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22.1 INTRODUCTION

In our analyses of radiative transfer in participating media we have, up to this point, always
assumed that there was no interaction with other modes of heat transfer, i.e., we have lim-
ited ourselves to cases of radiative equilibrium and cases of specified temperature fields. In
practical systems, of course, it is nearly always the case that radiation occurs in conjunction
with conduction and/or convection, and two or three heat transfer modes must be accounted
for simultaneously. In such cases overall conservation of energy, equation (10.72), needs to be
solved, which always leads to a nonlinear integro-differential equation.

Many important applications of interactions between radiation and other modes of heat
transfer have been reported in the literature. Discussion of all of these could easily, by itself, fill
a book as voluminous as this one. We will therefore limit ourselves here to the discussion of
a few very basic cases (i) to show the basic trends of how the different modes of heat transfer
interact with one another, and (ii) to outline some of the numerical schemes that have been used
to solve such problems. We will begin with two sections that deal with combined radiation and
conduction in participating media, the latter one including change-of-phase effects. Combined
radiation and convection is treated in several subsequent sections, the first three dealing with
simple external and internal flows, as well as natural convection. Separate sections have been
devoted to more advanced topics, such as radiation in chemically reacting flows, numerical
interfacing between convection, chemical reactions and radiation, and turbulence–radiation
interactions.

For much of this chapter we will limit our theoretical developments to a simple plane-parallel
geometry with a gray medium, since our aim is to investigate only the general trends of the
interaction among the different modes of heat transfer. More advanced topics and applications,
such as the multidimensional interaction of radiation with convection, turbulence, and chemical
reactions will be outlined in order to understand the nature of such interactions, and a list of
references for more in-depth study will be given.

22.2 COMBINED RADIATION AND
CONDUCTION

Throughout the remainder of this chapter we will deal with the interaction of radiation with
conduction and/or convection within an absorbing, emitting, and scattering medium. We start
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in this section by discussing the interaction between radiation and conduction in a stationary,
radiatively participating medium. Since we are primarily interested in general trends and in
evaluation methods, we will limit ourselves here to the relatively simple example of steady-state
heat transfer through a one-dimensional, absorbing–emitting (but not scattering) gray medium,
confined between two parallel, isothermal, gray, diffusely emitting and reflecting plates.

The energy equation for simultaneous conduction and radiation in a participating medium
is, from equation (10.72),

ρcv
∂T
∂t

= ∇ · (k∇T) + Q̇ ′′′ − ∇ · q R. (22.1)

For a one-dimensional, planar medium at steady state and without internal heat generation,
this reduces to equation (10.73), or

d
dz

(
k

dT
dz
− qR

)
= 0, (22.2)

subject to the boundary conditions

z = 0 : T(0) = T1, (22.3a)
z = L : T(L) = T2. (22.3b)

The radiative heat flux, or its divergence

dqR

dz
=

∫
∞

0
κη(4πIbη − Gη) dη, (22.4)

may be obtained by any of the methods discussed in the preceding chapters.
For simplicity, we will assume that all properties are constant (i.e., thermal conductivity k,

absorption coefficient κ, and refractive index n) and gray. Note that the assumption of a semi-
transparent medium implies that the absorptive index (also denoted by the letter k)—although
directly related to the absorption coefficient—is negligible1 in the evaluation of the blackbody
intensity, i.e., Ib = n2σT4/π. Introducing the nondimensional variables and parameters

ξ =
z
L
, θ =

T
T1
, ΨR =

qR

n2σT4
1

, 1 =
G

4n2σT4 ;

τL = κL, θL =
T2

T1
, N =

kκ
4σT3

1

,

reduces equations (22.2) through (22.4) to

d2θ

dτ2 =
1

4N
dΨR

dτ
, (22.5)

dΨR

dτ
= 4(θ 4

− 1), (22.6)

θ(0) = 1, θ(τL) = θL. (22.7)

Here τL is the optical thickness of the medium, and N is known as the conduction-to-radiation
parameter. For optically thick slabs (τL � 1) N gives a good estimate of the relative importance
of conductive and radiative heat fluxes: From equations (15.17) and (15.18),

τL � 1 :
qC

qR

=
−k ∂T/∂z
−kR ∂T/∂z

=
k
kR

=
3
4

kκ
4n2σT4 ,

1See the discussion on the value of k in Section 3.5.
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which gives the ratio of heat fluxes in terms of a local temperature. The situation is a little more
complicated for optically thin situations (τL � 1), for which the temperature field of the entire
enclosure must be considered. For example, for an optically thin slab bounded by two black
walls at T1 and T2, respectively, from equation (15.7),

τL � 1 : qR ' n2σ(T4
1−T4

2) = 4n2σT3
av(T1−T2),

qC = −k
∂T
∂z
' k(T1−T2)/L,

qC

qR

'
k/L

4n2σT3
av

=
1
τL

kκ
4n2σT3

av
.

If, in an optically thin slab, emission from within the slab (rather than from its boundaries)
dominates the radiative heat flux, then qR becomes proportional to κ [cf. equation (10.54)], and

τL � 1 (emission dominated) :
qC

qR

= O

(
N
τ2

L

)
.

As representative examples for combined radiation and conduction in a slab, we will discuss
here solutions for the radiative heat flux using the exact integral formulation (as presented
in Chapter 14) and the differential or P1-approximation (described in Sections 15.4 and 16.5).
Similarly, equation (22.2) may be solved by a variety of numerical techniques. Since the equation
is nonlinear (because of the T4-dependence for the radiative heat flux), analytical solutions are
not possible, and numerical schemes require an iterative solution. For illustrative purposes we
will limit ourselves here to a finite-difference solution of equations (22.2) and (22.3).

Exact Formulation
The exact formulation for incident radiation G and radiative heat flux qR for a one-dimensional
slab with specified temperature distribution has been given by equations (14.53) and (14.54).
For a nonscattering medium the radiative source term reduces to S(τ) = Ib(τ) = n2σT4(τ)/π [as
given by equation (14.52)], and the radiative heat flux, as given by equation (14.54), becomes, in
nondimensional form,

ΨR(τ) = 2
{
J1E3(τ) −J2E3(τL−τ) +

∫ τ

0
θ 4(τ′)E2(τ−τ′) dτ′ −

∫ τL

τ
θ 4(τ′)E2(τ′−τ) dτ′

}
, (22.8)

where we have introduced the nondimensional radiosities Ji = Ji/n2σT4
1 . Equation (22.8) may

be integrated by parts, using the recursion relations of Appendix E, leading to

ΨR(τ) = 2
{

(J1−1)E3(τ) − (J2−θ
4
L )E3(τL−τ)

−

∫ τ

0

dθ 4

dτ′
(τ′)E3(τ−τ′) dτ′ −

∫ τL

τ

dθ 4

dτ′
(τ′)E3(τ′−τ) dτ′

}
, (22.9)

and, using Leibniz’s rule [1], as given by equation (3.107),

dΨR

dτ
= 2

{
(1−J1)E2(τ) + (θ 4

L −J2)E2(τL−τ)

+

∫ τ

0

dθ 4

dτ′
(τ′)E2(τ−τ′) dτ′ −

∫ τL

τ

dθ 4

dτ′
(τ′)E2(τ′−τ) dτ′

}
. (22.10)

Equation (22.10) must be solved simultaneously with equation (22.5) and its boundary condi-
tions (22.7). For nonblack surfaces two additional relations are required for the determination
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of the radiosities J1 and J2. These may be obtained by applying equation (22.9) (evaluation of
the radiative heat flux in terms of radiosities and medium temperature) at the two boundaries,
eliminating the radiative heat flux through equation (14.48) (relating heat flux to radiosity and
surface temperature). For the illustrative purposes of our present discussion, we will limit
ourselves to black surfaces, i.e., J1 = 1 and J2 = θ 4

L , and

dΨR

dτ
= 2

{∫ τ

0

dθ 4

dτ′
(τ′)E2(τ−τ′) dτ′ −

∫ τL

τ

dθ 4

dτ′
(τ′)E2(τ′−τ) dτ′

}
. (22.11)

For this simple case, substitution of equation (22.11) into (22.5) gives a single nonlinear integro-
differential equation for the unknown temperature, θ. Once the temperature field has been
determined, the total heat flux follows as

q = −k
dT
dz

+ qR = const,

or, in nondimensional form,

Ψ =
q

n2σT4
1

= −4N
dθ
dτ

+ ΨR = const. (22.12)

Example 22.1. An absorbing–emitting medium is contained between two large, parallel, isothermal,
black plates at temperatures T1 and T2 = 0.5 T1, respectively. Determine the steady-state temperature
distribution within the medium and the total heat flux between the two plates, if heat is transferred by
conduction and radiation. Discuss the influence of the conduction-to-radiation parameter, N, and of the
optical thickness of the layer, τL.

Solution
The numerical solution to the governing equation may be found in a number of ways. We will employ
here J + 1 equally spaced nodes τ = 0,∆τ, 2∆τ, . . . , J∆τ = τL with nodal temperatures θi (i = 0, 1, 2, . . . , J)
and simple finite-differencing for the conduction term,

d2θ

dτ2 '
θi+1 − 2θi + θi−1

∆τ2 + O(∆τ2),

with a truncation error of order ∆τ2. The divergence of the radiative heat flux, equation (22.11), will
be calculated by approximating the emissive power, θ 4, by a spline function, followed by analytical
evaluation of the piecewise integrals. In order to obtain the same truncation error as for the conduction
term, O(∆τ2), the prediction of dθ 4/dτ′ must be accurate to O(∆τ) [since the piecewise integration
decreases the truncation error by O(∆τ)]. Thus, for the emissive power a linear spline is sufficient, or

θ 4(τ) = θ4
i + Bi(τ−τi) + O(∆τ2) =

θ4
i (τi+1−τ) + θ 4

i+1(τ−τi)

∆τ
+ O(∆τ2),

dθ 4

dτ
(τ) =

θ 4
i+1 − θ

4
i

∆τ
+ O(∆τ),

τi < τ < τi+1, i = 0, 1, 2, . . . , J − 1.

Substituting this into equation (22.11) leads to(
dΨR

dτ

)
i
' 2

i∑
j=1

θ 4
j − θ

4
j−1

∆τ

∫ τj

τj−1

E2(τi−τ
′) dτ′ − 2

J∑
j=i+1

θ 4
j − θ

4
j−1

∆τ

∫ τj

τj−1

E2(τ′−τi) dτ′

=
2

∆τ

i∑
j=1

(
θ 4

j − θ
4
j−1

) [
E3(τi−τj) − E3(τi−τj−1)

]
+

2
∆τ

J∑
j=i+1

(
θ 4

j − θ
4
j−1

) [
E3(τj−τi) − E3(τj−1−τi)

]
=

2
∆τ

J∑
j=1

(
θ 4

j − θ
4
j−1

) [
E3

(
|i− j|∆τ

)
− E3

(
|i+1− j|∆τ

)]
.
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Equating both sides of equation (22.5), we find

θi−1 − 2θi + θi+1 =
∆τ
2N

J∑
j=1

(θ 4
j − θ

4
j−1)

[
E3

(
|i− j|∆τ

)
− E3

(
|i+1− j|∆τ

)]
, i = 1, 2, . . . , J − 1,

θ0 = 1, θJ = θL.

If N is relatively large (N > 0.1), heat transfer is dominated by conduction, and the solution proceeds as
follows:

1. A temperature profile is guessed (e.g., the linear profile for pure conduction), and the (dΨR/dτ)i are
calculated based on these temperatures.

2. A new temperature profile is determined by inverting the simple tridiagonal matrix for θ.

3. The temperature profile is iterated on, using underrelaxation as necessary (as discussed in the previous
example).

If N is small, radiation dominates, and the process should be reversed:

1. A temperature profile is guessed, the conduction contribution is calculated, and an emissive power
field is determined by inverting the full matrix for the θ 4

i on the right-hand side.

2. A new temperature profile is deduced from the emissive powers, etc.

Once the temperature profile is known, the total heat flux follows from equations (22.9) and (22.12)
as

Ψi ' −
2N
∆τ

(θi+1 − θi−1) −
2

∆τ


i∑

j=1

(
θ 4

j − θ
4
j−1

) ∫ τj

τj−1

E3(τi−τ
′) dτ′

+

J∑
j=i+1

(
θ 4

j − θ
4
j−1

) ∫ τj

τj−1

E3(τ′−τi) dτ′


= −

2N
∆τ

(θi+1 − θi−1) −
2

∆τ


i∑

j=1

(
θ 4

j − θ
4
j−1

) [
E4(τi−τj) − E4(τi−τj−1)

]

−

J∑
j=i+1

(
θ 4

j − θ
4
j−1

) [
E4(τj−τi) − E4(τj−1−τi)

] , i = 1, 2, . . . , J − 1.

This value for the nondimensional heat flux should be the same for all nodes.
Representative results are shown in Figs. 22-1 and 22-2. Figure 22-1 shows the nondimensional

temperature variation within the slab for an intermediate optical thickness of τL = 1, calculated by two
different methods: by the integral formulation of the present example, and by the P1-approximation.
For N = 0 there is no conduction, and the temperature profile is discontinuous at the walls, as first
indicated in Fig. 14-3. For very small values of N the temperature profile remains similar except near the
walls, where the medium temperature must rapidly approach the surface temperatures. As N increases,
the influence of conduction increases, and the temperature profile rapidly becomes linear. For optically
thin situations (not shown) the effect is even more pronounced: larger temperature jumps at the wall for
N = 0 and an already near-linear temperature profile for N = 0.01. This behavior may be explained by
noting that—for small τL—little emission and absorption takes place inside the medium; radiative heat
flux travels directly from surface to surface.

Representative nondimensional heat fluxes are shown in Fig. 22-2 and are compared with approxi-
mate methods, which will be discussed a little later. Since the optical thickness of a slab acts as a radiative
barrier between two surfaces at different temperatures, the net heat flux increases with decreasing τL.
That q/n2σT4

1 increases with increasing N may be interpreted in two opposite ways: If the increase of
N is due to an increase in thermal conductivity k, then the conductive and total heat fluxes increase.
However, if the increase in N is due to a decrease in T1, the radiative and total heat fluxes decrease due
to the decreasing temperature levels (since q/n2σT4

1 increases less rapidly than N).

