the entrance port, nonuniform
angular response of detectors, and energy missing the detector owing to mirror aberrations. To
minimize aberrations, ellipsoids are preferable over hemispheres. The method has generally
been limited to relatively large wavelengths, > 2.5µm (because of mirror limitations), and to
moderate temperatures. Designs allowing sample temperatures up to about 1000◦C have been
reported by Battuello and coworkers [167], Ravindra and colleagues [170], and by Freeman et
al. [171], while the torch-heated sample of Markham and coworkers’ design [169] allows sample
temperatures up to 2000◦C. In general, integrating mirrors are somewhat less popular than
integrating spheres because mirrors are more sensitive to flux losses and misalignment errors.
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Problems

3.1 A diffusely emitting surface at 500 K has a spectral, directional emittance that can be approximated
by 0.5 in the range 0 < λ < 5µm and 0.3 for λ > 5µm. What is the total, hemispherical emittance of
this surface surrounded by (a) air and (b) a dielectric medium of refractive index n = 2?

3.2 A certain material at 600 K has the following spectral, directional emittance:

ε′λ =
{ 0.9 cosθ, λ < 1µm,

0.2, λ > 1µm.

(a) What is the total, hemispherical emittance of the material?
(b) If the sun irradiates this surface at an angle of θ = 60◦ off-normal, what is the relevant total

absorptance?
(c) What is the net radiative energy gain or loss of this surface (per unit time and area)?
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3.3 For optimum performance a solar collector surface has been treated so that, for the spectral, directional
emittance

ε′λ =

{
0.9 cos 2θ, θ < 45◦

0.0 θ > 45◦

}
, λ < 2µm,

= 0.1, all θ, λ > 2µm.

For solar incidence of 15◦ off-normal and a collector temperature of 400 K, what is the relevant ratio
of absorptance to emittance?

3.4 A long, cylindrical antenna of 1 cm radius on an Earth-orbiting satellite is coated with a material
whose emittance is

ε′λ =
{ 0, λ < 1µm,

cosθ, λ ≥ 1µm.

Find the absorbed energy per meter length. (Assume irradiation is from the sun only, and in a
direction normal to the antenna’s axis; neglect the Earth and stars.)

3.5 The spectral, hemispherical emittance of a (hypothetical) metal may be approximated by the relation-
ship

ελ =
{ 0.5, λ < λc = 0.5µm,

0.5λc/λ, λ > λc

(independent of temperature). Determine the total, hemispherical emittance of this material using (a)
Planck’s law, and (b) Wien’s distribution, for a surface temperature of (i) 300 K, and (ii) 1000 K. How
accurate is the prediction using Wien’s distribution?

3.6 A treated metallic surface is used as a solar collector material; its spectral, directional emittance may
be approximated by

ε′λ =
{ 0.5µm/λ, θ < 45◦,

0, θ > 45◦.

What is the relevant α/ε-ratio for near normal solar incidence if Tcoll ' 600 K?

3.7 Tungsten

lamps

45°
45°


Sample

A surface sample with

ε′λ =
{ 0.9 cosθ, λ < 2µm,

0.2, λ > 2µm,

is irradiated by three tungsten lights as shown. The tungsten
lights may be approximated by black spheres at T = 2000 K
fitted with mirrors to produce parallel light beams aimed at
the sample. Neglecting background radiation, determine the
absorptance of the sample.

3.8 qsun=1367 W/m2

2R

An antenna of a satellite may be approximated by a long half cylinder,
which is exposed to sunshine as shown in the sketch. The antenna
has a high conductivity (i.e., is isothermal), and is coated with the
material of Fig. 3-36, i.e., the material may be assumed to be gray with
the following directional characteristics:

ε′λ =
{ 0.9, 0 ≤ θ < 40◦,

0, θ > 40◦.

Determine the equilibrium temperature of the antenna, assuming it
exchanges heat only with the sun (and cold outer space).
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3.9

h

dx

θ

Q'A large isothermal plate (temperature T = 400 K) is ex-
posed to a long monochromatic (λ = 1µm) line source as
shown. The strength of the line source is Q′ (W/m length of
source) = hσT4, spreading equally into all directions. The
plate has a spectral, directional emittance of

ε′λ =

{
0.9 cos2θ, λ < 2.5µm,
0.1, λ > 2.5µm,

0 ≤ θ <
π
2
.

For a general location, x, determine relevant absorptance,
emittance, and the net local heat flux qnet(x), which must
be supplied to/removed from the plate to keep it isothermal at T.

3.10 A large isothermal plate (temperature T = 400 K) is exposed to a long tungsten–halogen line source
as shown in the sketch next to Problem 3.9. The strength of the line source is Q′ = 1000 W/m length
of source, spreading equally into all directions, and it has the spectral distribution of a blackbody at
4000K. The plate has a spectral, directional emittance of

ε′λ =

{
0.8 cosθ, λ < 3µm,
0.2, λ > 3µm. 0 ≤ θ <

π
2

For a general location, x, give an expression for local irradiation H, determine the relevant absorptance
and emittance, and give an expression for the net local heat flux qnet(x) that must be supplied
to/removed from the plate to keep it isothermal at T.

