
CHAPTER

12
RADIATIVE
PROPERTIES OF
PARTICULATE MEDIA

12.1 INTRODUCTION

When an electromagnetic wave or a photon interacts with a medium containing small particles,
the radiative intensity may be changed by absorption and/or scattering. Common examples
of this interaction are sunlight being absorbed by a cloud of smoke (which is nothing but a
multitude of fine particles suspended in air), scattering of sunshine by the atmosphere (the
atmosphere consisting of molecules which are, in fact, tiny particles) resulting in blue skies and
red sunsets, and the colors of the rainbow. Radiation scattering by particles was first dealt with
by astrophysicists, who were interested in the scattering of starlight by interstellar dust. Scien-
tists from many other disciplines are concerned with the scattering of electromagnetic waves:
Meteorologists are concerned with scattering within the Earth’s atmosphere (scattering of sun-
light as well as scattering of radar waves for observation of precipitation); electrical engineers
and physicists deal with the propagation of radio waves through the atmosphere; physicists,
chemists, and engineers today use light scattering as diagnostic tools for nonintrusive and
nondestructive measurements in gases, liquids, and solids. Reviews of thermal radiation phe-
nomena in particulate media have been given by Tien and Drolen [1], and also by Dombrovsky
and Baillis [2].

How much and into which direction a particle scatters an electromagnetic wave passing
through its vicinity depends on (i) the shape of the particle, (ii) the material of the particle
(i.e., the complex index of refraction, m = n − ik), (iii) its relative size, and (iv) the clearance
between particles. In radiative analyses the shape of particles is usually assumed to be spherical
(for spherical and irregularly shaped objects) or cylindrical (for long fibrous materials). These
simplifying assumptions give generally excellent results, since averaging over many millions
of irregular shapes tends to smoothen the irregularities [1]. In the following discussion we shall
primarily consider absorption and scattering by spherical particles, as shown in Fig. 12-1.

An electromagnetic wave or photon passing through the immediate vicinity of spherical par-
ticles will be absorbed or scattered. The scattering is due to three separate phenomena, namely,
(i) diffraction (waves never come into contact with the particle, but their direction of propaga-
tion is altered by the presence of the particle), (ii) reflection by a particle (waves reflected from
the surface of the sphere), and (iii) refraction in a particle (waves that penetrate into the sphere
and, after partial absorption, reemerge traveling into a different direction). The vast majority
of photons are scattered elastically, i.e., their wavelength (and energy) remain unchanged. A
tiny fraction undergo inelastic or Raman scattering (the photons reemerge with a different wave-
length). While very important for optical diagnostics, the Raman effect is unimportant for the
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FIGURE 12-1
Interaction between electromagnetic waves and spher-
ical particles.

evaluation of radiative heat transfer rates, and we shall treat only elastic scattering in this book.
If scattering by one particle is not affected by the presence of surrounding particles, we speak of
independent scattering, otherwise we have dependent scattering. Thus, the radiative properties of a
cloud of spherical particles of radius a, interacting with an electromagnetic wave of wavelength
λ, are governed by three independent nondimensional parameters:

complex index of refraction: m = n − ik, (12.1)
size parameter: x = 2πa/λ, (12.2)

clearance-to-wavelength ratio: c/λ. (12.3)

If scattering is independent (c/λ � 1), then only the first two parameters are needed. For
the classification of dependent scattering, the clearance-to-wavelength ratio is often replaced
by a purely geometric parameter, c/a, which in turn may be related to the volume fraction of
particles, fv. While in earlier works, for example that by van de Hulst [3], it was assumed that
dependent effects were a function of particle separation only, it is now known that wavelength
effects also play a role. This was first recognized by Hottel and coworkers [4]. Since then,
a number of investigators, notably Tien and coworkers [1, 5–9], have established limits for
when dependent effects must be considered. Their results, summarized in Fig. 12-2, show that
dependent scattering effects may be ignored as long as fv < 0.006 or c/λ > 0.5. Since these
values include nearly all heat transfer applications, only independent scattering is discussed in
the present chapter. The reader interested in the prediction of dependent scattering properties
should consult the monograph by Tien and Drolen [1].

12.2 ABSORPTION AND SCATTERING
FROM A SINGLE SPHERE

The scattering and absorption of radiation by single spheres was first discussed during the
later part of the nineteenth century by Lord Rayleigh [10, 11], who obtained a simple solution
for spheres whose diameters are much smaller than the wavelength of radiation (small size
parameter, x�1). This work was followed in the 1890s by the work of Lorenz∗ [12, 13], in 1908
by the classical paper of Gustav Mie† [14], and in 1909 by a similar treatment of Debye [15].