Simple combined conduction–radiation problems such as this were first treated by Viskanta
and Grosh [2, 3] and Lick [4]. More recent investigations for nonscattering media have looked
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FIGURE 22-1
Nondimensional temperature distribution for combined radiation and conduction across a gray slab of optical thickness
τL = 1, bounded by black plates with a temperature ratio of θL = T2/T1 = 0.5.
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FIGURE 22-2
Nondimensional total heat flux for combined radiation and conduction across a gray slab, bounded by black plates
with a temperature ratio of θL = T2/T1 = 0.5.

at laser flash diffusivity measurements of semitransparent materials [5], and several nongray
problems such as heat transfer through aerogels [6], plastics [7], and combustion gases [8].
Several other one-dimensional investigations have also used exact radiation formulations in the
presence of isotropic [9–11] and even anisotropic scattering [12], all using gray and constant
radiation properties. Two-dimensional problems have been considered by Wu and Ou [13],
who looked at a gray rectangular medium with isotropic scattering, and by Tuntomo and
Tien [14], who applied Maxwell’s equations to small metallic particles irradiated by a laser. A
comprehensive review of combined conduction–radiation heat transfer investigations has been
given by Siegel [15].
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P1-Approximation

The governing equations for the P1-approximation and their boundary conditions have been
given by equations (15.42) through (15.44) for the one-dimensional slab, and by equations (16.50)
through (16.52) for general geometries. For a one-dimensional, gray, nonscattering slab between
two gray-diffuse surfaces, the relations may be summarized as

dq
dτ

= 4πIb − G, (22.13)

dG
dτ

= −3q, (22.14)

τ = 0 : 2q = 4J1 − G =
ε1

2 − ε1
(4πIb1 − G), (22.15a)

τ = τL : −2q = 4J2 − G =
ε2

2 − ε2
(4πIb2 − G), (22.15b)

or, in nondimensional form (as given at the beginning of this section),

dΨR

dτ
= 4(θ 4

− 1), (22.16)

d1
dτ

= −
3
4

ΨR, (22.17)

τ = 0 : ΨR = 2( J1 − 1) =
2ε1

2 − ε1
(1 − 1), (22.18a)

τ = τL : −ΨR = 2( J2 − 1) =
2ε2

2 − ε2
(θ 4

L − 1). (22.18b)

The radiative heat flux, ΨR, may be eliminated from equations (22.16) through (22.18), leading
to

d21

dτ2 + 3(θ 4
− 1) = 0, (22.19)

τ = 0 :
d1
dτ

+
3
2

ε1

2 − ε1
(1 − 1) = 0, (22.20a)

τ = τL :
d1
dτ
−

3
2

ε2

2 − ε2
(θ 4

L − 1) = 0. (22.20b)

This second-order differential equation for the incident radiation is connected to the overall
energy equation by combining equations (22.5) and (22.6), or

d2θ

dτ2 =
1
N

(θ 4
− 1), (22.21)

with its boundary condition (22.7). A solution is obtained by guessing a temperature field,
followed by the determination of the incident radiation field from equations (22.19) and (22.20).
This, in turn, is used to find an updated temperature field from equations (22.21) and (22.7).
Using suitable underrelaxation (generally necessary because of the nonlinearity of the problem),
an iteration is performed until converged temperature and incident radiation fields have been
obtained. At that point the net heat flux may be calculated from equation (22.12) after evaluation
of the radiative heat flux from equation (22.17), or

ΨR = −
4
3

d1
dτ
. (22.22)
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FIGURE 22-3
Nodal system for a one-dimensional
slab, with artificial nodes “−1” and
“J + 1” inside the walls.

Example 22.2. Repeat the previous example, employing the P1-approximation.

Solution
We will use a simple finite-difference method for the solution of overall energy as well as the P1-
approximation. As before, we will break up the optical thickness τL into J + 1 equally spaced nodes:
i = 0, 1, . . . , J with τi = i∆τ and ∆τ = τL/N. Thus, equation (22.21) becomes

θi−1 − 2θi + θi+1 = ϕi =
∆τ2

N
(θ 4

i − 1i), i = 1, 2, . . . , J − 1,

θ0 = 1, θJ = θL.

Similarly, equation (22.19) transforms to

1i−1 − (2 + 3∆τ2) 1i + 1i+1 = −3∆τ2θ 4
i , i = 1, 2, . . . , J − 1.

Two more relations are needed at the two walls. The two boundary conditions for 1 are of the third kind,
i.e., they contain both the dependent variable and its normal derivative. In order to retain the overall
truncation error of O(∆τ2) for all relations, and to retain the tridiagonal nature of the finite-difference
equations, it is best to use the method of artificial nodes [16]. In this method hypothetical nodes outside
the medium (i.e., inside the walls) are introduced on each side, as indicated in the sketch of Fig. 22-3,
and equations (22.19) and (22.20) are finite-differenced at the walls as if the boundary nodes were well
inside the medium. Thus, with (

d1
dτ

)
0
'
11 − 1−1

2∆τ
,

we obtain
1−1 − (2 + 3∆τ2) 10 + 11 = −3∆τ2,

−1−1 − 3∆τ 10 + 11 = −3∆τ.

Adding,
− [2 + 3∆τ(1 + ∆τ)] 10 + 211 = −3∆τ(1 + ∆τ).

Similarly, at the other boundary,

1N−1 − (2 + 3∆τ2) 1N + 1N+1 = −3∆τ2θ 4
L ,

−1N−1 + 3∆τ 1N + 1N+1 = 3∆τθ 4
L ,

and, after subtracting,
21N−1 − [2 + 3∆τ(1 + ∆τ)] 1N = −3∆τ(1 + ∆τ)θ 4

L .

Therefore, we have two simultaneous tridiagonal systems for the unknown θi and 1i. These systems
are readily solved by guessing a distribution for the ϕi (say, ϕi = 0) and inverting the tridiagonal matrix
for θi. With this the right-hand side for the 1i can be calculated, and the tridiagonal matrix for 1i can be
inverted. At this point new values for ϕi may be determined, etc. Once the iteration has converged, the
net heat flux is obtained from

Ψi =
2N
∆τ

(θi−1 − θi+1) +
2

3∆τ
(1i−1 − 1i+1).

Some sample results are included in Figs. 22-1 and 22-2 for comparison with the exact results. It is
observed that the accuracy of the temperature profile is as expected from the differential approximation
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(cf. Chapters 15 and 16). Also as expected, the accuracy improves with increasing N, i.e., when conduc-
tion dominates more and more over radiation. Similar observations hold true for the evaluation of net
heat fluxes.

Wang and Tien [17] apparently were the first ones to employ the P1- or differential approxi-
mation for combined radiation and conduction.

Additive Solutions
Since the evaluation of simultaneous heat transfer by conduction and radiation is rather cum-
bersome, it is tempting to treat each mode of energy transfer separately (as if the other one
weren’t there), followed by adding the two resulting heat fluxes. This simple method gives the
correct heat flux for the two limiting situations (when only a single mode of heat transfer is
present). The question is, how accurate is the method for intermediate situations?

The energy flux by pure steady-state conduction through a one-dimensional slab of thickness
L is given by

qC = k
T1 − T2

L
, (22.23)

while the radiative heat flux for a gray, nonscattering medium at radiative equilibrium, confined
between two isothermal black plates is, from Example 15.5,

qR =
n2σ(T4

1 − T4
2)

1 + 3
4τL

, (22.24)

where we have used the result obtained from the differential approximation, in order to make a
closed-form expression possible. Adding these two heat fluxes yields the approximate net heat
flux, which, in nondimensional form, may be written as

Ψ =
q

n2σT4
1

'
4N
τL

(1 − θL) +
1 − θ 4

L

1 + 3
4τL

, (22.25)

which is also included in Fig. 22-2. It is observed that the additive solution is surprisingly
accurate. Einstein [18] and Cess [19] have shown that the method is within 10% of exact
results for black plates, although somewhat larger errors are observed for strongly reflecting
surfaces. Zeng and coworkers [20] have applied the method to somewhat nongray materials,
and Howell [21] has demonstrated the relative accuracy of the method for concentric cylinders.
Since the method has no physical foundation, it is impossible to predict its accuracy for general
geometries. In addition, the method cannot be used to predict the temperature field, since pure
conduction and pure radiation each predict their own—conflicting—profiles.

Other Work
Since the early 1960s numerous articles on combined conduction–radiation problems have ap-
peared in the literature. Most of the early papers dealt with very simple one-dimensional
problems [2–4, 17, 22–27]. A number of investigations dealt with the effects of scattering in a
one-dimensional slab [28–51]; others considered spectral/nongray effects in varying degrees of
sophistication [44, 46, 47, 52–65]. The effects of external irradiation on the combined-mode heat
transfer in a one-dimensional slab have been discussed in various investigations [5,57,62,66–73]
and the influence of transient conduction in others [5, 34, 41, 50, 51, 62, 70–86]. Others consid-
ered variable property effects (thermal conductivity and/or radiative properties) [42, 43, 49],
some studied ultrafast effects (hyperbolic conduction) [51,73], and others again applied inverse
analysis to infer properties from experimental measurements [12, 48, 87]. Various numerical
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FIGURE 22-4
Melting zones within a semi-infinite body: (a) opaque medium,
(b) semitransparent medium.

schemes for the solution of the governing nonlinear integro-differential equation have been
employed, such as collocation with B-spline trial functions [88], collocation with Chebyshev
polynomials [38], Galerkin methods [33,34], and finite-element methods [34]. In addition to the
“exact” integral expressions, a number of different approximate methods were used to evalu-
ate the radiative heat flux, such as the diffusion method [45, 63, 65, 70, 89], the two-flux method
[29,44,47,72,77,90,91], the exponential kernel approximation [4,50,64,72], the PN-approximation
or variations of it [13,17,35,48,49,74], the discrete ordinates method [41–43,46,51,65,87,92–96],
the zonal method [60], the Monte Carlo method [37, 97–99], and others. The few available
experimental measurements of conduction–radiation interaction demonstrate the validity of
theoretical models for glass [95, 100, 101], aerogel [6, 102], glass particles [38], fiberglass [36],
porous media [103], packed spheres [46], and gases [104].

While the majority of investigations have dealt with the interaction in a one-dimensional
slab, other geometries have been increasingly considered, such as one-dimensional spheres
[21, 105–110], one-dimensional cylinders [91, 99, 111–116], and rectangular and other two- and
three-dimensional configurations [13, 37, 63, 87, 92–96, 117–125].

22.3 MELTING AND SOLIDIFICATION
WITH INTERNAL RADIATION

Melting and solidification of materials is of importance in many applications and has been
studied for over a century. Until the 1950s attention had been focused exclusively on melting
and solidification of opaque materials, i.e., situations where the influence of internal radiative
heat transfer may be neglected. Early investigations into the effects of radiation have assumed
that, as in the case of opaque bodies, there is a distinct interface between liquid and solid
zones [126–136], even though meteorologists had already realized that internal melting may
occur within ice (e.g., [137, 138]). Chan and coworkers [139] postulated that there exists a two-
phase zone between the pure liquid and pure solid zones, as shown schematically in Fig. 22-4.
The existence of such a two-phase layer in the presence of an internal radiation field may be
explained as follows. Consider the melting of a semi-infinite solid, which is initially isothermal
at its melting temperature Tm. A constant radiative heat flux is supplied to the face of the solid,
as indicated in Fig. 22-4. If the material is opaque, the incident heat flux is absorbed by a thin
surface layer at x = 0, and heat transfer inside the medium is by conduction alone. Melting then
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FIGURE 22-5
Solidification of a semitransparent liquid at T∞,
subjected to a cold boundary Tw (Tw < Tm < T∞).

proceeds with a distinct interface as indicated in Fig. 22-4a, and as described in many papers
and textbooks, e.g., [140]. If the material is semitransparent the external radiation penetrates
deep into the solid, and some of the energy is absorbed internally, say, in the strip dx. This
absorbed energy cannot be conducted away (the solid is isothermal at Tm), nor can it raise
the sensible heat without first melting the solid within the layer. Since the amount of energy
absorbed over a short period of time cannot be sufficient to melt all of the material within the
layer dx instantaneously, only gradual—and, therefore, partial—melting can be expected. As
the amount of absorbed energy decreases for increasing distance away from the surface, the melt
fraction will decrease along with it. For the more general case, if there is solid at temperatures
below the melting point, absorbed radiative energy will be used first to raise the sensible heat
of the material, resulting in a purely solid zone. Similar conclusions about the existence of a
two-phase zone or “mushy zone” can be reached by replacing the external heat flux by a hot
surface (with its surface emission), or by considering solidification rather than melting.

For the illustrative purposes of the present section, we will limit our consideration to a
semi-infinite body, which is originally liquid and isothermal at temperature T∞ (T∞ > Tm, the
melting temperature of the medium). For times t > 0 the temperature of the face at x = 0
is changed to, and kept at, a temperature Tw, which is lower than the melting/solidification
temperature Tm. This results in a three-layer system with a qualitative temperature distribution
as shown in Fig. 22-5. To keep the analysis simple, we will further assume that liquid and solid
have identical and constant properties (kl = ks = k, κl = κs = κ, etc.), that the medium does
not scatter, and that the face is black (εw = 1). Consideration of variable properties, different
boundary conditions, different geometry, and/or melting instead of freezing is straightforward
(but very tedious) and will not be discussed here. In the following pages we will set up the
relevant energy equations governing the three zones, and the boundary conditions that they
require, following the development of Chan and coworkers [139].

Pure Solid Region If, at t = 0, the temperature of the face is lowered instantaneously to
Tw < Tm, this requires the instantaneous formation of an (infinitesimally thin) layer of pure
solid, which will grow with time. The governing equation for the temperature within the solid
zone follows from equation (10.72) as

ρc
∂T
∂t

= k
∂2T
∂x2 −

dqR

dx
, (22.26)

which—assuming for now the location of the solid–mushy zone interface X1(t) to be known—
requires an initial condition and two boundary conditions, that is,

t = 0 : T(x, 0) = T∞, (22.27a)
x = 0 : T(0, t) = Tw, (22.27b)

x = X1(t) : T(X1, t) = Tm. (22.27c)
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We defer, for the moment, the evaluation of the radiative heat flux since this is done in the same
way for all three zones.