3.11

h

dr

θ

QAn isothermal disk (temperature T = 400 K) is exposed to
a small black spherical source (temperature Ts = 4000 K)
as shown. The strength of the source is Q (W), spread-
ing equally into all directions. The plate has a spectral,
directional emittance of

ε′λ =

{
0.9 cosθ, λ < 4µm,
0.3, λ > 4µm. 0 ≤ θ <

π
2

For a general location, r, determine relevant absorptance,
relevant emittance, and the net local heat flux qnet(r) that
must be supplied to/removed from the plate to keep it isothermal at T.

3.12
q =

L
10  W/cm

3 2

2d

2d

A conical cavity is irradiated by a defocused CO2 laser (wavelength =
10.6µm) as shown. The conical surface is maintained at 500 K. For cav-
ity coating with a spectral, directional emittance

ε′λ(λ, θ) =
{ 0.15 cosθ, λ < 6µm,

0.8 cos2θ, λ > 6µm,

determine the relevant total absorptance and emittance.

3.13 A metal (m2 = 50 − 50 i) is coated with a dielectric (m1 = 2 − 0 i), which is exposed to vacuum.

(a) What is the range of possible directions from which radiation can impinge on the metal?
(b) What is the normal reflectance of the dielectric–metal interface?
(c) What is the (approximate) relevant hemispherical reflectance for the dielectric–metal interface?
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3.14 For a certain material, temperature, and wavelength the spectral, hemispherical emittance has been
measured as ελ. Estimate the refractive index of the material under these conditions, assuming the
material to be (a) a dielectric with ελ = 0.8, (b) a metal in the infrared with ελ = 0.2 (the Hagen–Rubens
relation being valid).

3.15 It can be derived from electromagnetic wave theory that

ελ
εnλ
'

4
3
−

1
4
εnλ for εnλ � 1.

Determine ελ for metals with εnλ � 1 as a function of wavelength and temperature.

3.16 A solar collector surface with emittance

ε′λ =
{ 0.9 cosθ, λ < 2µm,

0.2, λ > 2µm,

is to be kept at Tc = 500 K. For qsol = 1300 W/m2, what is the range of possible sun positions with
respect to the surface for which at least 50% of the maximum net radiative energy is collected? Neglect
conduction and convection losses from the surface.

3.17 On one of those famous clear days in Central Pennsylvania (home of PennState), a solar collector is
irradiated by direct sunshine and by a diffuse atmospheric radiative flux. The magnitude of the solar
flux is qsun = 1000 W/m2 (incident at θsun = 45◦), and the effective blackbody temperature for the sky
is Tsky = 244 K. The absorber plate is isothermal at 320 K and is covered with a nongray, nondiffuse
material whose spectral, directional emittance may be approximated by

ε′λ(λ, θ) = εnλ cosθ, εnλ =
{ 0.9, λ < 2.2µm,

0.1, λ > 2.2µm,

where εnλ is the normal, spectral emittance. Determine the net radiative flux on the collector.

3.18 A small plate, insulated at the bottom, is heated by irradiation from a defocused CO2 laser beam
(wavelength 10.6µm) with an incidence angle of 30◦ off-normal. The radiative properties of the
surface are

ε′λ =

{
0.2 cos2θ, λ < 3µm,
0.8 cosθ, λ > 3µm.

The strength of the laser beam is 1300 W/m2. Neglecting losses due to natural convection, determine
the temperature of the plate.
Note: For such weak laser irradiation levels the heating effect is relatively small.

3.19

θLqL=60°


qL

d

A thin disk, insulated at the bottom, is irradiated by a CO2 laser
(λ = 10.6µm) as shown. The top surface is exposed to a low
temperature (300K) environment. Assume that the entire disk
surface is uniformly irradiated with qL = 5 MW/m2 and that the
specific heat/area of the disk is ρcpδ = 2 kJ/m2K. The disk is at
ambient temperature when the laser is turned on. The emittance
of the disk surface is

ε′λ =
{ 0.2, λ < 6µm,

0.9 cosθ, λ > 6µm.

(a) Indicate how to calculate the temperature history of the disk.
(b) Determine the initial heating rate (in K/s) at t = 0.
(c) What is the steady state temperature of the disk? (This is expected to be very high, say> 3000 K.)

3.20 Determine the total, normal emittance of copper, silver, and gold for a temperature of 1500 K. Check
your results by comparing with Fig. 3-8.
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3.21 Determine the total, hemispherical emittance of copper, silver, and gold for a temperature of 1500 K.
Check your results by comparing with Fig. 3-11.

3.22 A polished platinum sphere is heated until it is glowing red. An observer is stationed a distance
away, from where the sphere appears as a red disk. Using the various aspects of electromagnetic
wave theory and/or Fig. 3-9 and Table 3.3, explain how the brightness of emitted radiation would
vary across the disk, if observed with (a) the human eye, (b) an infrared camera.

