CHAPTER

18

THE ZONAL METHOD

18.1 INTRODUCTION

The zonal method for the determination of radiative heat transfer rates within an absorbing,
emitting, and isotropically scattering medium is an extension of the net radiation method devel-
oped in Chapter 5 for surface exchange (i.e., for enclosures without a participating medium). In
this method the enclosure is subdivided into a finite number of isothermal volume and surface
area zones. An energy balance is then performed for the radiative exchange between any two
zones, employing precalculated “exchange areas.” This process leads to a set of simultane-
ous equations for the unknown temperatures or heat fluxes. The method was first developed
by Hottel and Cohen [1] for an absorbing, emitting, nonscattering gray gas with constant ab-
sorption coefficient. Hottel and Sarofim [2] extended it to deal with nonconstant and nongray
absorption coefficients as well as with isotropically scattering media. The discussion by Hottel
and Sarofim [2] is extensive but is limited to three-dimensional problems (i.e., only volume
zones finite in all three dimensions are discussed). The method was extended by Walther and
coworkers [3] to allow for linear variation of emissive power through a one-dimensional slab
zone and by Einstein to deal with two-dimensional zones in Cartesian [4] and cylindrical [5]
coordinate systems. A slight variation of the method has been given by Larsen and How-
ell [6], who expressed the energy balances in terms of “exchange factors,” which are physically
measurable quantities. Such measurements were carried out by Liu and Howell [7]. Another
derivative model is the REM? method by Maruyama [8-10]. Yuen and Takara [11] (and Ma [12]
for a one-dimensional slab) have shown that the zonal method can be applied to anisotropically
scattering media, but only at a great increase in required computer time.

18.2 SURFACE EXCHANGE —NO
PARTICIPATING MEDIUM

We shall start by rederiving the relations for radiative exchange between surfaces in the zonal
form, since doing so clearly demonstrates the similarities between the standard net radiation
method and the zonal method. As in the net radiation approach we break up the surface of the
enclosure into N isothermal subsurfaces, or zones, as shown in Fig. 18-1.

Black Surfaces — Direct Exchange Areas

If the enclosure consists of only black surfaces then the net exchange of radiative energy between
any two surfaces is, from equation (5.9),

Qi(—?j = _Q]Hl = ?‘?’](Ebl - Ehj)/ l/] = 1/ 2/ cee /N/ (181)
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FIGURE 18-1
General enclosure broken into N isothermal surface zones.

T,, €
where Q;.,; is the net energy exchange between zones i and j (positive if zone i is losing heat as
a result of the exchange) and the

cos 9; cos 0;
s =m = A ,_,]_AF]_n_ff%dAdA (18.2)

1

are known as direct exchange areas. Unlike the view factors, F;,;, the 5;s; are not nondimensional
but have the dimensions of area. While this is a minor inconvenience the formulation of equa-
tion (18.2) has the advantage that the principle of reciprocity is more easily applied (eliminating
a common source of error). Although the use of direct exchange factors (reducing to view factors
in the absence of a participating medium) would be just as acceptable, the use of exchange areas
is accepted practice. Summing equation (18.1) over all zones yields the net heat flux at zone i as

N N
Aigi = Z; (Epi — Eyj) = AiEpi - Z; Ey, i=12,...,N. (18.3)
= =

Since the total heat flux leaving surface i is A;Ej;, we find that

N
Z 55 = Ay, (18.4)

=1

which is equivalent to equation (4.18), or ZJN=1 F.j=1

Gray Diffuse Surfaces — Total Exchange
Areas

If the surfaces are not black but are partially reflective, then the energy exchange between zones
is not only by direct travel, but also may include contributions due to single and multiple
reflections from any number of surface zones. If the reflective behavior of the surfaces is gray
and diffuse, then the reflected radiation leaving a surface cannot be distinguished from emitted
radiation and equation (18.1) still holds after replacing emissive power E; by radiosity | (as
described in detail in Chapter 5). Thus,

Qi(—)j = _Q]<—>1 = E(L - ]])/ Z/] = 1/2/- . -/N/ (185)
and, performing an energy balance on A;,
N
Qi=Aigi=Ai(Ji—Hj) = Ai]i - Z s, i=12,...,N. (18.6)
j=1

Thus, similar to the net radiation method, we must now assume that the surface zones are small
enough so that their radiosities do not vary appreciably across them.



18.2 SURFACE EXCHANGE — NO PARTICIPATING MEDIUM 587

We may eliminate the radiosities from equation (18.6) by using equation (5.26),

€; .
qi:Te(Ebi—L‘), l=1,2,...,N. (187)

This leads to

N N
Ajdij 1-¢
Z( C ]ss])q] Y (Adij-5s)) By, i=1,2,..,N, (18.8)

j=1 j=1

which is equivalent to equation (5.37). Thus, if all temperatures are known, the unknown wall
heat fluxes may be determined by matrix inversion. If the zonal temperatures are not known,
but must be determined iteratively by considering conduction and/or convection as well, then
one matrix inversion must be performed for every iteration. To avoid such unnecessary matrix
inversions (since the exchange areas do not depend on temperature), Hottel and Cohen [1]
introduced the concept of total exchange areas, defined by

Qi(—?j = _QjHl S (Ebl Ebj)/ l/] = 1/ 2/ . °/N/ (189)

which include energy exchange by direct travel as well as by paths with one or more surface
reflections. This concept implies that reciprocity holds also for total exchange areas, that is,

5,‘5]' = S]'S,‘, all i, ] (18.10)

Once the 5;S; have been determined, the heat flux for each zone is found immediately and
without matrix inversion from

N
Qi=Aigi = Z iSj (Evi — Epj)
j=1
N —
eiAiEh,-—Z SiEy, i=1,2,... N, (18.11)
j=1

where the last part of equation (18.11) follows from the fact that total emission from zone i is
€;A;Ep;. We conclude that, for a nonparticipating medium,

SS:=¢€A;, i=12,...,N. (18.12)

\.MZ
0
n

—1

There are many ways of expressing the total exchange areas TSJ in terms of direct exchange
areas s;5;. Hottel and Cohen [1] and Hottel and Sarofim [2] achieved this by setting the emissive
power of all zones to zero except for zone k, for which the emissive power is set to unity. From
equation (18.11) it follows then that, for this case,