Two-Phase Region (Mushy Zone) In the presence of a two-phase region, at least a part of
the solidification takes place over a finite volume (rather than only at a distinct interface). Since
during solidification the medium releases heat in the amount of L J/kg (where L is the heat of
fusion), this gives rise to a volumetric heat source in the amount of

Q̇ ′′′ = Lṁ ′′′s = Lρs V̇ ′′′s = Lρs
∂ fs
∂t
, (22.28)

where ṁ ′′′s and V̇ ′′′s are the mass and volume of solid formed per unit time and volume, respec-
tively, ρs is the density of the pure solid, and fs is the local solid fraction. Thus, with this heat
source the energy equation (10.72) becomes

ρc
∂T
∂t

= k
∂2T
∂x2 −

dqR

dx
+ ρL

∂ fs
∂t
, (22.29)

where we have omitted the subscript s from ρs in the heat source term, since we assume that
ρs = ρl = ρ = const. Since everywhere within the two-phase zone liquid and solid coexist and
are assumed to be in local thermodynamic equilibrium, this implies that the temperature in
the mushy zone is uniformly at the melting point, and there can be no sensible heat change
(∂T/∂t = 0) and no conduction (∂2T/∂x2 = 0). Thus, the energy equation simply becomes a
relationship for the determination of the solid fraction, or

∂ fs
∂t

=
1
ρL

dqR

dx
, (22.30)

subject to the initial condition
t = 0 : fs(x, 0) = 0. (22.31)

Pure Liquid Region The energy equation for the pure liquid region is identical to the one
for the solid, but with different boundary conditions since the zone extends from x = X2(t) to
x→∞:

ρc
∂T
∂t

= k
∂2T
∂x2 −

dqR

dx
, (22.32)

t = 0 : T(x, 0) = T∞, (22.33a)
x = X2(t) : T(X2, t) = Tm, (22.33b)

x→∞ : T(∞, t) = T∞. (22.33c)

Radiative Heat Flux The radiative heat flux within a semitransparent, semi-infinite medium
bounded by a black wall, as well as its divergence, are readily found from equations (14.54)
through (14.36):

qR(τ) = 2
[
EbwE3(τ) +

∫ τ

0
Eb(τ′)E2(τ−τ′) dτ −

∫
∞

τ
Eb(τ′)E2(τ′−τ) dτ′

]
, (22.34)

dqR

dτ
(τ) = 4Eb(τ) − 2

[
EbwE2(τ) +

∫
∞

0
Eb(τ′)E1(|τ−τ′|) dτ′

]
, (22.35)

where τ = κx is the usual optical coordinate, and we assume here that the absorption coefficient
is constant and the same for both liquid and solid. Note that qR(τ) and dqR/dτ are continuous
everywhere, including interfaces2 (which is not true for the divergence of the conductive heat
flux, as we will see from the interface conditions below).

2This is also true for variable/different absorption coefficients, for which equations (22.34) and (22.35) continue to
hold with τ =

∫ x

0 κ(x) dx.
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Interface Conditions Finally, we need two conditions for the determination of the location
of the two interfaces between solid and mushy zones, X1(t), and between mushy zone and pure
liquid, X2(t). These are obtained by performing energy balances over infinitesimal volumes
adjacent to the interface, as depicted in Fig. 22-6. Consider a volume of thickness dX1 at the
solid–mushy zone interface, dX1 being the thickness that becomes purely solid over a time
period dt. An energy balance gives:

energy conducted in at X1(t) + energy radiated in at X1(t) + energy released during dt
= energy conducted out at X1(t+dt) + energy radiated out at X1(t+dt),

or

−k
∂T
∂x

∣∣∣∣∣
X1−0

dt + qR(X1) dt + ρL(1− fs) dX1 = −k
∂T
∂x

∣∣∣∣∣
X1+dX1+0

dt + qR(X1+dX1) dt, (22.36)

where the subscripts ±0 imply locations on the left of the interface (−0), i.e., in the solid, and
on the right of the interface (+0), i.e., in the mushy zone. The heat release term contains the
factor (1 − fs) because the fraction fs is already solid. Noting that T = Tm = const inside the
mushy zone, it follows that ∂T/∂x|X1+dX1+0 = 0. The radiative heat flux, on the other hand, is
continuous and cancels out from the interface condition once dt and dX1 are shrunk to zero, and
equation (22.36) becomes simply

x = X1(t) : −k
∂T
∂x

∣∣∣∣∣
X1−0

+ ρL(1− fs)
dX1

dt
= 0, (22.37)

subject to
t = 0 : X1(0) = 0. (22.38)

Note that there does not appear to be any requirement of fs → 1 at the interface (smooth
transition from mushy zone to pure solid).

Similar to equation (22.36) we find for the mushy zone–liquid interface

−k
∂T
∂x

∣∣∣∣∣
X2−0

dt + qR(X2) dt + ρL fs dX2 = −k
∂T
∂x

∣∣∣∣∣
X2+dX2+0

dt + qR(X2+dX2) dt, (22.39)

where (1 − fs) is replaced by fs since the fraction fs solidifies from pure liquid. Upon shrinking
dt and dX2, the qR cancel again, and the conduction term within the mushy zone vanishes, or

ρL fs
dX2

dt
= −k

∂T
∂x

∣∣∣∣∣
X2+0

. (22.40)
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Now, in order for freezing to occur, we must have dX2/dt > 0 and ∂T/∂x ≥ 0. Since the solid
fraction must be nonnegative, this implies that the left-hand side of equation (22.40) should
be positive and the right-hand side should be negative. This apparent contradiction can be
overcome only if both sides of equation (22.40) are identically equal to zero, or,

x = X2(t) : fs(X2, t) = 0,
∂T
∂x

(X2, t) = 0. (22.41)

This implies that there is no distinct interface between mushy zone and liquid: Temperature, heat
flux, and solid fraction are continuous across this “interface.” Mathematically, one distinguishes
between mushy zone and pure liquid, since in the mushy zone fs is the unknown variable (T = Tm
is known), and in the liquid zone the temperature is unknown ( fs = 0 is known). The location of
interface X2 is found implicitly by evaluating fs(x, t) and determining the location where fs = 0.

In summary, in order to predict the solidification of a semitransparent solid, it is neces-
sary to simultaneously solve equations (22.26) and (22.27) (solid), equations (22.30) and (22.31)
(mushy zone), and equations (22.32) and (22.33) (liquid), together with the interface conditions,
equations (22.37) and (22.41). Note that—for an opaque medium—the radiative source within
the medium vanishes (qR = 0) and, from equations (22.30) and (22.31), fs(x, t) = 0; that is, the
mushy zone shrinks to a point, collapsing the two interfaces as expected for pure conduction.
This system of equations is nonlinear, even in the absence of radiation, making exact analytical
solutions impossible to find. Chan and coworkers [139] have presented approximate results for
a few simple situations. For example, Fig. 22-7 shows the development of the solid and mushy
zones for the case of a liquid that is initially uniform at melting temperature.

Example 22.3. Consider a large (i.e., semi-infinite) block of clear ice exposed to solar radiation on one
of its faces. The ice is initially at a uniform 0◦C, i.e., at its melting temperature. Heat transfer from
the surfaces of the ice (except the solar irradiation) may be neglected, as may the radiative emission
from within the ice. Determine the development of the mushy zone for small times. Indicate how the
movement of the liquid–mushy zone interface may be calculated.

Solution
Since the side walls are insulated, the problem is one-dimensional; and since the block is “very large,” we
may assume that it is essentially a semi-infinite body with solar irradiation on its (otherwise insulated)
left face at x = 0. Since, in this example, we consider the melting of a solid, the order of zones is reversed,
i.e., we have pure liquid for 0 ≤ x ≤ X1, the mushy zone for X1 < x < X2, and pure solid for x > X2.
In the present example X2 → ∞, since the ice is everywhere at the melting point. Also, since the face
temperature is not increased abruptly, there is no instantaneous formation of a pure liquid layer and
X1 = 0 for some time t > 0. The solar irradiation is not absorbed by the surface but penetrates into the
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ice, causing a local radiative heat flux—if emission from and scattering by the ice is neglected—of

qR(x) = qsol e−κx,

where qsol is the strength of solar irradiation penetrating into the ice (after losing some of its strength
due to reflection at the interface at x = 0) (see Chapter 19).

The purely liquid zone is essentially described by equations (22.26) and (22.27):

ρc
∂T
∂t

= k
∂2T
∂x2 + qsolκ e−κx,

t = t0 : T(x, t0) = Tm,

x = 0 :
∂T
∂x

(x, t) = 0,

x = X1(t) : T(X1, t) = Tm,

where t0 is the time at which a purely liquid zone starts to exist, and the boundary condition at x = 0
has been replaced to reflect the lack of heat transfer at the surface.

The heat generation term of equation (22.28) becomes a sink, and, while the expression is correct
as is, it appears more logical to work with a liquid fraction, fl = 1 − fs, in the case of melting. Thus,
equation (22.30) becomes

∂ fl
∂t

= −
1
ρL

dqR

dx
=

qsolκ

ρL
e−κx,

t = 0 : fl(0) = 0.

Finally, the interface equation at x = X1(t) must be rewritten as

−k
∂T
∂x

∣∣∣∣∣
X1−0

= ρL(1− fl)
dX1

dt
,

t = t0 : X1 = 0,

where fs has been replaced by fl, and L by −L (since melting requires heat rather than releasing it). Since
∂T/∂x = 0 at x = 0, no liquid layer can grow until fl = 1 at x = 0. After this has taken place (at time
t = t0) the temperature may rise at x = 0, and ∂T/∂x becomes negative at x = X1 − 0; therefore, fl(X1)
must diminish again, and dX1/dt > 0.

For times t < t0, the equation for the mushy zone is readily solved, leading to

fl(x, t) =
qsolκt
ρL

e−κx, 0 = X1(t) < x < ∞.

From this relationship it follows that a purely liquid zone starts at

t0 =
ρL

qsolκ
,

that is, when fl = 1 at x = 0. For times larger than t0, the relation for the liquid fraction, fl(x, t), within
the mushy zone continues to hold, but only for x ≥ X1 > 0. The temperature profile within the liquid
zone and the location of its interface must be determined by simultaneously solving the conduction and
interface equations (with known values of fl).

Since the original postulation by Chan and coworkers [139], the notion of a mushy zone has
found widespread acceptance among other researchers [86, 141–144].

22.4 COMBINED RADIATION AND
CONVECTION IN BOUNDARY LAYERS

In this section we will briefly discuss how at high temperatures the presence of thermal radiation
affects the temperature distribution in a thermal boundary layer and, therefore, the heat transfer



22.4 COMBINED RADIATION AND CONVECTION IN BOUNDARY LAYERS 739

δ
δ th

∋Tw ,   w

u TTu

η,τy,

x , ξ0

,

FIGURE 22-8
Laminar flow of an absorbing/emitting fluid over an isothermal gray-diffuse plate.

rate to or from a wall. Again, since we are mainly interested in the basic nature of interaction
between convective and radiative heat transfer, we will limit ourselves to a single simple case,
laminar flow over a flat plate.

Consider steady, laminar flow of a viscous, compressible, absorbing/emitting (but not scat-
tering) gray fluid over an isothermal gray-diffuse plate, as illustrated in Fig. 22-8. Making the
standard boundary layer assumptions [145], conservation of mass, momentum, and energy
follow as

∂
∂x

(ρu) +
∂
∂y

(ρv) = 0, (22.42)

ρ

(
u
∂u
∂x

+ v
∂u
∂y

)
=
∂
∂y

(
µ
∂u
∂y

)
−

dp
dx
, (22.43)

ρcp

(
u
∂T
∂x

+ v
∂T
∂y

)
=
∂
∂y

(
k
∂T
∂y

)
−
∂qR

∂y
+ µ

(
∂u
∂y

)2

, (22.44)

subject to the boundary conditions

x = 0 : u(0, y) = u∞, T(0, y) = T∞; (22.45a)
y = 0 : u(x, 0) = v(x, 0) = 0, T(x, 0) = Tw; (22.45b)
y→∞ : u(x,∞) = u∞, T(x,∞) = T∞. (22.45c)

Equations (22.43) and (22.44) incorporate the standard boundary layer assumptions of ∂u/∂y�
∂u/∂x and ∂T/∂y � ∂T/∂x (momentum and heat transfer rates across the boundary layer are
much larger than along the plate, which is dominated by convection), as well as the simplified
dissipation function (∂u/∂y)2. Similarly, one may drop the x-wise radiation term in favor
of the radiative heat flux across the boundary layer. This is readily justified by using the
diffusion approximation to get an order-of-magnitude estimate for the radiative heat flux: From
equation (15.20), qR = −kR∇T, and—since ∂T/∂y � ∂T/∂x—radiation along the plate may be
neglected as compared to radiation across the boundary layer. Therefore, assuming that the
radiative heat flux is one-dimensional, qR may be approximated from equation (14.54) (with
τ =

∫ y

0 κ dy and τL →∞) as3

qR(x, y) = 2Jw(x)E3(τ) + 2
∫ τ

0
Eb(x, τ′)E2(τ−τ′) dτ′ − 2

∫
∞

τ
Eb(x, τ′)E2(τ′−τ) dτ′, (22.46)

and
1
κ

∂qR

∂y
(x, y) =

∂qR

∂τ
= 4Eb(x, τ) − 2JwE2(τ) − 2

∫
∞

0
Eb(x, τ′)E1(|τ−τ′|) dτ′. (22.47)

Alternatively, the radiative heat flux may be evaluated from any of the approximate methods
discussed in Chapter 15.

3Equations (22.46) and (22.47) are approximate since they assume that the local value of Eb is independent of x.
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It should be remembered that photons carry momentum, thus causing radiation pressure
and radiation stress (cf. Section 1.8), and that a control volume stores radiative energy [cf. equa-
tion (10.20) and Section 10.7]. However, these effects are generally negligible except at extremely
high temperatures (> 50,000 K at 1 atm pressure) [146, 147] and will not be included here.