3.23 Two aluminum plates, one covered with a layer of white enamel paint, the other polished, are directly
facing the sun, which is irradiating the plates with 1000 W/m2. Assuming that convection/conduction
losses of the plates to the environment at 300 K can be calculated by using a heat transfer coefficient of
10 W/m2 K, and that the back sides of the plates are insulated, estimate the equilibrium temperature
of each plate.

3.24 Consider a metallic surface coated with a dielectric layer.

(a) Show that the fraction of energy reflected at the vacuum–dielectric interface is negligible (n1 =
1.2; k1 = 0).

(b) Develop an expression for the normal, spectral emittance for the metal substrate, similar to the
Hagen–Rubens relationship.

(c) Develop an approximate relation for the directional, spectral emittance of the metal substrate
for large wavelengths and moderate incidence angles, say θ < 75◦.

3.25 vacuum, n0 = 1

dielectric, n1, k1

metal, n2, k2

A plate of metal with n2 = k2 = 100 is covered with a dielectric as
shown. The dielectric has an absorption band such that n1 = 2, and
k1 = 1 for 0.2µm < λ < 2µm and k1 = 0 elsewhere. The dielectric is
thick enough, such that any light traveling through it of wavelengths
0.2µm < λ < 2µm is entirely absorbed before it reaches the metal.

(a) What is the total, normal emittance of the composite if its temperature is 400 K?
(b) What is the total, normal absorptance if the sun shines perpendicularly onto the composite?

3.26 Estimate the total, normal emittance of α-SiC for a temperature of (i) 300 K, (ii) 1000 K. You may
assume the spectral, normal emittance to be independent of temperature.

3.27 Estimate the total, hemispherical emittance of a thick slab of pure silicon at room temperature.

3.28 Estimate and compare the total, normal emittance of room temperature aluminum for the surface
finishes given in Fig. 3-25.

3.29 A satellite orbiting Earth has part of its (flat) surface coated with spectrally selective “black nickel,”
which is a diffuse emitter and whose spectral emittance may be approximated by

ελ =
{ 0.9, λ < 2µm,

0.25, λ > 2µm.

Assuming the back of the surface to be insulated, and the front exposed to solar irradiation of
qsol = 1367 W/m2 (normal to the surface), determine the relevant α/ε-ratio for the surface. What is its
equilibrium temperature? What would be its equilibrium temperature if the surface is turned away
from the sun, such that the sun’s rays strike it at a polar angle of θ = 60◦?

3.30 Repeat Problem 3.29 for white paint on aluminum, whose diffuse emittance may be approximated by

ελ =
{ 0.1, λ < 2µm,

0.9, λ > 2µm.

3.31 Estimate the spectral, hemispherical emittance of the grooved materials shown in Fig. 3-36. Repeat
Problem 3.29 for these materials, assuming them to be gray.
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3.32 Repeat Problem 1.7 for a sphere covered with the grooved material of Fig. 3-36, whose directional,
spectral emittance may be approximated by

ε′λ =
{ 0.9, 0 ≤ θ < 40◦,

0.0, 40◦ < θ < 90◦.

Assume the material to be gray.

3.33 A solar collector consists of a metal plate coated with “black nickel.” The collector is irradiated
by the sun with a strength of qsol = 1000 W/m2 from a direction that is θ = 30◦ from the surface
normal. On its top the surface loses heat by radiation and by free convection (heat transfer coefficient
h1 = 10 W/m2 K), both to an atmosphere at Tamb = 20◦C. The bottom surface delivers heat to the
collector fluid (h2 = 50 W/m2 K), which flows past the surface at Tfluid = 20◦C. What is the equilibrium
temperature of the collector plate? How much energy (per unit area) is collected (i.e., carried away
by the fluid)? Discuss the performance of this collector. Assume black nickel to be a diffuse emitter.

3.34 Make a qualitative plot of temperature vs. the total hemispherical emittance of:

(a) a 3 mm thick sheet of window glass,
(b) polished aluminum, and
(c) an ideal metal that obeys the Hagen–Rubens relation.

3.35 A horizontal sheet of 5 mm thick glass is covered with a 2 mm thick layer of water. If solar radiation is
incident normal to the sheet, what are the transmissivity and reflectivity of the water/glass layer atλ1 =
0.6µm and λ2 = 2µm? For water mH2O(0.6µm) = 1.332− 1.09× 10−8 i, mH2O(2µm) = 1.306− 1.1× 10−3 i
[172]; for glass mglass(0.6µm) = 1.517 − 6.04 × 10−7 i, mglass(2µm) = 1.497 − 5.89 × 10−5 i [82].

3.36 Sunshine

Glass

Glass

5mm

5mm

Collector

A solar collector plate of spectral absorptivity αcoll = 0.90 is
fitted with two sheets of 5 mm thick glass as shown in the adja-
cent sketch. What fraction of normally incident solar radiation
is absorbed by the collector plate at a wavelength of 0.6µm?
At 0.6µm mglass = 1.517 − 6.04 × 10−7 i [82].