N
Qi =-58c = Aicli— ) 58, i=1,2,.,N, (18.13)
j=1

where the presubscript k for the J; implies that these artificial radiosities are for a single emitting
zone with unit emissive power. The Q; can be eliminated using equation (18.7), resulting in N
simultaneous equations for the unknown +J; (i = 1,2,...,N). After their determination the E
may be determined from equation (18.13). Ultilizing a different approach Noble [13] cast the
governing equations in matrix form and used elegant matrix manipulation to evaluate the total
exchange areas. We shall follow here an approach similar to Noble’s but shall use a somewhat
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more conventional notation to accommodate the reader who is not very familiar with matrix
manipulation.
Making a simple heat balance for zone i,
Qi = €AEy; — €,A;H; (18.14)

(stating that the net heat flux leaving zone i is the difference between emitted and absorbed
irradiation), we find from equation (18.6) that the direct exchange areas are related to the
absorbed irradiation, €;A;H;, where H; is total irradiation per unit area on zone i, or

N
AH; =Y 5sii, i=1,2,...,N, (18.15)
j=1

We now eliminate the radiosities from equation (18.15) using its definition, equation (5.18),

]j = €ij/‘ + ij]', (18.16)
which leads to
N — N
0ij _ psi 51) —
— sisj€Ey;, 1=1,2,...,N. (18.17)
]Z:; ( § A Z::‘ !

Equation (18.17) is a set of N linear equations in the N unknown H;. The general solution to this
equation is most easily found by casting it into matrix form. We define two N X N matrices (or
second rank tensors),

1 P18181 p258182 PnS18n
€1 €1 €A enAy
P15251 1 p25282 PnS28n
T = adi e el exAy (18.18)
P15nS1 P25nS2 1 PNSnSN
€141 €A, €n exAy
and
S1S1€1 S1S2€2 -+ S1Sy€En
S3pS1€1 SpSp€p  +++  SySy€En
S = , (18.19)
SyS1€1  SyS2€2 SnSy En

as well as two vectors h and ey,

€1A1H, Ep
€2ArH, Ep

ho e (18.20)
eNANHN EbN

For easy readability of matrix manipulations we shall follow here the convention that a two-dimensional matrix is
denoted by a bold capitalized letter, while a vector is written as a bold lowercase letter.
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Equation (18.17) may then be rewritten? as
T-h=S-ep. (18.21)
If we form the dot product of equation (18.21) with the inverse of T, or T1, we get
TLT-h=h=T7"1-S-e, (18.22)

where we have made use of the fact that T™1- T = §, where 6 is the unit tensor with elements Oij,
and 6-h = [Z j 6,'jhj] = [l;] = h. Thus, we may write, in series notation,

N N
€;A;H; = Z(Tﬁl)iksk]‘Ebj. (18.23)
=1 j=1

By comparing this expression with equations (18.11) and (18.14) we find the total exchange areas
as

N
SiS; = Z(T-l)iksk]-, (18.24)
k=1

or, in matrix notation e
SS=T71.8. (18.25)

We note in passing that, for every black zone, an entire column of T has elements that are zero
(with the exception of the diagonal term), simplifying the inversion of T.

Example 18.1. Evaluate the radiative heat flux between two infinitely long concentric cylinders sep-
arated by a nonparticipating medium. Both cylinders are isothermal and are covered with a gray,
diffusely emitting and reflecting material. The inner cylinder is of radius R; with temperature T; and
emittance €;. The outer cylinder has the corresponding values of Ry, T>, and €,. Use the zonal method
and employ the concept of total exchange areas.

Solution
Letting the inner cylinder be Zone 1 and the outer cylinder Zone 2 we have

5182 = 8251 = A1F1p = A1, 5151 =0, 8280 = AsFap = Ay — A

Therefore, we get

1 mA
T= €1 €2 A2
p1 P2 Ar
_ 14+ —=—
€1 € A2
0 A1€2

Arer (A2 - Ar)er
The inverse of T follows immediately as

T—l - l €2 Az €2 Az ,
T P1 1
€1 €1

where

2 Again, for easy readability of matrix manipulations we adopt the convention that a dot product denotes summation
over the closest indices on both sides of the dot, e.g., T-h = [Z]- Tijhj] ,D-T-h= [):I- Z]- Dk;Ti]-h]-], etc. Thus, a tensor
dotted with a vector gives a vector, a tensor dotted with a tensor results in another tensor, and so forth.
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1 P2 A

T
=TI = oA

The total exchange areas are calculated from

2

§S =Y (T ™Sy,
k=1

Tll S+ le Sy = i—z — A€,

or
5151

515, = Tl_llslz + T1_21522 = 5251

A A A
T[(1+&A—1)A12 P2 1(Az—A1)62] Tl

525,

T21 S + T2 Sy =

11p
T I:aAle‘z + a(Az —Al)] .

The net heat flux at Surface 1 follows as

Q1 = A1q1 = 5152 (En1 — Ep2)

or
N 1 1

\IJ:—___—
VTamioTh T L Al(__l)

T A,
This is, of course, somewhat of a hard way to arrive at the well-known result. The method will save
considerable computer time, however, if many zones and iterative determination of the temperature
field are involved.

18.3 RADIATIVE EXCHANGE IN GRAY
ABSORBING/EMITTING MEDIA

We shall now consider radiative transfer through a gray absorbing, emitting, but nonscattering
medium with constant absorption coefficient. The medium is confined by an enclosure with
gray, diffusely emitting and reflecting surfaces. Again, the surfaces are broken into N isothermal
zones (with weakly varying radiosities), while the medium is broken into K isothermal volume
zones. There will now be radiative transfer between surface zones and other surface zones,
from surface zones to volume zones and vice versa, and from volume zones to volume zones.

Direct Exchange Areas
Surface-Surface Exchange

The direct exchange area between two surface zones is defined, as for pure surface exchange,
by

Qinj =557 i

where Q;,; is the total heat flux coming from zone i that travels directly (without reflections)
to zone j. The exchange areas are the same as in the last section, except that only a fraction of
the energy leaving i toward j will arrive at j (while the rest will be absorbed by the medium).
Thus, similar to the development of standard view factors developed in Chapter 4, we find that
the heat flux leaving zone 7 arriving at j = intensity leaving dA; into the direction of dA; X area
normal to ray X solid angle subtended by dA j as seen from dA; X fraction transmitted, or

dA; cos 6;
(h) X (dA; cos 6;) X (%)Xa‘”s,
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dA, dA

(@) )

FIGURE 18-2
Radiative exchange between (1) two differential surface elements, (b) differential volume and surface elements, (c) two
differential volume elements.

as shown in Fig. 18-2a. The surface-to-surface direct exchange area may, therefore, be determined

from
¢ COs 0; cos 6]
5i) = f f dA;dA;. (18.26)

Equation (18.26) is identical to equation (18.2) except for the transmission factor e7*°.