To improve the clarity of development, we will make the additional assumptions of constant
fluid properties (ρ, cp, µ, k, κ = const), slow flow (negligible dissipation term), a black plate
[εw = 1, or Jw = Eb(Tw) = Ebw], and constant free stream values (u∞, T∞ = const). Then
equations (22.42) through (22.44) and (22.47) reduce to

∂u
∂x

+
∂v
∂y

= 0, (22.48)

u
∂u
∂x

+ v
∂u
∂y

= ν
∂2u
∂y2 , (22.49)

u
∂T
∂x

+ v
∂T
∂y

= α
∂2T
∂y2 −

1
ρcp

∂qR

∂y
, (22.50)

∂qR

∂y
= 2κ

[
2Eb(x, τ) − EbwE2(τ) −

∫
∞

0
Eb(x, τ′)E1(|τ − τ′|) dτ′

]
, (22.51)

subject to boundary conditions (22.45). Here ν = µ/ρ is the kinematic viscosity, and α = k/ρcp is
the thermal diffusivity. Introducing the stream function ψ as

u =
∂ψ

∂y
, v = −

∂ψ

∂x
, (22.52)

eliminates the continuity equation and transforms the momentum and energy equations to

∂ψ

∂y
∂2ψ

∂x∂y
−
∂ψ

∂x
∂2ψ

∂y2 = ν
∂3ψ

∂y3 , (22.53)

∂ψ

∂y
∂T
∂x
−
∂ψ

∂x
∂T
∂y

= α
∂2T
∂y2 −

1
ρcp

∂qR

∂y
. (22.54)

Making the standard4 coordinate transformation from x and y to the nondimensional ξ and η,
where

ξ =
4n2σT3

∞κx
ρcpu∞

, η =
(u∞
νx

)1/2
y, (22.55)

and introducing new nondimensional dependent variables

f =
ψ

(νu∞x)1/2
, θ =

T
T∞

, ΨR =
qR

n2σT4
∞

(22.56)

reduces the momentum and energy equations to

d3 f
dη3 +

1
2

f
d2 f
dη2 = 0, (22.57)

1
Pr
∂2θ

∂η2 +
1
2

f
∂θ
∂η

=
d f
dη
ξ
∂θ
∂ξ

+
1
4

(
ξ

N Pr

)1/2 ∂ΨR

∂η
. (22.58)

4Except for the nondimensionalization factor for ξ.
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In this equation Pr = ν/α = µcp/k is the Prandtl number of the fluid, and N is the conduction-to-
radiation parameter previously introduced as

N ≡
kκ

4n2σT3
∞

. (22.59)

Sometimes, a convection-to-radiation parameter, or Boltzmann number, is also introduced, which
is defined as

Bo ≡
ρcpu∞
n2σT3

∞

= 4
(NRex Pr

ξ

)1/2

, (22.60)

where Rex = u∞x/ν is the local Reynolds number. Very similar to the conduction-to-radiation
parameter N, the Boltzmann number gives a qualitative measure of the relative magnitudes of
convective and radiative heat fluxes.

Equation (22.57) contains no ξ-derivative since η turns out to be a similarity variable, i.e., no
term in the equation (except the ξ-derivative) contains ξ, and the boundary conditions for f do
not depend on ξ, collapsing to

η = 0 : f =
d f
dη

= 0, η→∞ :
d f
dη

= 1. (22.61)

Thus, equation (22.57) is an ordinary differential equation for the unknown f , which is a function
of the similarity variable η alone. Equation (22.57) and its solution was first given by Blasius
and is well documented in fluid mechanics texts, such as [148]. The energy equation (22.58) is
a partial differential equation for the unknown θ, subject to the boundary conditions

η = 0 : θ =
Tw

T∞
= θw, η→∞ : θ = 1, (22.62a)

ξ = 0 : θ = 1. (22.62b)

Since the boundary conditions at x = 0 correspond to both ξ = 0 and η→∞, equation (22.58) can
also reduce to a similarity solution, but only if ΨR ∝ ξ−1/2. This is not the case if ΨR is evaluated
from equation (22.51) or most approximate methods discussed in Chapter 15. However, if the
thermal boundary layer is optically very thick, so that the diffusion approximation becomes
applicable, one finds from equation (15.20)

ΨR = −
4

3κ
∂θ 4

∂y
= −

4
3(N Pr ξ)1/2

∂θ 4

∂η
. (22.63)

This expression is substituted into equation (22.58), resulting in the ordinary differential equation

1
Pr

d2θ

dη2 +
1
2

f
dθ
dη

= −
1

3N Pr
d2θ 4

dη2 , (22.64)

since then θ is a function of the similarity variable η only.
The interaction of radiation and convection in an optically thick laminar boundary layer of

a gray gas was first investigated by Viskanta and Grosh [149] and others [150–153]. Figure 22-9
shows the similarity profile for the nondimensional temperature, as obtained using the diffusion
approximation [149], for a number of different values for the conduction-to-radiation parameter
N. For N = 10 the temperature profile was found to be within 2% of the pure convection case
(which numerically corresponds to N → ∞). When radiation is present, the thermal boundary
layer was always found to thicken, which may be explained by the fact that radiation provides
an additional means to diffuse energy. Even for strong radiation (large T∞) the thickening of the
thermal boundary layer may be limited if the fluid is optically thick (large κ). However, if the
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FIGURE 22-9
Similarity profiles for nondimensional temperature profiles across an optically thick laminar boundary over a flat plate;
Pr = 1: (a) θw = Tw/T∞ = 0.5, (b) θw = 2.

absorption coefficient is small (optically thin fluid), the thickening of the thermal boundary may
become so large as to invalidate the basic boundary assumptions (i.e., the neglect of conduction
and radiation in the x-direction).

Figure 22-10 shows nondimensional radiative, conductive, and total surface heat fluxes
along the plate for a representative case as evaluated by three different methods. The radiative
heat flux is evaluated according to the definition in equation (22.56), and the conductive heat
flux is defined as

ΨC = −k
∂T
∂y

∣∣∣∣∣
y=0

/
n2σT4

∞ = −4
( N

Pr ξ

)1/2 ∂θ
∂η

∣∣∣∣∣
η=0

, (22.65)

and
Ψ = ΨC + ΨR. (22.66)

The “exact” results are a numerical solution of equation (22.58) with the radiation term evaluated
from equation (22.51), as obtained by Zamuraev [154] (and reported by Viskanta [155]). In the
optically thick solution ΨR is evaluated from equation (22.63) as

ΨR = −
4

3(N Pr ξ)1/2

∂θ 4

∂η

∣∣∣∣∣∣
η=0

, (22.67)

and displays a simple ξ−1/2 dependence. The optically thin solution has been taken from Cess
[19, 156], who postulated a two-region temperature field consisting of a very thin conventional
thermal boundary layer (in which radiation is neglected in favor of conduction) and an outer
region with slowly changing temperature (in which conduction is neglected). As seen from
Fig. 22-10, the diffusion approximation predicts the wall heat flux accurately over the entire
length of the plate, while the optically thin approximation fails a short distance away from
the leading edge (apparently since downstream the boundary layer grows too thick to neglect
radiation and/or the outer layer becomes too nonisothermal to neglect conduction). Other
early optically thin models have been reported by Smith and Hassan [157] and Tabaczynski
and Kennedy [158]; Pai and Tsao [159] used the exponential kernel approach, and Oliver and
McFadden [160] solved the “exact” relations, equation (22.51), by the method of successive
approximations, stopping after three iterations. Dissipation effects [156, 161–163] as well as
hypersonic conditions [162, 164–166] have been considered by a number of investigators. The
influences of scattering [167, 168], nongray radiation properties [169–171], external irradiation
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[172, 173], turbulent boundary layers [174–176], as well as laminar flow across cylinders [171]
and spheres [177] have also been addressed.

22.5 COMBINED RADIATION AND FREE
CONVECTION

The effects of radiation are often even more important when combined with free convection
rather than forced convection. The radiation effects on a vertical free-convection boundary
layer have been modeled by Cess [178] for the optically thin case and by Arpaci [179] for the
optically thin and thick cases, while Cheng and Özişik [180] and Desrayaud and Lauriat [181]
looked at isotropic scattering effects, and Krishnaprakas et al. [182] considered linear anisotropic
scattering. Hossain et al. [183] used the diffusion approximation to deal with an optically thick
gas next to a porous vertical plate with suction. Webb and Viskanta [184] investigated the effects
of external irradiation, verifying their model with experiment [185], and a vertical square duct
was studied by Yan and Li [186, 187]. Careful experimental work by Lacona and Taine [188]
verified standard (no-radiation) prediction models, and showed that radiation can strongly
modify free convection temperature profiles. They used holographic interferometry and laser
deflection techniques to measure temperatures in nitrogen (suppression of radiation) and pure
carbon dioxide (strong radiation effects).

Thermal stability of horizontal layers with radiation has also found some attention [189–192]
as has combined radiation and free convection within enclosed, particularly square cavities
[193–199] and parallel vertical plates [200,201]. In addition, horizontal [202] and vertical annuli
[203] and cubical cavities [204] have been studied. The interaction between free convection
and radiation in liquids was studied by Derby and coworkers [205], investigating a cylindrical
container with molten glass, and by Tsukuda and colleagues [206], who considered internal
radiation during Czochralski crystal growth.

Most of the above studies have been limited to the simple case of constant, gray radiation
properties. Exceptions are the studies of Mesyngier and Farouk [198], who considered a H2O–
CO2 mixture in a square enclosure, using the discrete ordinates method and the weighted-
sum-of-gray-gases approach, and of Bdéoui and coworkers [207], who studied water vapor
radiation effects on Rayleigh–Bénard convection, using an exact formulation together with the
ADF method. In addition, Colomer et al. [199] studied square cavities filled with H2O–CO2
mixtures using the SLW method, and showed that nongray gas properties have very strong
impact on temperature distributions in such flows.
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22.6 COMBINED RADIATION AND
CONVECTION IN INTERNAL FLOW

Forced convective heat transfer in circular and noncircular ducts, for laminar and turbulent
flow, has been thoroughly studied for situations in which radiative heat transfer may be ne-
glected. The case of a transparent medium with radiating boundaries has been briefly discussed
in Section 9.3. In this section we will examine the interaction of radiation and convection for a
radiatively participating medium flowing through a duct. In the spirit of the previous sections
we will again limit our theoretical development to one particularly simple case, namely hydro-
dynamically developed laminar flow of an incompressible, constant-property fluid through a
parallel-plate channel. This is commonly referred to as Poiseuille flow. This will be followed by
a brief discussion of trends in more involved situations together with a review of the state-of-
the-art.

Poiseuille Flow
We will assume that the fluid is gray, absorbing, and emitting (but not scattering), and that the
plates are gray and diffuse, a distance L apart, and isothermal, as indicated in Fig. 22-11. The
fully developed velocity distribution for Poiseuille flow follows readily from equations (22.48)
and (22.49), setting u = u(y), as

u = 6um
y
L

(
1 −

y
L

)
, v = 0, (22.68)

where um is the mean velocity across the duct. Thus, the energy equation (22.50) reduces to

u(y)
∂T
∂x

= α
∂2T
∂y2 −

1
ρcp

∂qR

∂y
, (22.69)

if again we limit ourselves to the case in which conduction and radiation in the flow direction
(along x) are negligible as compared to their transverse values (along y). This is generally a good
assumption for channel locations that are a few plate spacings L removed from the inlet [208].
Equation (22.69) is subject to the boundary conditions

x = 0 : T = Ti, (22.70a)
y = 0,L : T = Tw, (22.70b)

and the radiative heat flux may be obtained from equation (14.54) as5

qR(x, y) = 2Jw(x) [E3(τ) − E3(τL−τ)] + 2
∫ τ

0
Eb(x, τ′)E2(τ−τ′) dτ′ − 2

∫ τL

τ
Eb(x, τ′)E2(τ′−τ) dτ′.

(22.71)
5Again using an approximate, i.e., one-dimensional, solution by neglecting the x-wise variation of emissive power

in the evaluation of qR.
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The radiative heat flux could, of course, instead be evaluated by any of the approximate methods
discussed in Chapter 15.

Introducing similar nondimensional variables and parameters as in the previous section,

θ =
T

Tw
, ΨR =

qR

n2σT4
w
, (22.72a)

ξ =
x

L Rem Pr
=

x
L

/ umL
ν

ν
α
, η =

y
L
, τ = κy, (22.72b)

N =
kκ

4n2σT3
w
, τL = κL, (22.72c)

transforms equations (22.68) through (22.71) to

6η(1−η)
∂θ
∂ξ

=
∂2θ

∂η2 −
τL

4N
dΨR

dη
, (22.73)

ξ = 0 : θ = Ti/Tw = θi, η = 0, 1 : θ = 1, (22.74)

ΨR = 2
[
E3(τ) − E3(τL−τ) +

∫ τ

0
θ 4(ξ, τ′)E2(τ−τ′) dτ′ −

∫ τL

τ
θ 4(ξ, τ′)E2(τ′−τ) dτ′

]
, (22.75)

where, for simplicity, we have limited ourselves to black channel walls.
Equation (22.73) and its boundary conditions must be solved simultaneously with equa-

tion (22.75), making it a nonlinear integro-differential system. Equation (22.73) is a parabolic
differential equation allowing a straightforward numerical solution technique, marching for-
ward from ξ = 0. While, in principle, an explicit numerical solution is possible if small enough
steps in ξ are taken, in practice implicit methods are employed. Because of the nonlinearity,
this requires guessing the temperature field for the next ξ-location (as a function of η), followed
by an iterative procedure until convergence criteria are met. This scheme is then repeated
for all downstream locations. The Poiseuille flow problem described here was first solved by
Kurosaki [209] and, a little later, with results reported for higher temperatures (smaller N), by
Echigo and coworkers [210]. Figure 22-12 shows the axial development of the local Nusselt
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number for the case of θi = 0.5 (cold fluid, hot wall), with the Nusselt number defined as

Nux(ξ) =
qwL

k [Tw − Tm(ξ)]
, (22.76)

where qw = qC + qR is total heat flux per unit area at the wall, by radiation and conduction. In
terms of nondimensional quantities, the local Nusselt number becomes

Nux(ξ) =
4

1 − θm(ξ)

[
−
∂θ
∂η

+
τL

4N
ΨR

]
η=0

. (22.77)

It is apparent from Fig. 22-12 that—due to the nonlinear radiative contribution—no fully
developed temperature profile, and consequently no asymptotic Nusselt number, develops.
Rather, for the heated wall case (Tw > Ti), the Nusselt number goes through a minimum at
a certain downstream location, behind which it tends to increase again. The location of the
maximum moves toward the inlet with increasing importance of radiation. This phenomenon
may be explained as follows: Downstream from the inlet the convective heat flux always
decreases more rapidly than the temperature difference, Tw − Tm(ξ), causing a steady decrease
in the convective contribution to the Nusselt number; the fractional radiative heat flux, on the
other hand, increases monotonically with x, leading to the observed behavior.