∗Ludvig Lorenz (1829–1991)
Danish mathematician and physicist. Lorenz studied at the Technical University of Copen-
hagen and, starting in 1876, he served as professor of physics at the Military Academy in
Copenhagen. He also independently, and around the time as Hendrik Anton Lorentz (see
p. 58), discovered the relationship between the refractive index and the density of a medium,
generally known as the Lorenz-Lorentz formula.

†Gustav Mie (1868–1957)
German physicist. After studying at the universities of Rostock and Heidelberg, he served
as professor of physics at various German universities.
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FIGURE 12-2
Scattering regime map for independent and dependent scattering [1].

Lorenz’s work was based on his own theory of electromagnetism rather than Maxwell’s, while
Mie developed an equivalent solution to Maxwell’s equations [cf. equations (2.11) through
(2.14)] for an electromagnetic wave train traveling through a medium with an imbedded sphere.
Although the work of Lorenz predates that of Mie, the general theory describing radiative
scattering by absorbing spheres is generally referred to as the “Mie theory.” More recently, in
recognition of Lorenz’s contributions, the terminology “Lorenz–Mie theory” has also become
popular. An exhaustive review of the history of the development of particle scattering theory
has been given by Kerker [16].

The complicated Lorenz–Mie scattering theory must generally be used if the size of the sphere
is such that it is too large to apply the Rayleigh theory, but too small to employ geometric
optics (which requires x � 1 as well as kx � 1). We shall give here a very brief discussion of
the Lorenz–Mie theory and some representative results. Detailed derivations may be found in
the books on the subject by van de Hulst [3], Kerker [16], Deirmendjian [17], and Bohren and
Huffman [18].

The amount of scattering and absorption by a particle is usually expressed in terms of the
scattering cross-section, Csca, and absorption cross-section, Cabs. The total amount of absorption and
scattering, or extinction, is expressed in terms of the extinction cross-section,

Cext = Cabs + Csca. (12.4)

Often efficiency factors Q are used instead of cross-sections; they are nondimensionalized with
the projected surface area of the sphere, or

absorption efficiency factor: Qabs =
Cabs

πa2 , (12.5)

scattering efficiency factor: Qsca =
Csca

πa2 , (12.6)

extinction efficiency factor: Qext =
Cext

πa2 , (12.7)
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and
Qext = Qabs + Qsca. (12.8)

Radiation interacting with a spherical particle may be scattered away from its original direction
by an angle Θ, i.e., the propagation vector of the electric and magnetic fields may be redirected
by the scattering angle (Fig. 12-1). This deflection from the incident direction is described by
the angle Θ alone because, for a spherical particle, there can be no azimuthal variation. The
intensity of the wave scattered by the angle Θ [i.e., the magnitude of the Poynting vector,
equation (2.42)] is proportional to two complex amplitude functions S1(Θ) and S2(Θ), where the
subscripts denote two perpendicular polarizations. Once these amplitude functions have been
determined, the intensity of radiation Isca, scattered by an angle Θ from the incident unpolarized
beam of strength Iin, may be calculated [3, 16, 17] from

Isca(Θ)
Iin

=
1
2

i1 + i2
x2 , (12.9)

where i1 and i2 are the nondimensional polarized intensities calculated from

i1(x,m,Θ) = |S1|
2, i2(x,m,Θ) = |S2|

2. (12.10)

From equation (12.9) it follows that the total amount of energy scattered by one sphere into all
directions [3] is

Qsca =
Csca

πa2 =
a2

πa2

∫
4π

Isca

Iin
dΩ =

1
x2

∫ π

0
(i1 + i2) sin Θ dΘ. (12.11)

The fraction of this energy that is scattered into any given direction is denoted by the scattering
phase function Φ(Θ), which is normalized such that

1
4π

∫
4π

Φ(ŝi, ŝ) dΩ ≡ 1. (12.12)

Thus, together with equation (12.9), the scattering phase function may be expressed as

Φ(Θ) =
i1 + i2

1
4π

∫
4π

(i1 + i2) dΩ

= 2
i1 + i2
x2Qsca

. (12.13)

Finally, total extinction by a single particle (absorption within the particle, plus scattering into
all directions) is related to the real part of the amplitude functions by