Volume-Surface Exchange
The volume-to-surface direct exchange area is defined similarly through
Qisj = gis; Epi-

Inspecting Fig. 18-2b, we find that the heat flux emitted from volume zone i arriving at surface
zone j = energy emitted from dV; into all 47t directions as given by equation (10.54) X fraction
leaving toward dA; X fraction transmitted, or

dA;cos 9]-) 3

(4xEp; dVi) X ( 1732

leading to a volume-to-surface direct exchange area of

gl S] f f —1<S
i JA;

Volume-Volume Exchange

(18.27)

The volume-to-volume direct exchange area is related to heat flux leaving one zone and absorbed
by another after direct travel (without reflections) through

Q1—>] gi9; 7i9; Epi.

The magnitude of the direct exchange area is most easily derived by orienting the receiving
volume, dV; = dA; X dS;, as shown in Fig. 18-2c: The heat flux from i intercepted by j is
equal to energy emitted from dV; into all 47 directions X fraction leaving toward dA; X fraction
transmitted X fraction absorbed over dS j, or

dA;
(4xEp; dV;) X (

o S2)><(e %) X (k dS;),
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leading to a volume-to-volume direct exchange area of

7.7, = f f -KS" _dV;dv,. (18.28)
i JV;

Making the same arguments in the opposite direction, or by inspecting equations (18.26) through
(18.28), we find that reciprocity for direct exchange areas holds, that is,

SiSj =5iSi, §iSj =i, 9i9; = 9;9i- (18.29)

Making an energy balance on surface zone i, we have

Qsi = Aigi = Ai(Ji — Hyi) = Ajei(Epsi — Hyp)
N

= Zs]sl 1 ]] + ngs1 (]1 Ehgk)
=1 =
N K
= ei| AiEpsi — Zs] Z B, i=1,2,...,N, (18.30)
j=1 k=1

where we have added the subscripts s and g to distinguish between emissive powers and
irradiation of surface and volume zones, respectively.

The first version of equation (18.30) uses the concept that the net heat flux at zone i is equal
to the sum of the net exchange between any two zones, and the second states that net heat flux
is equal to total emission minus the absorbed fraction of total irradiation. Realizing that the
exchange areas do not depend on temperatures and that, for an isothermal enclosure, all heat
fluxes go to zero (as well as J; = Ej;), we get the relationship

SjSi + gikSi = Ai/ i= 1,2, . ,N. (1831)

_
T
A

.

Similarly, making an energy balance over a volume zone, we find>

N K

Qpi = KVidEsyi = G) = Y 5 (Evgi = ) + Y, 58 (Evgi — Enge)
j=1 k=1
N K
= 4KViEigi = ) 53 Ji = ) GG Eogky i=1,2,..., K. (18.32)
=1 k=1

Comparing, or looking at an isothermal enclosure, we find

N K
S+ ) GE =4V, i=12,..,K (18.33)
j=1 -

For a volume zone the Q,; represents the net radiative source within volume V; and is, therefore,

Qi = f V.-qdV. (18.34)

If the Q; for surface zones are eliminated through equation (18.7), and if the Q,; for volume zones
are known (by assuming radiative equilibrium) or the gas zone emissive powers are known
(through connection with an overall energy equation), then equations (18.30) and (18.32) form
a system of N + K equations in the unknowns J; (i =1,2,...,N) and Qyk or Epgr (k=1,2,...,K).

3Here xV,G; = f v ﬁm kI dQdV; is the total incident radiation absorbed by V;.
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Total Exchange Areas

Again, we would like to eliminate the radiosities, J;, from equations (18.30) and (18.32) to avoid
repeated matrix inversions in case the zonal temperatures must be determined by iteration. The
total exchange areas are defined by

K
Qi = €iAEpsi — Z SSiEwi— ) SiGiEygt,  i=1,2,...,N, (18.35)
j=1 k=1
N _ K _
Qpi = 4ViEygi = Y GiSiEij— ) | GiGiEygt,  i=1,2,...,K. (18.36)
=1 k=1

The law of reciprocity follows again from the definition of total exchange areas, that is,

SiSi =S;S;, GiSi = SiGy, GkGi = GGy, (18.37)

and, setting all emissive powers equal in equations (18.35) and (18.36) (resulting in zero heat
fluxes everywhere) gives the relations

S,‘ Kk = GiAi, i= 1, 2, .. .,N, (1838)

Gy = 4xV;, i=12,...,K (18.39)
To determine the total exchange factors, we extract the surface irradiation from equation (18.30),
giving

N
AiHy = Zﬁ +Z SOk Eok,  i=1,2,..,N, (18.40)
j=1 k=

or, after using equation (18.16),

i( p]ss’) AHj is eE +i E i=1,2,...,N. (18.41)
il £ 155 €Lbsj L Sik Ebgks :
In vector notation we may write*

T-hs =S-eps +58- epg, (18.42)

where T, h, S, eps are defined as in the previous section (although the direct exchange areas in
them are different because of the transmission factor), while the other two are defined as

§191 5192 -t Sifk Epp

_ 5201 202 -t S Epp

sg = , €pg = . (18.43)
Sng1 Sng2  ttt Snfx Epgx

“We augment our vector notation rules here somewhat by stating that a bolded and barred two-letter name may be
used for a matrix (besides a bold capital letter).
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Note that T and S are N X N matrices and h and ey are N-vectors, while sg is an N X K matrix
and eyg is a K-vector. Inverting T gives

he=T " S-eps+T " 58 epg, (18.44)

and, after comparing with equation (18.35), the total exchange areas can be identified as

N
SS=T'-S, or 55;=) (ThuSy (18.45)

N
SG=T"'-5g or SGi= Z(T-l),-, Sk (18.46)

A similar procedure for the volume zones gives, from equation (18.32),

xkVG;, = Zg,S]]] + Zg,gk Ehgk/
] 1 =

Mz

755, (€Ess; + piHy)) + Zg,gk Epy i=1,2,...,K (18.47)
:1 k=1

Remembering that hs; = €;A;H;; and using equations (18.44) and (18.45), we find that equa-
tion (18.47) is transformed to

N =T N
KVG = Zg:SJE]EbS] ZA__ZS bsl
j=1 j=1 =1
N o5 K
+), o ) SG bgk+Zglngb,]k, i=1,2,... K (18.48)
=1 T k=1 k=1

Switching the dummy counters j and /in the second term on the right-hand side and rearranging,
we have

K N —
+ Y (m + Y —S’Z— S,Gk] Eviv  i=12,.. K (18.49)

N ——
e iS1 P1 .