Laminar and Turbulent Channel Flow
Qualitatively, the Nusselt number development for other channel flows with heated walls is
the same as for Poiseuille flow (regardless of geometry, turbulent flow, presence of scattering,
nongrayness, etc.). The heat transfer behavior is somewhat different if a hot fluid enters a
cold-walled duct (Tw < Ti). This is shown in Fig. 22-13 for turbulent tube flow of a gas seeded
with small particles, from Azad and Modest [211]. The Nusselt number always decreases
monotonically, somewhat similar to the pure convection case, and eventually appears to reach
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FIGURE 22-14
Influence of optical thickness and conduction–radiation parameter on bulk temperature development for gas-
particulate flow through a tube—cooled wall.

an asymptotic value. However, as seen from Fig. 22-14, in the presence of thermal radiation
this “fully developed” case is never reached until the bulk temperature is essentially equal to
the wall temperature (note that, for pure convection, the bulk temperature has changed only
by ≈ 20% of maximum when fully developed conditions have been reached). Therefore, it may
be concluded that no thermally fully developed conditions can exist for forced convection in duct
flow combined with appreciable thermal radiation (i.e., radiative heat fluxes too large to be
approximated by a linear expression in temperature). This fact was not realized by a number of
early investigations on the subject, which employed “thermally developed” conditions to obtain
relatively simple results [212–219]. Figures 22-13 and 22-14 also demonstrate how temperature
level and optical thickness influence the variation of Nusselt number and bulk temperature.
Reducing N/τR (which does not depend on absorption coefficient and, for a given medium and
tube radius, implies raising temperatures) for a constant optical thickness results in increased
heat transfer rates due entirely to an increase in radiative heat flux. The radiative heat flux goes
through a maximum at an intermediate optical thickness, τR ' 1 (for constant N/τR). This is
readily explained by examining the optical limits. In the optically thin limit the medium does
not emit or absorb any radiation, resulting in purely convective heat transfer. On the other hand,
in the optically thick limit any emitted radiation is promptly absorbed again in the immediate
vicinity of the emission point, again reducing radiative heat flux to zero.

A simple one-dimensional temperature profile does exist in the case of Couette flow (two
infinite parallel plates moving at different velocities), since the entire problem becomes one-
dimensional. The analysis for this case reduces to the same equations arrived at in the previous
section for combined conduction and radiation, which have been solved numerically by Goulard
and Goulard [220] and Viskanta and Grosh [221].

As indicated earlier, the Poiseuille flow problem was originally investigated by Kurosaki
[209], using the exact integral relations for the radiative heat flux. The problem had been
addressed a little earlier by Timofeyev and coworkers [222], using the two-flux method. The
case of slug flow between parallel plates, with rigorous modeling of the radiative heat flux, has
been treated by Lii and Özişik [223]. The influence of scattering on Poiseuille flow has been
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discussed by a number of investigators [224–227]. Yener and coworkers [228, 229] examined
the same problem for turbulent flow conditions, while Echigo and Hasegawa [230] addressed a
laminar, scattering gas–particulate mixture. All of these publications neglected axial radiation.
Two-dimensional radiation for Poiseuille flow has been studied by Einstein [18] (nonscattering
fluid) and Kassemi and Chung [231] (isotropically scattering fluid), using the zonal method,
and by Kim and Lee [232] (anisotropically scattering fluid), using the discrete ordinates method.
Other investigations on turbulent tube flows with gray media, also using the discrete ordinates
method, include those of Kim and Baek [233,234] (two-dimensional radiation without scattering)
and Krishnaprakas and coworkers [235] (one-dimensional radiation with linear-anisotropic
scattering).

Combined convection and radiation in thermally developing tube flow appears to have been
investigated first by Einstein [236], deSoto [208], and Echigo and coworkers [237], considering
two-dimensional (axial and radial) radiation, while Bergero and colleagues [238] considered
developing flow and three-dimensional, gray radiation in a laminar rectangular duct, using the
finite volume method (for radiation).

The effects of nongray molecular gas radiation on laminar tube and channel flows, employing
the exponential wide band model, have been studied by a number of investigators [239–242].
Similar calculations for turbulent flows have also been carried out using fully developed flow
and simple algebraic expressions for the eddy diffusivity for heat [219,240,243–245], while Smith
and coworkers [246] used the two-dimensional zonal method and weighted-sum-of-gray-gases
approach. More accurate analyses, using the statistical narrow band model, narrow band k-
distributions, and the global ADF model for radiation calculations, have been carried out by the
group around Soufiani and Taine for laminar [170, 247, 248] and turbulent [249, 250] tube and
channel flows, the latter using the k–ε turbulence model. The general trends are similar to flows
of gray media, i.e., strong radiation effects are evidenced by the much faster development of
the temperature profiles (resulting in larger Nusselt numbers), regardless of whether the gas is
heated or cooled. However, comparison with wide band model results showed that the latter
can produce significant errors in predicting temperature fields and radiative fluxes. Comparison
with experiment [247], on the other hand, showed excellent agreement with temperature fields
predicted from the narrow band model.

Gas–particulate suspension flows were first addressed by Echigo and colleagues [251, 252]
for laminar and turbulent flow of nonscattering media, respectively. Anisotropic scattering
in tube suspension flows has been treated by Modest and coworkers for gray [211, 253] and
nongray [245] carrier gases. Nongray effects in suspension flows have also been studied by Al-
Turki and Smith [254], using the zonal method, while two-dimensional, gray particle radiation
was considered by Park and Kim [255], using the P1-approximation. Radiation effects in liquid
glass jets were investigated by Yin and Jaluria [256, 257] and by Song et al. [258], both using a
two-dimensional stepwise gray approach together with the zonal [256,257] or discrete ordinates
method [258]. Finally, there have been several attempts at modeling radiation interactions with
flow through porous media [259, 260] and packed beds [261–263]. A general overview of the
literature has been given by Viskanta [264]

22.7 COMBINED RADIATION AND
COMBUSTION

Thermal radiation from gases and particulates is an important, and often the dominant heat
transfer mechanism during the burning of fuel. Therefore, inclusion of an adequate radiation
model is essential to the success of a mathematical model of the combustion process, particularly
in large systems (with larger optical thickness). The description of the burning process is
an extremely difficult task even in the absence of radiation: “complete” chemical reaction
mechanisms can involve hundreds of chemical species and thousands of elementary reactions
[265], modeled by a nonlinear, stiff set of simultaneous differential equations. Furthermore,
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the combustion process is generally accompanied by multidimensional (perhaps two-phase)
convection involving all species, as well as by turbulent mixing. Comprehensive reviews of the
pertinent literature up to 1986 [266] and 2004 [267] have been given by Viskanta and Mengüç.
Here we will briefly discuss the particularly simple case of a laminar free convection diffusion
flame, using a simple fuel (methane, CH4), a simple global reaction mechanism,

CH4 + 2O2 → CO2 + 2H2O (22.78)

(neglecting multistep chemistry and intermediate species generation), and a simple reaction rate
model (assuming an infinitely fast reaction wherever methane and oxygen come into contact).
Such analyses were carried out in early work by Negrelli and coworkers [268] for the lower
stagnation region of a horizontal cylinder, and by Liu and colleagues [269] for a vertical flat
plate burner.

Results for combustion–radiation interaction in a simple, laminar diffusion flame are very
characteristic for all reacting flows and can, qualitatively, be applied to fairly general combustion
systems. For such a flame equations (22.42) through (22.45) are changed to

∂
∂x

(ρu) +
∂
∂y

(ρv) = 0, (22.79)

ρ

(
u
∂u
∂x

+ v
∂u
∂y

)
=
∂
∂y

(
µ
∂u
∂y

)
− 1(ρ∞ − ρ), (22.80)

ρcp

(
u
∂T
∂x

+ v
∂T
∂y

)
=
∂
∂y

(
k
∂T
∂y

)
−
∂qR

∂y
+ Q̇ ′′′ch , (22.81)

ρ

(
u
∂Yi

∂x
+ v

∂Yi

∂y

)
=
∂
∂y

(
ρD

∂Yi

∂y

)
+ ṁ ′′′i , i = species, (22.82)

subject to the boundary conditions where, for free convection, the pressure term in the momen-
tum equation has been replaced in favor of a buoyancy term, and the dissipation function has
been dropped. The energy equation now has a heat source term (due to the release of chemical
energy), and diffusion equations must be added for the mass fractions Yi of all species. In
early work it was common practice to further simplify the problem by assuming a single mass
diffusivity, D, for all species and to only consider fuel (methane, F), oxidizer (oxygen, O), and
products (H2O and CO2, P) as independent “species.” The system of equations is closed with
the ideal gas law, or ρT = const (assuming constant pressure), while the sources Q̇ ′′′ch and ṁ ′′′i
are calculated from the reaction kinetics. Finally, the boundary conditions are replaced by

x = 0 : u(0, y) = 0,T(0, y) = T∞,YF = YP = 0,YO = YO∞; (22.83a)
y = 0 : u(x, 0) = 0, v(x, 0) = vw,T(x, 0) = Tw,YF = 1,YP = YO = 0; (22.83b)
y→∞ : u(x,∞) = 0,T(x,∞) = T∞,YF = YP = 0,YO = YO∞. (22.83c)

For the radiation term, both Negrelli [268] and Liu [269] used an exact 1D-solution of the RTE to-
gether with the wide band model to simulate the nongray radiation from the absorbing/emitting
combustion gases (CH4, CO2, and H2O). The above set of equations was solved by, both, Ne-
grelli and coworkers [268] and Liu and colleagues [269] in a semianalytical way and compared
with experiment. Both teams found rather good agreement between theory and experiment,
especially in light of the rather primitive models. Figure 22-15 shows an example of the results
of Negrelli et al. [268], who performed their calculations also for the cases of a transparent gas
(no radiation) and a gray gas (using a Planck-mean absorption coefficient based on local partial
pressures). Comparison with the no-radiation solution makes it evident that radiation lowers
the temperatures in the high-temperature region of the boundary layer (by more than 100◦C),
and raises them in the cooler region near the outer edge of the boundary layer. Obviously,
radiation’s “action at a distance” allows energy to travel directly from the hot zone to the colder
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Experimental and theoretical temperature profiles for
a laminar methane diffusion flame; from [268].

parts. It is also observed that radiation increases the thermal boundary layer thickness, for the
same reasons. On the other hand, using a gray gas approximation severely overpredicts the
effect of radiation on flame temperature and heat loss from the flame. The nongray gas emits
and absorbs radiation across spectral lines that may be optically very thick, i.e., the emitted
energy is reabsorbed in the immediate vicinity of the emission point; little emission occurs over
vast parts of the spectrum (“spectral windows” with near-zero absorption coefficient). The
gray approximation replaces the nongray absorption coefficient by a single, intermediate value,
which predicts the correct overall emission, but (for large enough flames) strongly underpredicts
reabsorption of this emission.

More recent investigations of laminar, methane diffusion flames have used more sophis-
ticated reaction kinetics together with the CHEMKIN software [270, 271], and employed the
statistical narrow band model for radiation [272, 273]. The influence of soot radiation on lam-
inar diffusion flames has been studied for ethylene [274–277] and acetylene flames [278]. The
older investigations used simple one-step kinetics and assumed the absorption coefficient to be
gray (assuming radiation to be dominated by the near-gray soot), but used different soot nu-
cleation, growth, coagulation and oxidation models as well as different RTE solvers. The more
recent ones used full chemistry and the statistical narrow band model together with nongray
soot for radiation. Kaplan and coworkers [274] also assessed the importance of radiation by
comparing with calculations, in which radiation was ignored. Figure 22-16 is an example of
their work, which clearly indicates that ignoring radiation, with its overprediction of tempera-
ture levels, leads to grossly overpredicted soot levels. Similar conclusions about the importance
of radiative heat transfer can be drawn with respect to high-temperature production of trace
pollutants, such as NOx [279,280]. Liu and coworkers [277] noted that radiation effects become
much stronger under microgravity conditions.

Today, the literature on the interaction of radiative heat transfer in combustion applications
is growing at a rapid pace, including investigations on turbulent jet diffusion flames [281–289],
flame spread along vertical plates [290–293], droplet [294–296] and packed bed [297] combustion,
simulations of fires [298] and of entire furnaces [299–305] and, very recently, of future oxy-fuel
combustors [306] (designed for carbon capture). The results from all these studies are consistent
with the qualitative behavior described in this section. Also notable is the finding that nongray
soot modeling is of greater importance than nongray gas modeling in sooty flame simulations,
with gray soot models producing large errors [289].
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Experimental and theoretical soot level profiles for a
laminar acetylene diffusion flame; from [274].

22.8 INTERFACING BETWEEN
TURBULENT FLOW FIELDS AND
RADIATION

The past years have seen tremendous advances in the modeling of turbulent flows and chem-
ical reactions, as well as in the field of multidimensional, nongray radiation, each requiring
their own sophisticated and time-consuming algorithms to produce accurate results. While
the development of modern large eddy simulations (LES) and direct numerical simulations (DNS)
is progressing at a rapid pace, most computational fluid dynamics (CFD) calculations will rely
on Reynolds-averaged Navier-Stokes (RANS) solution methods during the foreseeable future. In
RANS calculations the Navier-Stokes equations are solved in terms of time-averaged means,
with all turbulence effects being modeled. While turbulence–convection interaction is always
accounted for in these schemes (with eddy diffusivities or more advanced models), the interac-
tion between the turbulent flow field and fluctuating intensities has generally been neglected.
In this section we describe how time-averaged flow fields are interfaced with radiative heat
transfer calculations in the absence of such turbulence–radiation interactions (TRI). Details on
Reynolds averaging and on TRI will be given in the following section.

Forced convection problems tend to be parabolic in nature (i.e., downstream conditions are
irrelevant), but have enormous gradients near surfaces (as well as near combustion fronts),
necessitating a very fine grid system in their vicinity. Radiation problems, on the other hand,
tend to be elliptic (i.e., the entire volume needs to be considered simultaneously), and are further
complicated by directional and spectral dependence of the radiative intensity. Combining
high-level models for turbulence and radiation requires great care to avoid instabilities, lack
of convergence, and/or exorbitant computer memory and CPU requirements. The overall
algorithm generally consists of the following steps:

1. A first estimate for the local radiative heat source Q̇ ′′′R = −∇ · qR is made.
2. The flow field is calculated, including velocity, temperature (or enthalpy), and species

concentrations (if chemical reactions are present). This may include several iterations for
complicated flow fields that are not strictly parabolic.