S = 7is; € 22065, i=1,2,...,K 18.
0] 1S]€]+; Al € 19j, 1 74y 7N (850)
J— N :S N

Gro=ga + Y P56, i=1,2,. K (18.51)

or, in matrix notation

o
»
I
=
+
@)
92]
&

(18.52)
(18.53)

Q
o
[
]
o
—+
©
»
Q
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where

gi1s1€1 g152€2 *++ G1Sy€n
G251€1 G282€2 *t1 (2SyE€n

R= , (18.54)
JxS1€1 GxS2€2  *++ JxSn€n
J5Ipr Ji52p2 o G5 pPy
A1 €1 A2 €2 AN €N
Js1p1 PS2p2 25w Py

Q= Al € Ay € Ay €y . (18.55)
gS1p1 Gis2p2 - GiSu Py
Al € Ay € Ay €y

— == == ==T
Because of reciprocity G¢S; = S;Gy or GS = SG  (where the superscript T denotes the transpose
of a matrix) and

R+Q-SS=gs- (T Y. (18.56)

Obviously, the G;S; may be evaluated using either of equations (18.46) and (18.50) (or both,
using one as a checking mechanism).

Example 18.2. Consider a gray, absorbing—emitting (but not scattering) isothermal medium confined
between two parallel, isothermal, gray and diffuse plates. The temperature of the medium is T,
its absorption coefficient is x, and the distance between the plates is L. Both plates have the same
temperature, T;,, and emittance, €. Determine the net radiative heat flux at the plates.

Solution

We begin by evaluating the direct exchange areas. Since the problem is one-dimensional with infinitely
large plates, all direct and total exchange areas will become infinitely large. Thus, we shall evaluate all
exchange areas per unit area, using a tilde instead of a bar in the notation. From equation (18.26)

5% = lim if f o5 €08 61 czos 6, Ay dA, = f o5 €08 61 czos 6, Ay,
Aj—>o0 Al A J A, 1S Ay nS

since the exchange factor between any point on Surface 1 and all of Surface 2 is the same everywhere.
Thus, we get, with cos 01 = cos 0, = L/S, S2=¢2+12%and 1, = «L,

_ R Tyt
515, = f e ——2nrdr = Zf el o 2E3(ty),
o iS4 1 ad

where y = S/L = +/(r/L)?> + 1. We also have 5151 = 55, = 0 and 581 = 515,. From equation (18.31), it
follows immediately that

gs1=1-515 = g5 = gs = 57,
and, from equation (18.33),

g9 = 41, — 2sg.
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To determine the total exchange factors, we first establish the relevant matrices,

LR 1
— € € _ 20 \2
=l ) T—ez[l P 6r2)’],

—— 85152 -

€ €

1 — —
1 - BS] 2 0 €815
T_lz— € € , S = ,

T p — 1 —

— 5152 - €85152 0

€ €

where S is also evaluated per unit area. Now, from equations (18.45) and (18.46)

— 1 — — 1 —

5151 = TP(Slsz)2 =55, 515 = 71 5152 = 5,51,

— 1/1 N — — =

56 = ~ (— + Es1sz)sg = 5,G = 5G = GS.
T\e €

The last result may be verified by comparing with the result from equation (18.50). Finally with
(P55 Pa
o=(cw £9)
=~ P==_~, 2 AV
GG =gg+ 22 sgSG=gg+ o7 (1 + pSlsz)(sg) .

These results are readily (and should be) verified by substituting into equations (18.38) and (18.39).
The net heat flux to a plate is calculated from equation (18.35) as

Juw = (e - Spl‘sil - SFl‘siz) Epw — g‘éEbm = §é (Ebw - Ebm)/

or
W= Juw _ §‘G’ _ 6[1 - 2E3(TL)]/
o (TZ‘%] — Tﬁx) 1-2pEs(t.)

which is, of course, the exact result.

A number of researchers have applied the zonal method to gray media without scattering.
For example, Einstein calculated combined convective/radiative heat fluxes for two-dimensional
duct flow for a gray gas in a black-walled duct [4,5] and Modest investigated radiative equi-
librium in a rectangular enclosure with a single nonblack wall [14], and for the space between
concentric, gray cylinders [15].

18.4 RADIATIVE EXCHANGE IN GRAY
MEDIA WITH ISOTROPIC SCATTERING

We shall now extend the zonal method to the most general case to which it can be applied
by including the effects of isotropic scattering and spatially varying absorption and scattering
coefficients. As before, we break up the surfaces into N isothermal zones (with weakly varying
radiosities) and the medium into K isothermal volume zones (which, as we shall see, should have
weakly varying radiative source terms). We shall rederive the expressions for direct exchange
areas by making allowance for property variations as well as for isotropic scattering.

Direct Exchange Areas

Surface-Surface Exchange

The direct exchange area between two surface zones applies now to total heat flux coming
from zone i traveling to j directly without reflections and without being scattered. Therefore,
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equation (18.26) must be rewritten as

_ _p,s 08 0; cos 6;
SiS;j =f f e TdA]dAu (1857)
A J A,

where

1 S
Bi= s fo gds (18.58)

is the average extinction coefficient between zones i and j. In general, of course, the value for Bij
would be different for any two zones.

Volume-Surface Exchange

Radiative energy leaves an infinitesimal volume not only in the form of isotropic emission
(= 4mxilp = 4xiEpg) but also as isotropic out-scattering (= 0sG;, where o, is the scattering
coefficient).? Defining a volume zone radiosity as

Jy = (1 - w)Eyy + %G, (18.59)
we may express the direct exchange of energy between volume and surface zones as

Qioj = gi8j Ugi = Jsj), (18.60)

and equation (18.27) becomes

_ _p,s <08 6;
gisj =f L e i 52 ﬁi dA] dVl (1861)
Vi j

Therefore, with this definition we demand that we may assume the volume zone radiosity, J,,
to be constant throughout the zone.

Volume-Volume Exchange

By the same reasoning we need to redefine the volume-to-volume direct exchange areas as

gi_g]':f f e Piis %dedVi, (18.62)
iV

where the f; comes from averaging the source term over dV;, and the f; is associated with the
extinction in dV;.
Rewriting the energy balance for surface zone i, equation (18.30), we get

Qsi = Aigi = Ai(Jsi — Hsi) = Ai€i(Epsi — Hsi)
N

K
Y5 Usi = Js) + ), 5k Ui = o)
k=1

j=1

N K
= ei|AEwi— Y 55— ) gk lgk|, i=1,2,..,N (18.63)
j=1 k=1

5See also the development for the radiative source function for isotropic scattering, S = (1 — w)l, + wG/4m, in
equation (10.25).
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Similarly, for a volume zone, equation (18.32) is rewritten as

Qgi

KiVi(4Evgi — Gi) = BiVi(4]4i — Gi)

N K
Zgz_sj(]gz - ]sj) + Zgigk (]gi - ]gk)
j=1 k=1

N K
- 4xivigbg,-—(1—wi)[Zg,»—sj]sj+Zﬁ]gk], i=1,2,... K (18.64)

=1 k=1

Examining an isothermal enclosure, we find that equations (18.31) and (18.33) continue to
hold, if the absorption coefficient is replaced by the extinction coefficient everywhere, and if the
extinction coefficient (and, therefore, the direct exchange areas) does not depend on temperature:

N K
Yss+Y Gm=A,  i=12,..N, (18.65)
=1 k=1
N K
Y57+ Y mE=4pV,  i=12,.. K (18.66)
=1 k=1

Eliminating the radiosities from equations (18.63) and (18.64) through equations (18.16) and
(18.59), we obtain, in a similar fashion as for equations (18.41) and (18.47),

i i p]ss] R T
€ T gV

=1

N
= ZssjeJEbﬂ +Z 50k (1— w)Es, i=1,2,...,N, (18.67)
j=1 k=1
gis; pj ok Gigk wk
T ik Bk
]Z; Z‘ (1 Wi 41<ka )

755 €Eps; + Z 70k (1= B, i=1,2,... K (18.68)
=1 k=1

Mz

where hy = 1, ViGr. Equations (18.67) and (18.68) are a system of N + K equations in the N + K
unknown kg and g.° A solution may be found by standard techniques.

Total Exchange Areas

If the temperature field is to be determined iteratively, determination of total exchange areas
is again desirable so long as radiative properties and, therefore, direct and total exchange
areas do not vary with temperature (although they may vary with location). We may rewrite
equations (18.67) and (18.68) in matrix notation as

T-hy—U-hg=5eps+ V- epg, (18.69)
~Q-h,+W -hg=R-eps +X-epg, (18.70)

®This is valid if the medium temperature field is “known.” In the case of radiative equilibrium we have, from
equation (18.64), Gy = 4Ey or hy = 41, VkEpgr as the unknowns for the volume zones, and the second series on the
right-hand side of equation (18.68) is eliminated.



where T, S, Q, R, e, epg, and h have been defined in the previous section and
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S101w1 S192 W2
4K1 V1 4K2V2
21w 5202 W2
U= 4K1Vl 4K2V2
SvJ1 W1 Swg2 W2
41{1‘/1 4K2V2
1 _ Nian _J1g2 @2
1—wq 411 4k Vs
P21 @1 1 _ J2gr w2
W = 4K1 V1 1—a)2 4K2V2
_%91 w1 _9ng w7
41V 412V
s191(1—aw1) $192(1 —w2)
5201 (1 —w1) $292(1 —w2)
V =
s5y91 (1 —w1) 5yg2 (1 — wz)
7191 (1-w1) g192(1 - wz)
N P91 (1-w1) §202(1 - )
gg1 (1 —w1)  gxga (1 — w2)
K1 V1Gy
K2 VoGo
hg = :
ik Vi G

Inverting W, we can solve equation (18.70) for hg as

§19k Wk
4k, Vi
520k Wi
dac, Vi
Sngk Wk
41 Vi
_gng Wy
dac, Vi
_gzgx Wy
4k, Vi
1 _ JxGx Wy
1—wy 4k, Vi
%(1 - wy)
20k (1 — wy)
Swgx (1 — )
J19x (1 — wy)
929« (1 — wy)
JxGk (1 - a)K)

h, =W™'Q -h,+ WTR"eps + WX epg,
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(18.71)

(18.72)

(18.73)

(18.74)

(18.75)

(18.76)
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and substituting this expression into equation (18.69), we find

hy =P .C-eps + P-D - ey, (18.77)
hg =W™(Q-P.C+R) e, + W(Q -PD+X)- e, (18.78)
where
C=S+U-WLR, D=V+U WX, (18.79a)
P=T-U-WlQ. (18.79b)

In terms of total exchange areas, equations (18.63) and (18.64) are rewritten as

N K

Qs = €iA; Epi — Z SiS; Egsj — Z SiGrEpt, i=1,2,...,N, (18.80)
=1 k=1
N K

Qi = 41V Epgi — Z GiS; Epsj — Z GGiEpgr, i=1,2,... K, (18.81)
=1 k=1

which are the same as equations (18.35) and (18.36) (but with modified total exchange areas).
Thus, by comparison we find

N
SS = P1C or S ,:prl Cyj, (18.82)

N
SG = P'D or SGi= Zp.-l Dy, (18.83)

GS = WLQ -PLC+R)=

K N
or GiS;= Z wy! [ QP Cri + R,i], (18.84)
=1 m=1 n=1
GG = WLQ-PlD+X),
K N N
=or GGi=Y W7 (Z Y QuPyiDyi + xli]. (18.85)
=1 m=1 n=1

Setting all emissive powers equal in equations (18.80) and (18.81) shows that equations (18.38)
and (18.39) still hold, without replacing absorption coefficient x by extinction coefficient § on the
right-hand side of equation (18.39),

N K
Zs, i+).SGi=eA, =12\, (18.86)
j=1 k=1
N K
Y GSj+ ) GGi=4V;,  i=12,..,K (18.87)
=1 k=1

Temperature-Dependent Properties

If the absorption and extinction coefficients depend on temperature, then all direct exchange
areas also depend on temperature. Thus, if the temperature field is found iteratively, then
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the direct exchange areas must be recalculated after every iteration. This requirement, in
turn, eliminates the advantages of using total exchange areas. Therefore, for these problems
one would, in general, solve equations (18.67) and (18.68) (or some variation) directly. There is,
however, one important case for which a set of total exchange areas can be calculated beforehand
(and which do not enter the iteration).