3. The absorption coefficient is calculated from the flow field as a function of pressure,
temperature, and species concentrations.
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FIGURE 22-17
Combustor temperature distribution in the absence of radiation, and the three radiation meshes; from [307].

4. For the given temperature and absorption coefficient field the RTE is solved to obtain
the radiative source term. Simple or sophisticated RTE solvers may be employed (P1-
approximation, different levels of the discrete ordinates or finite volume methods, etc.),
and primitive or advanced spectral models may be used (gray gas, wide band models, nar-
row band models, k-distributions, etc.). It is also possible to start out with relatively crude
RTE solutions, moving toward more accurate models as the overall solution progresses.

5. The radiative source is updated and the calculation returns to step 2 above until some
overall convergence criteria are met.

Most combined convection–radiation calculations to date have used a common spatial grid
for, both, the flow field and the thermal radiation calculations. This tends to be rather ineffi-
cient in turbulent flows since the flow field solver requires many mesh points near interfaces,
while the RTE solver does not. RTE solvers, on the other hand, tend to require limits on the
optical thickness of its computational cells, which may also be incompatible with the flow field
solver. Having two separate meshes, however, has its own drawbacks. First, interpolation back
and forth between the two meshes may be computationally expensive as well as inaccurate,
commonly accumulating errors that lead to instability. Also, defining a second mesh requires
additional work to define its topology, as well as additional computer memory.

An efficient solution to these problems is to establish a radiation grid whose cells are com-
binations of several flow field cells, similar to the multigrid algorithm often used in numerical
analysis (provided no flow field cell violates optical thickness restrictions of the RTE solver).
This was investigated in detail by Badinand and Fransson [307] looking at the plume flow of
hot combustion gases behind a jet engine. During the iteration variables relevant to radiation
(pressure, temperature, species concentrations) must be transferred from the CFD grid to the ra-
diation grid, while updated values of the radiation source must be transferred from the radiation
grid to the CFD grid. Badinand and Fransson used the simplest possible passing scheme, i.e.,
volumetric averages from all included CFD cells to the radiation cell, and placing the radiative
source evaluated for a radiation cell into each of its included CFD cells. A slightly more involved
passing scheme has been described by Omori and coworkers [305]. Figure 22-17 shows a set of
meshes used by Badinand and Fransson [307] for an axisymmetric premixed combustor, and the
resulting temperature field if radiation effects are neglected. Turbulence was modeled with the
k–εmodel, while for combustion the simple eddy dissipation model with one-step kinetics was
used. Only the fine mesh was used for the flow field calculations (32,625 cells), while the fine,
coarse (2,727 cells) and very coarse (625 cells) meshes were used for the radiation calculations.
These were carried out using a gray gas with a spatially varying Planck-mean absorption coeffi-
cient and the finite volume method of Section 17.6 with 8× 8 directions. Figure 22-18 shows the
strong effects of radiation on temperature levels inside the combustor: Hot combustion gases



22.9 INTERACTION OF RADIATION WITH TURBULENCE 753

y,



 m

0 0.05 0.1 0.15 0.2 0.25 0.30

0.02

0.04

0.06

0.08
-150 -125 -100 -75 -50 -25 0 25 50

Tcoupled − Twithout radiation

x, m

FIGURE 22-18
Combustor temperature differences due to radiation using the fine mesh (flood and solid line), the coarse mesh (dashed
line), and the very coarse mesh (dotted line); from [307].

lose a lot of energy due to radiative emission, lowering local temperature levels by up to 150 K.
Much of this emission travels to the walls, and some is absorbed by colder parts, raising the cold
fuel–air jet temperature by 50 K. It is also seen from Fig. 22-18 that the choice of radiation mesh
has virtually no effect on the results: As compared to the fine mesh, the temperature differences
shown in the figure have errors of less than ±0.2% for the coarse mesh, and less than ±0.4% for
the very coarse mesh. However, radiation computations are speeded up by a factor of 20 using
the coarse mesh, and by a factor of 100 for the very coarse mesh.

The same scheme was employed by Soufiani and coworkers [248], while a somewhat more
sophisticated approach was taken by Howell and coworkers [308] with what they term adaptive-
mesh refinement (AMR). In effect, they use a multigrid algorithm for each flow field solution,
and a similar but separate multigrid scheme for their discrete ordinates RTE solver. They
achieved a respectable maximum CPU savings of a factor of 4, but this is considerably less than
Badinand and Fransson because the RTE is, at its highest level, solved for the finest CFD grid.

22.9 INTERACTION OF RADIATION
WITH TURBULENCE

During the development of the radiative transfer equation (RTE) in Chapter 10, we noted that
heat transfer due to thermal radiation is essentially instantaneous, depending on the temporal
temperature distribution as well as the temporal concentration field of the absorbing, emitting,
and/or scattering medium. During turbulent flow the temperature field and, for mixtures, the
concentration fields undergo rapid and irregular local oscillations (but slow compared with
the response time of thermal radiation). The governing equations, such as equations (22.42)
through (22.44) or equations (22.79) through (22.82), are then rewritten in terms of time-averaged
quantities (denoted by an overbar), e.g.,

ρ(x, y) =
1
δt

∫
δt
ρ(x, y, t) dt, (22.84)

where δt is the (small) time interval used for averaging. Commonly, the so-called Favre averag-
ing (or mass-weighted averaging), denoted by a tilde, is also employed for compressible flows,
that is,

φ̃ = ρφ
/
ρ, (22.85)

where φ is the quantity to be averaged. For 2D forced convection with chemical reactions this
leads to

∂
∂x

(
ρ ũ

)
+
∂
∂y

(
ρ ṽ

)
= 0, (22.86)
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ũ
∂ũ
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∂ũ
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=
∂
∂y

[
ρ(ν + νt)

∂ũ
∂y

]
−

dp
dx
, (22.87)

ρ

ũ
∂̃h
∂x

+ ṽ
∂̃h
∂y

 =
∂
∂y

ρ(α + αt)
∂̃h
∂y

 + Q̇ ′′′ch + Q̇ ′′′R , (22.88)

ρ

ũ
∂Ỹi

∂x
+ ṽ

∂Ỹi

∂y

 =
∂
∂y

ρ(Di + Dt)
∂Ỹi

∂y

 + ṁ ′′′i , i = 1, . . . , s − 1, (22.89)

where temperature has been replaced in favor of enthalpy h =
∫

cp dT. In these relations νt, αt,
and Dt are turbulent viscosity and heat and mass diffusivity, respectively. The source terms,Q̇ ′′′ch ,
Q̇ ′′′R , andṁ ′′′i are strongly nonlinear functions of the s composition variables, collected into a vector
φ (φi = Yi, i = 1, . . . , s − 1;φs = h), and must be determined in time-averaged form. Turbulence
modeling is a field of great complexity and research interest that has seen dramatic progress
during recent years. Reynolds-averaged Navier–Stokes (RANS)-based turbulence models are
the most popular today, in particular the ubiquitous k–ε model [309], and a number of more
accurate models are also available. Another level of difficulty arises if the interaction between
turbulence and a nonlinear source term is to be considered. The interaction between turbulence
and chemistry has received considerable attention, resulting in flamelet models [310–312] and
PDF (probability density function) methods [313]. While very relevant for the modeling of
turbulence–radiation interactions, these models go much beyond the scope of this book, and
the reader is referred to the relevant literature [314–319].

To account for the interaction between turbulence and radiation (TRI), the time-averaged
radiative source must be evaluated, or

Q̇ ′′′R = −∇ · qR = −

∞∫
0

κη

[
4πIbη −

∫
4π

Iη dΩ

]
dη = −

∫
∞

0

[
4πκηIbη −

∫
4π
κηIη dΩ

]
dη. (22.90)

Because of their nonlinear dependence on composition variables these terms cannot be deter-
mined based on mean values. Thus, two turbulence moments or correlations are required: the
correlations between absorption coefficient and Planck function, κηIbη, and between absorption
coefficient and radiative intensity, κηIη. The former correlation is termed

Emission TRI : κηIbη , κη(φ̃)Ibη(T̃), (22.91)

while the latter is known as

Absorption TRI : κηIη , κη(φ̃)Iη(φ̃). (22.92)

Absorption TRI is particularly difficult to evaluate because the fluctuations of the local intensity
may be influenced by property fluctuations from everywhere in the medium. On the other
hand, in some early work Kabashnikov and coworkers [320–322] have suggested that, if the
mean free path of radiation is much larger than the turbulence eddy length scale lt, then the
local radiative intensity is only weakly correlated with the local absorption coefficient, i.e.,

Absorption TRI : κηIη ' κηIη. (22.93)

This expression, valid if κηlt � 1, and commonly known as the (optically) thin eddy approximation,

or optically thin fluctuation approximation (OTFA), simplifies the evaluation of Q̇ ′′′R considerably,
since the remaining correlations κη and κηIbη can be constructed from single-point statistics of
the composition variables. Note that, in order to invoke this approximation, one must have
κηlt � 1 for all wavenumbers. While this condition is generally violated by combustion gases
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for very small parts of the spectrum (see, e.g., Fig. 11-6), and also for extremely sooty flames, it
is justifiable in the vast majority of applications. To date most predictions of TRI (turbulence–
radiation interactions) have employed the OTFA.

Very similar to the time-averaged chemical source term, evaluation of the remaining cor-
relations, κη and κηIbη, requires equations or models for the correlations between any two
composition variables, for a total of s2 moments [323]; this task is clearly not feasible with
traditional RANS-based models.

Because of these difficulties radiation and turbulence have traditionally been treated as in-
dependent phenomena, i.e., the influence of turbulent fluctuations on the composition variables
(that determine the local values of radiative properties, blackbody intensity and, therefore, the
local radiative intensity) have been neglected. If effects of radiation are considered at all, the
calculations are generally based on mean (time-averaged) composition variables. Experimental
data, obtained by the groups around Faeth and Gore [324–333] have indicated that, depending
on fuel and other conditions, radiative emission from a flame may be as much as 50% to 300%
higher than would be expected based on mean values of temperature and absorption coefficient.
Cox [334] has shown that emission from a hot medium increases dramatically due to turbulence,
simply by expanding the emissive power into a Taylor series. For example, for a simple, gray
medium with constant absorption coefficient, the TRI reduce to κIb = κIb = κEb/π, where

Eb(x, y, t) =
1
δt

∫
δt

n2σT4(x, y, t) dt. (22.94)

If one writes temperature and its fluctuations in terms of a time average,

T(x, y, t) = T(x, y, t) + T′(x, y, t), T′ = 0, (22.95)

then Eb(x, y, t) can be approximated by a truncated Taylor series as

Eb(T) ' Eb(T) + T′
dEb

dT
+

1
2

(T′)2 d2Eb

dT
2 + . . . , (22.96a)

and

Eb(T) ' Eb(T) +
1
2

d2Eb

dT
2 (T′)2 = σT

4
1 + 6

(T′)2

T
2

 . (22.96b)

Equation (22.96b) shows that the so-called temperature self-correlation (time-averaged emissive
power) is always positive, resulting in enhanced emission due to turbulence–radiation interac-
tions. In the present case (gray, constant-property medium) temperature fluctuations of ± 30%
would increase emission by more than 50%!

In most early works on turbulence–radiation interactions the radiation calculations were
not coupled with the flow field model; rather, the fluctuation fields were assumed [249,250,335–
340]. It was generally concluded that TRI are of importance only in the presence of chemical
reactions (combustion of fuel), and there were some suggestions of temperature fluctuations to
dominate turbulence radiation interactions. While it is now widely recognized that turbulent
fluctuations affect the radiative transfer rates, the reverse is also true, i.e., radiation has an effect
on temperature fluctuations in a turbulent flow. This was first recognized by Townsend [341],
and has been further studied in the atmospheric sciences [342, 343] and for high-temperature
gases [344, 345].

It was observed in Sections 22.4 and 22.6 that, in boundary layers and in internal flows,
radiation is often dominated by its transverse component and can, thus, be approximated as
one-dimensional, greatly facilitating the solution because of the parabolic nature of forced con-
vection. Turbulent fluctuations are always transient and three-dimensional, although problems
may be statistically steady and one- or two-dimensional [i.e., in a time-averaged sense, equa-
tion (22.84)]. Similarly, time-mean radiative transfer in boundary layers and in internal flows
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tends to again be dominantly in the transverse direction. Sakurai and colleagues [346] have
shown that, if radiation is statistically one-dimensional, TRI may be adequately evaluated with
a one-dimensional RTE solver (i.e., neglecting the three-dimensionality of turbulence), greatly
reducing the necessary effort.

The first study modeling TRI from basic principles was done by Mazumder and Modest [347,
348], who considered a methane–air diffusion flame and a nonreacting combustion gas mixture,
respectively. Using a Monte Carlo solution to the velocity-composition PDF approach invoking
the thin eddy approximation and using the box model of Section 20.4 for radiation, they were
able to evaluate turbulence–radiation interactions without further approximation. Studying
nonreacting flows [348], it was confirmed that, indeed, TRI are never of great importance in
nonreacting flows, never changing radiative sources and fluxes by more than 10%. On the other
hand, in the methane–air flame heat loss rate increases due to TRI of up to 75% beyond the
temperature self-correlation were observed [347].

A systematic analysis of turbulence–radiation interactions in two-dimensional, axisymmet-
ric, nonluminous jet diffusion flames was first carried out by Li and Modest [349–351]. They
employed a hybrid approach, using a commercial finite volume code (Fluent [352]) together
with the composition PDF method [313, 319], and also invoked the thin eddy approximation
(OTFA). The philosophy of the probability density function (PDF) approach is to consider the
thermo-fluid variables (u, h, Y, etc.) as random variables and consider the transport of their
PDFs rather than their moments. The composition PDF is the simplest form of the PDF methods
since it carries information for the composition variables only, collected in the vector φ, which
contains the s−1 mass fractions Y and the enthalpy h. The great advantage of PDF methods

is that the mean for any quantity, say a source Q̇ ′′′, can be evaluated directly from the PDF,
provided Q̇ ′′′ is a function of local composition variables φ only. This leads to

Q̇ ′′′ =

∞∫
0

f (ψ)Q̇ ′′′(ψ) dψ, (22.97)

where ψ represents the sample space for the composition variables φ (for example, 0 ≤ ψs < ∞ is
the range of values that the last composition variable, φs = h, can attain); f (ψ) is the probability
density of the compound event of φ = ψ (i.e., φ1 = ψ1, φ2 = ψ2, . . . , φs = ψs), so that

f (ψ) dψ = probability(ψ ≤ φ ≤ ψ + dψ). (22.98)

The transport equation for the composition PDF for radiating reactive flow has been developed
by Li and Modest [349] based on the extensive work of Pope [313]. This resulted in a partial
differential equation in s + 4 independent variables (time, space, and composition variable
space), which—because of its high dimensionality—must be solved through stochastic particle
tracing [313, 319, 353, 354]. The composition PDF carries no information on the velocity field
and, therefore, must be combined with another solver to provide the solutions to the mean
momentum equations as well as a turbulence model (such as k–ε).