For this we shall make the following two assumptions: (i) the medium does not scatter, and
(i) the temperature dependence of the average absorption coefficient between two zones, «;j,
may be neglected (or is only updated after a given number of iterations for the temperature
field). With these assumptions we may write

cc. — (q.c. S =a.c — (<., Kj T = (7.7, Kin 1888
5i5; = (5i5))av, 5i9; = 9;5i = (5iF))av 9= (9ig7)av o (18.88)
av av

where (@av, etc., are direct exchange areas evaluated from equations (18.57), (18.61), and
(18.62), with g; and B; (or x; and «; for a nonscattering medium) replaced by an average
absorption coefficient x,,. The assumption of a temperature-independent «;; thus implies that
the average direct exchange areas do not depend on temperature. Substituting equation (18.88)
into (18.45), and realizing that neither T nor S depends on temperature, we find

N
S =) (TS = (S:5)) (18.89)

that is, the TS] do not depend on temperature either. From equation (18.46)

N
SiGy = (T’l)ﬂ(@)wf—k=(m) S (18.90)

4
av K
=1 av

that is, the (SG),, may be calculated once and for all, and the actual SG are found by a simple
multiplication. Similarly, from equation (18.51),

N (o= . . . .
GGr = (M)aﬁz(gjl)“&(sﬂk)w K - (GiGr) | (18.91)
=1

el Kav av Kav
Equations (18.35) and (18.36) may then be rewritten in terms of average total exchange areas.

Example 18.3. Repeat Example 18.2 for a medium that not only emits and absorbs, but that also scatters
isotropically.

Solution
We shall still limit ourselves to a single gas zone even though this will no longer render the analysis
exact: For that, the radiative source term, 4(1 — w)E; + @G, must be constant across the volume zone.

It follows immediately that the direct exchange areas remain unchanged (except that 7, = L is now
based on the extinction coefficient). From equations (18.80) and (18.86) it follows that the nondimensional
heat flux at the surface is still evaluated as

Jw ot
VY=—F——=5G,
G(Tz% - Tﬁz

and that only the evaluation of SG from the direct exchange areas is different from the previous example.
While the tensors T and Q remain unchanged, we still need to evaluate U, V, W, and X for the evaluation

of SG. Thus,

— ;qw 1 . V_" 1 1 .

8)

B 41, —wygyg _ (=
W—(4TL(1_(U)), x= (o)
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where W and X are single-term 1 x 1 matrices. Thus,

1 1
Wl=(1/W) and Dy=Vy+ ) Y UsWi'Xy,

k=1 I=1
or
_ o dul-o) - |2 dnd o
D =57(1 - @) + PR ZACOl | B eyt I §
(- 4t -wgy . 41, —wgg 1
Similarly,
B uilQlj_ g w inl-w) P
Pz] = Tl]_ w _T”_4TL(1—(U) 4TL_w§f~7XES
_ g P @69
=Tj-—7—7—7—=,
€41, —wgy
or
Y 57)2
Lo el g, ]
o | € erwgm dn-wgg
= S —
Llame 28| 1o e
4TL_wgg € €4TL_wgg
~\2 a2
LD e ]
s 1| ¢ emam e du—wgy
P p[~ w(3g)? ] 1_p_wGr
— 18180 + ———— T oA~
e dr-wgg] e edn-wgg
and
1 w(é“g)Z - — C()(f:’?)z
P = P}, —Pf,= e_2|1 - me - P*(5152)° = 275152 4t1,-w g9
1 - . w(s9)?
Finally,

P_IDH + P_1D21
-~ 11 12
SG = P'D=

P;llDll + P;21D21

. (1 + ps152) 47, (1 — w)sg/ (41, —w gg) |1

)2
— . w(s
1- (ps]sz)2 —2p (1 + psi52) ﬁﬁga))fg 1
41,(1 - w)esg 1

" (- p) (- wig) ~ 2P | |

Substituting for 5152, sg, and gg, which have already been evaluated in Example 18.2 (although 7, is now
based on the extinction coefficient), this reduces to
— 1-2E
W= Jw -5C= €l 3(7)]

oI =T | apEy(n) + 2B
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The zonal method has been applied to gray, isotropically scattering media by a number of
researchers. For example, Naraghi and Kassemi [16] treated the same problem of a rectangular
medium at radiative equilibrium as Modest [14], but included isotropic scattering. They also
applied the method to combined free convection-radiation problems [17,18].

A different approach than described here for the evaluation of total exchange areas was taken
by Vercammen and Froment [19], who used the Monte Carlo method with subsequent data
smoothing (to eliminate statistical scatter).” A similar approach was also taken by Naraghi and
Chung [20]. Naraghi and Chung also presented what they called a “unified matrix approach”
by combining equations (18.69) and (18.70) into a single matrix equation,

T -U| |hs| [S V]| |eps
: = : , (18.92)

—Q W] (hg] |R X] [eng

which may be inverted to give

-1
SS SG T -U| |s Vv

= : . (18.93)
GS GG| (-0 w R X

It is not clear whether this approach will result in increased computer efficiency, since here a
single (N + K) x (N + K) matrix must be inverted while, in the standard method, two matrices
must be inverted (one N X N and the other K X K).

In principle, the zonal method can also be applied to media that scatter anisotropically
(and/or have nondiffuse bounding surfaces). This was shown by Yuen and Takara [11] (and
Ma [12] for a one-dimensional slab). However, this requires converting (surface and/or volume)
radiosities into vectors [i.e., exchange between any two zones, leading to (N + K)?> unknowns
and simultaneous equations and, thus, an unacceptable increase in computer storage and time].

18.5 RADIATIVE EXCHANGE THROUGH
A NONGRAY MEDIUM

In the foregoing discussion we have assumed that the medium and the surfaces are gray,
although all equations in this chapter up to this point are equally valid, on a spectral basis, for
a nongray enclosure with a nongray medium. Unfortunately, the zonal method—like many
other solution methods for radiative transfer problems—is not well suited for nongray media.
However, Hottel and coworkers [1,2,21] have demonstrated that the zonal method may be
applied to a nongray medium in one very special, but very important, case: an absorbing,
emitting (but not scattering) medium confined in a black-walled enclosure. This important
situation is often encountered in furnace applications where mixtures of combustion gases and
soot are confined by furnace refractories blackened by soot.