Li and Modest employed a simple single-step mechanism for chemistry, and the FSK method
of Section 20.8 together with the P1-approximation for the evaluation of thermal radiation from
the combustion gases (CO2, H2O, and CH4). Flames were characterized through nondimen-
sional parameters, namely Reynolds number Re (describing jet velocity, flame size, turbulence
level), optical thickness τL (flame size), Damköhler number Da (flow time scale vs. chemical
reaction time scale) and Froude number Fr (buoyancy effects), and their impact on turbulence–
radiation interactions was assessed. Their base configuration was Sandia Flame D [355], for
which an abundance of experimental measurements is available (including radiation data).
However, Sandia D is a small laboratory flame (as are most experimentally documented flames)
with, therefore, relatively little radiation. Thus, Li and Modest also studied flames scaled up
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by factors of 2 and 4 to determine radiation and TRI effects in larger flames. It was found that
TRI affect the flame in two ways: (1) emission from and self-absorption by the flame are both
strongly, and about equally, increased, and (2) the additional net heat loss causes the flame to
cool (and this, in turn, can substantially lower emission as well as chemical reaction rates to
the point of flame extinction). Not surprisingly, the strength of TRI is most strongly sensitive
to the flame’s optical thickness. Optically thin flames lose relatively little heat by radiation;
TRI cause this loss to increase by a substantial 50%, but decrease flame temperature only by a
small amount (maybe 20◦C). This additional heat loss causes optically thick flames to cool down
substantially (by 100◦C and more), resulting in a sharp drop in emissive power, and overall heat
loss rates are only increased by a few percent.

To isolate the importance of the various turbulence interactions that combine for the total
TRI effect, Li and Modest [350] looked at “frozen” composition variable fields for several flames
(using the converged temperature and species mass fraction fields for the flame with fully
considered TRI). They determined the various radiative contributions to flame emission and
self-absorption under a number of different scenarios. It was found that, on a percentage basis,
the increase in radiative heat losses due to TRI is essentially independent of optical thickness:
for all three flames, both, emission and self-absorption are consistently increased by about
60%. However, in optically thin flames this translates into a net additional loss of 50%, since
temperature levels (in an “unfrozen” field) decrease by only 20◦C or so. In optically thick
flames TRI bring down temperature levels by more than 100◦C, and the net heat loss is hardly
increased at all. The different underlying TRI mechanisms display similarly consistent trends:
if only the Planck function self-correlation is considered, emission and absorption increase by
roughly 35% for a gray medium. However, if the nongrayness of the combustion gases is
accounted for, this increase is less than 10%, again regardless of optical thickness (absorption
lagging behind emission, since it is a response to the raised emission level). The reason is
that the gas radiates only over the fairly narrow absorption–emission bands, across which the
nonlinearity of the Planck function is much less severe. Even for a gray medium, for which the
Planck function self-correlation is the most important driving force of the TRI, it by no means
dominates the interaction. The strongest contributions to TRI always come from the correlation
between absorption coefficient and Planck function fluctuations.

Several other investigators have investigated Sandia Flame D in the context of TRI [345,356–
359], most of them at a lesser level of sophistication than the work of Li and Modest [349,350], but
all providing consistent answers for the quantitative importance of radiation and turbulence–
radiation interactions. The most advanced and accurate model to date of Flame D is the one
by Wang and coworkers [345], using models similar to those of Li and Modest, but employing
a more advanced composition PDF code, a more realistic chemical reaction mechanism, and
the line-by-line accurate photon Monte Carlo scheme described in Section 21.6, which was
specifically developed for the stochastic media employed in transported PDF methods. As can
be seen from Fig. 22-19, their model predicts centerline temperatures very well, but also that
radiation (with or without TRI) has little influence in a small, optically thin flame. Wang and
coworkers also scaled up the flame by factors of 2 (kL2) and 4 (kL3) (but in a different way from
Li and Modest to preserve realistic chemistry). Consistent with Li and Modest’s observation
they noted that increasing flame size, and thus its optical thickness, increases radiative heat
loss while also reducing temperature levels. The relative importance of TRI was found to be
independent of optical thickness (roughly 30% for all flames).

While temperature levels in optically thin flames are only weakly dependent on radiation,
pollutant levels tend to be a strong function of temperature. Pal et al. [359] used Wang and
coworkers’ code to investigate NO levels in Sandia D, as shown in Fig. 22-20. Radiation is seen
to decrease NO levels appreciably (due to the slightly lower temperatures). The agreement
between experiment and theory is rather encouraging, and Fig. 22-20 clearly demonstrates the
importance of radiation and TRI on mean pollutant levels and their turbulent fluctuations: Ra-
diation lowers temperatures in the center of the flame (lowering NO levels), but heats colder
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Pal et al. [359].

regions further away (increasing NO). Radiation’s “action at a distance” decreases RMS fluctu-
ations everywhere, except for colder regions that have no NO at all without radiation. These
effects are multiplied in larger flames, with greater influence of radiation and TRI on tempera-
tures: predicted NO levels decrease by orders of magnitude when radiation and TRI are taken
into account.

The first attempt to quantify absorption TRI was made by Tessé and coworkers [360], who
investigated a small sooting (luminous) ethylene flame, using detailed chemistry and a sophis-
ticated soot model [361], together with a Lagrangian solver to obtain the composition PDF.
They then constructed many homogeneous turbulence structures from this PDF and deter-
mined the thermal radiation with a photon Monte Carlo scheme together with the narrow band
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k-distribution model of Soufiani and Taine [362]. They found emission to increase by 30%, and
also found absorption TRI to be appreciable (5% of total emission) for this luminous flame,
indicating eddies of appreciable optical thickness. The first ones to assess absorption TRI from
basic principles (i.e., without the assumptions for turbulence structures made by Tessé) were
Wang and coworkers [345], who used a transported composition PDF to determine composition
variables and their turbulence moments, together with Wang’s [363, 364] LBL-accurate photon
Monte Carlo scheme for stochastic particles. This radiation solver was specifically developed to
determine a PDF for photons, providing full compatibility with the stochastic turbulence model.
With their model Wang and coworkers [345] provided proof that absorption TRI is negligible for
Sandia D and, indeed, also for large nonluminous flames. The method was further employed
to investigate the influence of TRI in sooting flames: Mehta et al. [365–367] modeled six sooting
flames [368–370] using Wang and coworkers’ [345] schemes together with a sophisticated soot
model [371], to assess the importance of both emission and absorption TRI in such systems.
They found emission TRI (30% to 60%) and heat losses from the flame (increases of 45% to 90%)
to be stronger than in nonluminous flames. However, in contrast to Tessé’s [360] observations,
absorption TRI was found to be negligible for all six laboratory-scale flames, despite the soot.
Only when scaling up the sootiest flame [369] by a factor of 32 did absorption TRI become
appreciable (6% of total emission).

Turbulence–radiation interactions may also be assessed using more sophisticated CFD meth-
ods, such as large eddy simulations (LES) and direct numerical simulations (DNS). Chandy and
coworkers [372] were the first to study TRI using LES together with a filtered density function
(FDF) for composition variables (the LES equivalent of the transported PDF used with RANS
simulations), looking at an idealized luminous flame with a primitive soot model. They con-
cluded that, while emission TRI is always important at the subgrid scale (SGS) level, absorption
TRI at the SGS level can always be neglected. Similar conclusions were drawn by Gupta
et al. [373], who used a similar LES/FDF approach, but coupled with Wang’s [363, 364] LBL-
accurate photon Monte Carlo scheme. Finally, Roger [374, 375] also showed SGS absorption
TRI to be negligible by using DNS of stationary isotropic turbulence. Turbulence–radiation
interactions in the context of DNS have been investigated by the group around Haworth and
Modest [376–380] for a number of artificial scenarios. However, to date DNS simulations are
limited to system sizes in the mm range, i.e., ranges over which combustion media are optically
extremely thin.

Today the study of turbulence–radiation interactions remains an extremely active field of
research. For further reading the reader is directed toward several review articles by Modest
[381–383] and the very exhaustive monograph by Coelho [384].

22.10 RADIATION IN CONCENTRATING
SOLAR ENERGY SYSTEMS

Radiative heat transfer plays an important role in the harnessing of concentrated solar radiation.
Applications include solar thermal power [385,386], solar thermochemistry [387–389], and con-
centrating photovoltaics [390–392], in which solar radiation is converted to thermal, chemical,
and electrical energy, respectively.

Radiative fluxes that can be obtained with optical concentrators vary between few kW/m2

and several MW/m2. Concentrating solar systems are characterized by the solar concentration
ratio, defined as the ratio of the concentrated solar flux to solar irradiation of 1 kW/m2. High
temperatures can be achieved by increasing the concentration ratio to limit the reradiation
losses from a receiver [393]. While high temperatures are targeted in solar thermal power and
thermochemical systems to increase their efficiency, they are unwanted in photovoltaic cells
due to cell efficiency decreasing with temperature. Thus, concentrating photovoltaics systems
typically utilize lower fluxes and research efforts are focused on cell thermal management [390].

High-temperature solar thermal systems often include solid-gas heterogeneous media at
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FIGURE 22-21
Examples of high-temperature devices utilizing concentrated solar radiation: (a) a directly irradiated solar thermo-
chemical test reactor for thermal decomposition of methane, featuring a flow of methane laden with carbon particles
exposed to concentrated solar radiation [394]; and (b) an indirectly irradiated solar receiver prototype featuring an
annular layer of reticulated porous ceramics (RPC) bounded by two concentric cylinders: concentrated solar radiation
passes through a compound parabolic concentrator (CPC), and is absorbed by the inner cylindrical cavity, and con-
verted into heat, which is further transferred by conduction, radiation, and convection to the pressurized air flowing
across the layer of RPC [395].

temperatures exceeding several hundred degrees Celsius, and in some applications reaching
more than 2000◦C. Such media serve multiple purposes. They absorb high-flux irradiation
(absorption is predominantly by the solid phase as direct gas absorption is ineffective for length
scales of a solar device) and transfer the heat to a working gas in a solar thermal receiver driving
a thermodynamic power cycle, and/or to a chemical reaction in a solar thermochemical reactor. In
directly irradiated receivers/reactors radiation is absorbed by a solid that is in direct contact with the
working gas or provides surface to a chemical reaction, respectively (Fig. 22-21a). In indirectly
irradiated receivers/reactors radiation is absorbed by a solid, and then transferred to a gas or to
a chemical reaction by conduction, convection, and/or radiation through an intermediate heat
transfer medium (solid, fluid, or multiphase medium, Fig. 22-21b).

Radiation in Solar Thermal Receivers
The design of a receiver depends on the type of concentrator, the working fluid, and the operating
ranges of temperature, pressure, and radiative flux. A comprehensive review of solar receivers
up to 1998 was given by Karni et al. [396], and a more recent review of volumetric receivers for
solar thermal power plants with a central receiver by Ávila-Marı́n [397].

An early radiative heat transfer analysis in a volumetric solar absorber was presented by
Flamant [398] for solar fluidized beds of silicon carbide, chamotte, zirconia, and silica particles.
Temperature profiles, total emissivity, heat flux distribution, and effective mean penetration
distance were determined and compared to experimental data. Combined radiative, conductive,
and forced convective heat transfer in a volumetric selective solar absorber containing a packed
bed of two spectrally dissimilar slabs of particles was analyzed by Flamant et al. [399] using the
two-flux approximation. The model accounted for the variation of absorption and scattering
of the layers in the visible and infrared spectral ranges, and its predictions were validated
experimentally using a bed of glass and silicon carbide particles that were heating the gas
phase. An array of irradiated fin-pins exposed to a gas flow was studied experimentally in a
solar furnace by Karni et al. [396].

A two-dimensional steady-state heat transfer model coupling radiation, conduction, and
convection was developed for a novel design of a high-temperature pressurized-air receiver
for power generation via combined Brayton–Rankine cycles (see Fig. 22-21) [395]. The model
employs separate energy equations for solid and gas phases in the annular layer of reticulated
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FIGURE 22-22
Radial distribution of radiative source term within the RPC of
the receiver shown in Fig. 22-21b, at a selected axial location
z/L = 0.12 (for receiver length of 65 mm, outer radius of SiC
tube of 20 mm, and a total solar power input of 1 kW) [395].

porous ceramics saturated with pressurized air:
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where s is the specific surface area of the solid–fluid interface and h is the heat transfer coefficient
between particles and air. Radiative transfer in the receiver cavity was modeled using enclosure
theory. The Rosseland diffusion approximation, the P1-approximation and the Monte Carlo
method were employed as alternative methods to study radiative transfer in the porous layer,
which was assumed to be gray and isotropically scattering:

diffusion, equation (15.16) : Q̇
′′′

R =
1
r
∂
∂r

(
r

16σT3
s

3β
∂Ts

∂r

)
, (22.100a)

P1, equation (16.50a) : Q̇
′′′

R =κ(G − 4σT4
s ), (22.100b)

Monte Carlo, equation (21.45) : Q̇
′′′

R =
δQa

δV
− 4κσT4

s , (22.100c)

where the radiative power δQa absorbed by the volume δV is directly computed by the Monte
Carlo method. Figure 22-22 shows the radial distributions of the radiative source term for
the three solution methods at a selected location z/L = 0.12. The P1 results were found to
agree reasonably well with those obtained by the Monte Carlo method, while the Rosseland
approximation led to inaccurate results due to the relatively small optical thickness of the porous
layer made of reticulated porous ceramics (τRPC = 3). P1 was found to be the most appropriate
method as it simultaneously led to good accuracy and short computational times. A combined
heat transfer numerical study using the discrete ordinate method for a solid-particle receiver
was presented in [400].

Cavity-receivers are often enclosed by semitransparent windows to separate the hot gas
inside the receiver from a cold ambient atmosphere. Radiative heat transfer in a cavity-receiver
containing a windowed aperture was analyzed by Maag et al. [401] for quartz and sapphire
windows using the band approximation of Chapter 7. Radiative heat transfer in a solar cavity
receiver with a plano-convex window was studied by Yong et al. [402] with the Monte Carlo
method.

Radiation in Solar Thermochemical Reactors
The use of concentrated solar radiation in chemistry dates back to the 18th century, when
Antoine Lavoisier conducted combustion experiments in a solar furnace consisting of two
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concentric lenses [403]. Pioneering work on solar processes and reactors was done by Trombe
and Foex [404], Nakamura [405], Fletcher and Moen [393], and others. In a solar thermochemical
reactor the incident solar radiation enters a reactor cavity through an aperture, which may be
windowed, and is absorbed by reactants and cavity walls. Reactor design and optimization
is typically guided by thermochemical models coupling radiation, conduction, and convection
to the chemical kinetics [406]. Radiation analyses range from models with surface radiative
exchange to more sophisticated models, in which medium composition and phases vary with
time as chemical reactions progress.

Solar-driven redox thermochemical cycles have been investigated to produce H2 and CO
from H2O and CO2, respectively. A two-step cycle for a generic metal oxide MxOy can be written
as [407]:

solar, endothermic step:
1

∆δ
MxOy−δox →

1
∆δ

MxOy−δred + 0.5O2, (22.101)

nonsolar, exothermic step:
1

∆δ
MxOy−δred + H2O→

1
∆δ

MxOy−δox + H2, (22.102)

or
1

∆δ
MxOy−δred + CO2 →

1
∆δ

MxOy−δox + CO, (22.103)

where δox and δred are the nonstoichiometric coefficients of the reduced and oxidized forms
of the metal oxide, and ∆δ = δred − δox. Lipiński et al. [408] studied the decomposition of
micrometer-sized zinc oxide particles in a stationary particle suspension under direct high-
flux irradiation. A numerical model coupling transient radiative heat transfer to chemical
kinetics accounted for time-dependent radiative properties due to decreasing particle sizes,
computed from Mie theory at each time step of the transient solution. Abanades et al. [409]
developed a multiphase model coupling fluid flow, heat and mass transfer, and chemical kinetics
of the zinc oxide decomposition reaction, treating the particles as opaque spheres. Transient
radiative heat transfer in directly irradiated solar reactors containing packed beds of zinc oxide
particles was numerically analyzed using the Rosseland diffusion approximation by Müller
et al. [410] and Schunk and coworkers [411]. A diffusion-based model of internal radiative
transport in the packed bed of zinc oxide was also proposed by Dombrovsky et al. [412].
The numerically determined temperature profiles reported in [411, 412] were found to be in
good agreement with those measured in a solar-driven thermogravimeter. Radiative heat
transfer in a solar thermochemical reactor for the reduction of cerium dioxide was analyzed
using the Monte Carlo method by Villafán-Vidales et al. [413]. The participating medium was
a nonisothermal, nongray, absorbing, emitting, and anisotropically scattering suspension of
particles with properties obtained from Mie theory. Radiative characteristics of novel cerium
dioxide-based materials for applications in nonstoichiometric redox cycles were studied by
Liang et al. [414], Ganesan et al. [415, 416], and Haussener and Steinfeld [417].

Directly irradiated particles of carbonaceous materials are encountered in several solar
thermochemical processes including steam gasification of coal and methane decomposition,

CHxO1−y + yH2O = (x/2 + y)H2 + CO, (22.104)
CH4 → C + 2H2. (22.105)

Transient radiative heat transfer in directly irradiated stationary suspensions of coal particles
undergoing steam gasification was studied numerically using the Monte Carlo method and
Mie theory by Lipiński and Steinfeld [418] and geometric optics by Lipiński et al. [419]. The
Monte Carlo method and geometric optics were also applied in a simulation of a solid–gas
fluidized bed reactor for coal gasification. Maag and coworkers [394] developed a transient
combined convective–radiative heat transfer model of directly irradiated CH4 flow laden with
carbon particles. Mie theory was applied to obtain radiative properties of particles growing due
to deposition of carbon from the decomposition reaction. A combined radiative–conductive–
convective heat transfer model of an entrained-flow reactor for methane decomposition was
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developed by Maag et al. [420]. The net radiation method was applied to a cavity with opaque
walls and a semi-transparent aperture.

Thermal decomposition of calcium carbonate has been studied for the solar production of
lime and cement, as well as solar thermochemical CO2 capture. In these models for reacting
packed beds CaCO3 particles were assumed to be in the size range of geometric optics. The
Rosseland diffusion approximation was applied in a transient combined radiation–conduction
model [421], while spectral characteristics of the refracting and absorbing semitransparent
particles were accounted for in another study [422].
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medium,” Wärme- und Stoffübertragung, vol. 4, pp. 205–212, 1971.

56. Anderson, E. E., and R. Viskanta: “Spectral and boundary effects on coupled conduction–radiation heat transfer
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228. Yener, Y., B. Shahidi-Zandi, and M. N. Özişik: “Simultaneous radiation and forced convection in thermally
developing turbulent flow through a parallel plate channel,” ASME Paper No. 84-WA/HT-15, 1984.

229. Yener, Y., and M. N. Özişik: “Simultaneous radiation and forced convection in thermally developing turbulent
flow through a parallel plate channel,” ASME Journal of Heat Transfer, vol. 108, no. 4, pp. 985–987, 1986.

230. Echigo, R., and S. Hasegawa: “Radiative heat transfer by flowing multiphase medium—Part I: An analysis on
heat transfer of laminar flow between parallel flat plates,” International Journal of Heat and Mass Transfer, vol. 15,
pp. 2519–2534, 1972.

231. Kassemi, M., and B. T. F. Chung: “Two-dimensional convection and radiation with scattering from a Poiseuille
flow,” Journal of Thermophysics and Heat Transfer, vol. 4, no. 1, pp. 98–105, 1990.

232. Kim, T. K., and H. S. Lee: “Two-dimensional anisotropic scattering radiation in a thermally developing Poiseuille
flow,” Journal of Thermophysics and Heat Transfer, vol. 4, no. 3, pp. 292–298, 1990.



REFERENCES 771

233. Kim, T. Y., and S. W. Baek: “Thermal development of radiatively active pipe flow with nonaxisymmetric
circumferential convective heat loss,” International Journal of Heat and Mass Transfer, vol. 39, no. 14, pp. 2969–
2976, 1996.

234. Kim, S. S., and S. W. Baek: “Radiation affected compressible turbulent flow over a backward facing step,”
International Journal of Heat and Mass Transfer, vol. 39, no. 16, pp. 3325–3332, 1996.

235. Krishnaprakas, C. K., K. B. Narayana, and P. Dutta: “Combined convective and radiative heat transfer in
turbulent tube flow,” Journal of Thermophysics and Heat Transfer, vol. 13, no. 3, pp. 390–394, 1999.

236. Einstein, T. H.: “Radiant heat transfer to absorbing gases enclosed in a circular pipe with conduction, gas flow,
and internal heat generation,” NASA TR R-156, 1963.

237. Echigo, R., S. Hasegawa, and K. Kamiuto: “Composite heat transfer in a pipe with thermal radiation of
two-dimensional propagation,” International Journal of Heat and Mass Transfer, vol. 18, pp. 1149–1159, 1975.

238. Bergero, S., E. Nannei, and R. Sala: “Combined radiative and convective heat transfer in a three-dimensional
rectangular channel at different wall temperatures,” Wärme- und Stoffübertragung, vol. 36, no. 6, pp. 443–450,
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266. Viskanta, R., and M. P. Mengüç: “Radiation heat transfer in combustion systems,” Progress in Energy and
Combustion Science, vol. 13, pp. 97–160, 1987.

267. Viskanta, R.: Radiative Transfer in Combustion Systems: Fundamentals and Applications, Begell House, New York,
2005.

268. Negrelli, D. E., J. R. Lloyd, and J. L. Novotny: “A theoretical and experimental study of radiation–convection
interaction in a diffusion flame,” ASME Journal of Heat Transfer, vol. 99, pp. 212–220, 1977.

269. Liu, K. V., J. R. Lloyd, and K. T. Yang: “An investigation of a laminar diffusion flame adjacent to a vertical flat
plate burner,” International Journal of Heat and Mass Transfer, vol. 24, no. 12, pp. 1959–1970, 1981.

270. Kee, R. J., F. M. Rupley, and J. A. Miller: “CHEMKIN-II: A Fortran chemical kinetics package for the analysis of
gas-phase chemical kinetics,” Technical Report SAND89-8009B, Sandia National Laboratories, 1989.

271. Kee, R. J., G. Dixon-Lewis, J. Warnatx, M. E. Coltrin, and J. A. Miller: “A Fortran computer code package for
the evaluation of gas-phase, multicomponent transport properties,” Technical Report SAND86-8246, Sandia
National Laboratory, 1986.

272. Daguse, T., T. Croonenbroek, J. C. Rolon, N. Darabiha, and A. Soufiani: “Study of radiative effects on laminar
counterflow H2/O2/N2 diffusion flames,” Combustion and Flame, vol. 106, pp. 271–287, 1996.

273. Ruan, J., H. Kobayashi, T. Niioka, and Y. Ju: “Combined effects of nongray radiation and pressure on premixed
CH4/O2/CO2 flames,” Combustion and Flame, vol. 124, pp. 225–230, 2001.

274. Kaplan, C. R., S. W. Baek, E. S. Oran, and J. L. Ellzey: “Dynamics of a strongly radiating unsteady ethylene jet
diffusion flame,” Combustion and Flame, vol. 96, pp. 1–21, 1994.
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416. Ganesan, K., L. A. Dombrovsky, and W. Lipiński: “A novel methodology to determine spectral radiative
properties of ceria ceramics,” in Proceedings of the Eurotherm Seminar 95—Computational Thermal Radiation in
Participating Media IV, eds. P. Boulet and D. Lacroix, Nancy, 18–20 April 2012.

417. Haussener, S., and A. Steinfeld: “Effective heat and mass transport properties of anisotropic porous ceria for
solar thermochemical fuel generation,” Materials, vol. 5, pp. 192–209, 2012.

418. Lipiński, W., and A. Steinfeld: “Transient radiative heat transfer within a suspension of coal particles undergoing
steam gasification,” Heat and Mass Transfer, vol. 41, pp. 1021–1032, 2005.
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Problems

22.1 A vat of molten glass is heated from below by a gray, diffuse surface with T = 1800 K and ε = 0.8. The
glass layer is 1 m thick, and its top is exposed to free convection and radiation with an ambient space
at 1000 K (heat transfer coefficient for free convection = 5 W/m2 K). Neglecting convection within the
melt, estimate the temperature distribution within the glass, using the radiative properties of glass as
given in Figs. 1-17 and 3-16. What is the total heat loss from the bottom surface?

22.2 Estimate the total heat flux for Problem 22.1, as well as the glass–air interface temperature, by using
the additive solution method.

22.3 A glass sphere (D = 4 cm) initially at uniform temperature Ti = 300 K is placed into a furnace, whose
walls and inert gas are at a uniform T1 = Tw = 1500 K. Assuming the glass to be gray and nonscattering
(κ = 1 cm−1, n = 1.5, k = 1.5 W/m K) and a sphere/furnace gas heat transfer coefficient of 10 W/m2 K,
determine the sphere’s temperature distribution as a function of time.

22.4 A 1 cm thick quartz window (assumed gray with κ = 1 cm−1 and n = 1.5) forms the barrier between
a furnace and the ambient, resulting in face temperatures of T1 = 800 K and T2 = 400 K. Estimate the
conductive, radiative, and total heat fluxes passing through the window (k = 1.5 W/m K).

22.5 Repeat Problem 5.36 for the case in which a gray, isotropically scattering, stationary gas (κ =
2 cm−1, k = 0.04 W/m K) is filling the 1 cm thick gap between surface and shield.

22.6 A sheet of ice 20 cm thick is lying on top of black soil. Initially, ice and soil are at −10◦C when the
sun begins to shine, hitting the top of the ice with a strength of 800 W/m2 (normal to the rays), at an
off-normal angle of 30◦. Assume the ground to be insulated, ice and water to have constant and equal
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properties (k, ρ, cp), a gray absorption coefficient (for solar light) of κ ' 1 cm−1, and a gray reflectance
of 0.02. Neglecting emission from and scattering by the ice, as well as convection losses/gains at the
surface, determine the transient temperature distribution within the ice/water until the time when all
ice has melted.

22.7 Consider a gray medium separating an axle from its bearing. The gap is so narrow that the movement
between axle and bearing may be approximated by Couette flow (two infinite parallel plates, one
stationary, and the other moving at constant velocity U). The movement is so rapid that viscous
dissipation must be considered [Φ = (∂u/∂y)2, where u = u(y) is the velocity at a distance y from the
lower, stationary plate]. The medium is gray and nonscattering with a constant absorption coefficient,
and both surfaces are isothermal (at different temperatures) and gray-diffuse. Set up the necessary
equations and boundary conditions to calculate the net heat transfer rates on the two surfaces.

22.8

h

Insulation

qsol = 1000 W/m2

Tamb
 = 300K

y

x

Consider a solar water heater as shown in the adjacent sketch.
A 5 mm thick layer of water is flowing down a black, insulated
plate as shown while exposed to sunshine. The water is seeded
with a fine powder that gives it a gray absorption coefficient of
κ = 5 cm−1. The top of the water layer loses heat by free convection
(h = 10 W/m2 K) to the ambient at Tamb = 300 K. At the top of
the collector (x = 0) the water enters at a uniform temperature of
T0 = 300 K. The velocity profile may be considered fully developed
everywhere. Determine the cumulative collected solar energy as
a function of x.

22.9 Consider a gas–particulate mixture flowing through an isothermal tube (εw = 1, Tw = 400 K). The
gas is radiatively nonparticipating and has constant velocity u across the tube cross-section such that
Pe = Re Pr = uD/α = 30,000. The particles are very small, gray, and uniformly distributed such that
κpR = 5 (no scattering) and (ṁcp)particles/(ṁcp)gas = 2. The particles are so small that they are essentially
at the same temperature as the gas surrounding them. Using the diffusion approximation for the
radiative heat transfer, set up the relevant equations and boundary conditions for the calculation of
local bulk temperature and local total heat flux. Obtain a numerical solution (after neglecting axial
conduction and radiation), and compare with Figs. 22-13 and 22-14.