In this method, known as the weighted-sum-of-gray-gases method, the medium is assumed
to consist of different fractions of gray gases with different (but gray) absorption coefficients.®
The “gas” can also be a semitransparent liquid: Yin and Jaluria [22,23] modeled the absorption
coefficient of glass to consist of one transparent and two gray bands.

7For a detailed description of the Monte Carlo method, see Chapter 21.
8Further development of the weighted-sum-of-gray-gases method has shown that it can also be used in the presence
of gray walls and scattering. For a more detailed discussion see Section 20.6.
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Surface-Surface Exchange

From equation (18.26) it follows that the radiative heat flux leaving dA; and arriving at dA; is

COSG Cos 6]
Qisj —f f f dA;dA; Jyidv, (18.94)

where, for simplicity, it is assumed that the spectral absorption coefficient, «,, does not depend on
temperature or location. For a black enclosure |, = E,, and equation (18.94) may be integrated
over the entire spectrum by using the definition for medium emissivity, equation (11.171),

1 e _
€n(T,S) = mj; (1 —e ™) Ep(T) dv, (18.95)
leading to
cos 0; cos 6
QI‘)] f f T,, 5)] T dA dA Ebz =S S]Ebz (1896)
Similarly, we have
cos 0; cos 6;
Qjsi = f fA [1-en(T, )] —— o dAjdAi Ey; = §5iEy; (18.97)
i j

Both exchange areas now have arrows, rather than bars, since they are no longer equal, but
depend on the temperature of the emitting surface, or

Qo = 58 Ey - §5Ey;. (18.98)
Hottel [21] has shown that the emissivity of the medium may be written in the form
L L
en(T,5) = Y a(T)(1-e™) Zal (18.99)
1=0 1=0

where | = 0 with xy = 0 has been included for the case in which the medium consists entirely of
molecular gases with large windows between bands. Experience has shown that L = 3 usually
gives sufficiently accurate results, and even L = 1 (gray plus clear gas) often suffices [2]. Using
this “weighted-sum-of-gray-gases” we have

L

Qicsj = Z(?Sj)z [al(Ti)Ebi - az(Tj)Ebj] , (18.100)

1=0

where (s;5), is 5;5; evaluated for an absorption coefficient x;. Thus, the solution for the nongray
medium is identical to that for a gray medium, except that emissive power is replaced by a
weighted emissive power, and the calculations have to be carried out for a number of gray
gases.

Surface-Volume Exchange

Similarly, from equation (18.27) it follows that, for a black enclosure,

« cos 0;
Qi—>j = f f f > Kv _K‘SdA AV, Ep; dv
0 i J A, nS
cos 6; o0
B f f nszj% [f (1 _e_Kvs) Epyi dv] dA;dV;
A‘

f f den TZ,S) fdA dV; Ey; = 75 . (18.101)
i JA;
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Note that Ep; can be pulled inside the operator d/dS, since it is assumed constant over V;.
Therefore, using equation (18.99), we find

L

Qierj = §iSiEvi = §:5;Evj = Z(gi_sj)l [al(Ti)Ebi - al(T]’)Ebj] , (18.102)
=1

where the summation starts with [ = 1 since there is no emission within the medium for x = 0.

Volume-Volume Exchange

By the same reasoning equation (18.28) becomes’

Qivj =f ff —* e dV;dV, Epdv

d%e,,
B f f —gr (Tir)=—=3 AV;dViEyi = 5ig) Evi (18.103)
and
L
Qiosj = 7i91Esi — 5ig;Ep; = Z g,g] al(Ti)Ebi—al(Y"j)Ebj]. (18.104)

=1

Therefore, the net heat flow between any two surface or volume zones is calculated by deter-
mining the heat fluxes for a number of enclosures filled with a gray gas and with weighted
emissive powers, followed by adding these heat fluxes.

Note that the approximation of equation (18.99) is not necessary: The directional direct
exchange areas may be evaluated in terms of the total emissivity €,,(T,S), leading to more
accurate results. The approximation is made for convenience, reducing the problem to the
simpler gray case with somewhat less involved evaluations of the direct exchange areas. The
major advantage of the weighted-sum-of-gray-gases method is that the direct exchange areas
(8i5/)1, (5igx)1, and (g:gx); do not depend on temperature and, therefore, (i) may be looked up in
tables and graphs such as the ones given by [2] (this fact was of major importance during the
method’s early days, when fast computers were not yet available), and (i7) do not have to be
recalculated, if the temperature field is found by iteration.

While equations (18.100) or (18.98), (18.102), and (18.104) are strictly valid only for black
enclosures without scattering, a case can be made to extend this to reflecting surfaces and to
scattering media: The difference in direct and total exchange areas is due to the average total

vs. direct distance traveled between zones i and j. Since S does not appear directly in these
10

equations'” we may assume that, approximately, they are also valid for total exchange areas,
L
ﬁ b
SiS;Ep — SiS;Ey; ~ Z (S:57), [T — a(T)Ey ], (18.105)
1=0
—_ — L JES—
GiS;Ep — GiSiEp; ~ Z(Gisj)l [ﬂl(Ti)Ebi - al(Tj)Ebj] , (18.106)
1=1
— — L
GiGiEw — GiGiEs = Y (GG [a(T)Ey — ai(TyEy] (18.107)

=1

°In the light of property variations, equation (18.62), a more correct representation of x%e™S would be
dze,,,/dSH/ dS;.;, where S = S; ,; = =5, ,;, i.e., measured from different points of origin.
1The total average distance between i and j, including reflections and scattering events, does of course to some

degree depend on absorption coefficient.
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and equations (18.80) and (18.81) may be used to determine net heat fluxes.

Considerable work has appeared in the literature dealing with the nongray zonal method.
Nelson [24] pointed out that the use of equation (18.99) is not necessary, except for numerical effi-
ciency for iterative calculations. He also proposed an approximation to apply the zonal method
to reflecting boundaries. Correlations of the type of equation (18.99) have been determined for
CO,-H,O0 gas mixtures by Smith and coworkers [25]. They later applied the weighted-sum-of-
gray-gases model to combined radiative and convective heat transfer in a pipe [26]. A similar
problem was addressed by Sistino [27].

18.6 DETERMINATION OF DIRECT
EXCHANGE AREAS

The use of equations (18.63) and (18.64) together with the definition of direct exchange areas, or
equations (18.80) and (18.81) together with the definition of total exchange areas, demands that
the variation of the radiosity must be neglected over each surface zone, and that the variation
of the radiation source term must be neglected over each volume zone. Hottel and Sarofim [2]
state that, if 5% accuracy in the calculation of heat fluxes is to be assured, the zone sizes should
be such that no zone has an optical depth (extinction coefficient x largest dimension of zone
over which radiosity or source varies) exceeding the value of 0.4.

Accuracy of the zonal method may be improved in two ways: (i) increasing the number of
zones, and (i) increasing the accuracy of the numerical quadrature used to determine individ-
ual direct exchange areas. Increasing the number of zones allows the use of simple efficient
techniques for the evaluation of exchange areas, but requires the time-consuming inversion
of a large matrix. Modest [14,15] found that, for sufficiently many zones, all exchange areas
but one may be calculated by evaluating the integrand between zonal centers, multiplied by
the applicable zonal areas and/or volumes. The error made for the closest zones is then off-
set by applying equations (18.65) and (18.66) for the last one (g;g; for volume-volume areas,
common-face g;s; for volume-surface areas, and common-boundary s;5; for a corner zone). This
finite-difference version of the zonal method has been generalized and refined by Naraghi and
coworkers [28,29].

Using relatively few zones with accurately evaluated exchange areas, on the other hand,
requires only the inversion of a small matrix. But the numerical quadrature for the evaluation
of exchange areas becomes time-consuming since many internal nodal points will be required.
Still, if the temperature field is to be determined by iteration, considerable computer time may be
saved since the evaluation of exchange areas does not enter the iteration. Accuracy for the zonal
method with relatively few zones may be increased by allowing the emissive power to vary
across a zone. Walther and coworkers [3] have shown for one-dimensional plane-parallel slab
zones that a linear emissive power variation across the slab can be incorporated in a rigorous
fashion. For two-dimensional rectangular volume zones Einstein [4,5] included linear emissive
power variations in a semirigorous manner (for two-dimensional Cartesian and cylindrical
geometries).
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Problems

18.1 For a one-dimensional problem of a gas medium confined between two parallel plates, determine

the direct exchange factor g;7; (i.e., per unit area), where medium zone i is an infinitely large slab of
thickness Az (located between z; < z < z; + Az), and j is another medium zone (located at z; < z <
Zi + Az).

i

18.2 For a two-dimensional problem determine the direct exchange factor 7ig;” (i.e., per unit length)

between two infinitely long volume zones of constant rectangular cross-section, as shown in Fig. 18-
3a (the zones are infinitely long in the direction normal to the figure). You may assume that the zones
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FIGURE 18-3

Two-dimensional zones for Cartesian and cylindrical systems.

18.3

18.4

18.5

are sufficiently far apart so that S =~ const across the cross-section of the zones. In a similar fashion
determine 7;5;" and 5,5/ .

Consider a two-dimensional medium confined in a cylinder (with variation in the radial and axial
directions). Determine the direct exchange area g;7; between two toroidal volume zones of rectangular
cross-section, as shown in Fig. 18-3b.

For Problem 18.1 determine the total exchange area 61\GJ] (per unit area) for the case that the bottom
surface (z = 0) is a diffuse reflector (emittance €), while the top surface (z = L) is black.

Do Example 18.2 for a molecular gas with one vibration-rotation band in the infrared at wavenumber
1o, assuming that the total emissivity of the gas may be approximated as

wqug

e(T,8) =

M (1-e%),

where w is the band width parameter, and Ey,p is the spectral emissive power at the band center.

The following problems are considerably more involved and require the development of a small
computer program.

18.6

18.7

18.8

18.9

18.10

18.11

Consider a rectangular enclosure of width W = 1m and height H = 20cm (and infinite length,
without any dependence on that direction). The bottom surface has a temperature of T; = 1000 K
and emittance €; = 0.8. The other three walls are at T, = T3 = T4 = 400K, ¢, = €3 = ¢4 = 0.5. There is
no participating medium in the enclosure. Break up the enclosure surfaces into zones of 4 cm width,
and calculate the local heat transfer rates by the zonal method with total exchange areas.

Do Problem 18.6 for an enclosure filled with an absorbing/emitting gray medium with absorption

coefficient x = 5m™!. The enclosure is in radiative equilibrium. Considering 4cm X 4cm volume

zones, calculate surface heat fluxes for the case of black walls.

Do Problem 18.7 for an isothermal medium at T,, = 400 K.

Do Problem 18.7 for a gray-walled enclosure with emittance values taken from Problem 18.6.
Do Problem 18.9 for a medium that also scatters isotropically (with o5 = 3m™).

Consider a one-dimensional problem such as Problem 18.1. The plates are a distance L = 1 m apart, the
bottom plate is at T; = 1000 K with emittance €; = 0.5, and the top plate is at T, = 300K and €, = 0.5.
The medium between the plates is isothermal at T,,, = 1000 K and has an absorption coefficient of

Ky =Kkoe ATMI/O 3o =10em™!, 19 =3000cm™, @ =200cm™!

(that is, it has a single molecular gas band modeled by the exponential wide band approximation).
Calculate the heat gain of the top plate using



18.12

18.13

18.14

PROBLEMS 609

(a) spectral direct exchange areas,
(b) the weighted-sum-of-gray-gases approach.

Repeat Problem 18.11 for a medium at radiative equilibrium.

Consider a sphere of very hot dissociated gas of radius 5 cm. The gas may be approximated as a gray,
isotropically scattering medium with x = 0.1ecm™, 05 = 0.2cm ™. The gas is suspended magnetically
in vacuum within a large cold container and is initially at a uniform temperature T, = 10,000 K. Using
the zonal method and neglecting conduction and convection, specify the total heat loss per unit time
from the entire sphere at t = 0. Outline the solution for times t > 0.

Consider a sphere of nonscattering gas, initially at uniform T = 3000K, with a single vibration—
rotation band at 19 = 3000 cm™!. The gas, with a radius of 20 cm, is suspended magnetically in vacuum
within a large cold container. For this gas it is known that band strength p,a(T) = 500 cm 2, bandwidth
@ =100VT/100K cm™, and line overlap 8 > 1. These properties imply that the absorption coefficient
may be determined from

_ P,

Ky = Ko e*ZW*WnI/w/ Ko ;
@

and the band absorptance from
A(s) = wA" = w[E1(x0s) + In(xos) + ] .

Neglecting conduction and convection, specify the total heat loss per unit time from the entire sphere
at time t = 0, using the zonal method. Outline the solution procedure for times ¢ > 0.