Qext =
4
x2 <{S(0)}, (12.14)

where the amplitude function S is without a subscript because S1(0) = S2(0).
The major difficulty in the evaluation of scattering properties lies in the calculation of the

complex amplitude functions S1(Θ) and S2(Θ). For the general case of arbitrary values for
the complex index of refraction m and the size parameter x, the full Lorenz–Mie equations as
expressed by van de Hulst [3] must be employed,

S1(Θ) =

∞∑
n=1

2n + 1
n(n + 1)

[anπn(cos Θ) + bnτn(cos Θ)] , (12.15)

S2(Θ) =

∞∑
n=1

2n + 1
n(n + 1)

[bnπn(cos Θ) + anτn(cos Θ)] , (12.16)
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where the direction-dependent functions πn and τn are related to Legendre polynomials Pn (for
a description of these polynomials, see, e.g., Wylie [19]) by

πn(cos Θ) =
dPn(cos Θ)

d cos Θ
, (12.17)

τn(cos Θ) = cos Θπn(cos Θ) − sin2Θ
dπn(cos Θ)

d cos Θ
, (12.18)

and the Mie scattering coefficients an and bn are complex functions of x and y = mx,

an =
ψ′n(y)ψn(x) −mψn(y)ψ′n(x)
ψ′n(y)ζn(x) −mψn(y)ζ′n(x)

, (12.19)

bn =
mψ′n(y)ψn(x) − ψn(y)ψ′n(x)
mψ′n(y)ζn(x) − ψn(y)ζ′n(x)

. (12.20)

The functions ψn and ζn are known as Riccati–Bessel functions, and are related to Bessel and
Hankel functions [19, 20] by

ψn(z) =
(
πz
2

)1/2
Jn+1/2(z), ζn(z) =

(
πz
2

)1/2
Hn+1/2(z). (12.21)

Equations (12.15) and (12.16) may be substituted into equations (12.11) and (12.14). Using the
fact that—like Legendre polynomials—the functions πn and τn constitute sets of orthogonal
functions leads to

Qsca =
2
x2

∞∑
n=1

(2n + 1)(|an|
2 + |bn|

2), (12.22)

Qext =
2
x2

∞∑
n=1

(2n + 1)<{an + bn}. (12.23)

Once all Mie scattering coefficients an and bn have been determined, the phase function Φ
may also be evaluated from equation (12.13), but this calculation tends to be extremely tedious
because of the nature of equation (12.10), and because the calculations must be carried out anew
for every scattering angle Θ. To facilitate the calculations Chu and Churchill [21, 22] expressed
the scattering phase function as a series in Legendre polynomials,

Φ(Θ) = 1 +

∞∑
n=1

AnPn(cos Θ), (12.24)

where the coefficients An are directly related to the Mie scattering coefficients an and bn through
some rather complicated formulae not reproduced here. The great advantage of this formulation
is that, once the An have been determined, the value of the phase function Φ is determined
quickly for any or all scattering directions.

In many applications the use of the complicated scattering phase function described by
equation (12.24) is too involved. For a simpler analysis the directional scattering behavior may
be described by the average cosine of the scattering angle, known as the asymmetry factor, and
related to the phase function by

1 = cos Θ =
1

4π

∫
4π

Φ(Θ) cos Θ dΩ. (12.25)

For the case of isotropic scattering (i.e., equal amounts are scattered into all directions, and Φ ≡ 1)
the asymmetry factor vanishes; 1 also vanishes if scattering is symmetrical about the plane
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FIGURE 12-3
Extinction efficiency factors for dielectric spheres
for several refractive indices [3].

perpendicular to beam propagation. If the particle scatters more radiation into the forward
directions (Θ < π/2), 1 is positive; if more radiation is scattered into the backward direction
(Θ > π/2), 1 is negative. For spherical particles the asymmetry factor is readily calculated [18]
as

1 = cos Θ =
4

x2Qsca

∞∑
n=1

[n(n + 2)
n + 1

<{ana∗n+1 + bnb∗n+1} +
2n + 1

n(n + 1)
<{anb∗n}

]
. (12.26)

The calculation of the scattering Mie coefficients an and bn is no trivial matter even in these
days of supercomputers: The relationships leading to their determination are involved and
require the frequent evaluation of complicated functions with complex arguments. For large size
parameters x many terms need to be calculated (nmax ≈ 2x). Recursion formulae for the functions
πn, τn, ψn, and ζn have been given by Deirmendjian [17] and others, which evaluate these
functions for increasing values of n in terms of previously calculated functions. Deirmendjian
observed that the accuracy of calculations decreases for increasing n, causing complete failure
of the calculations for large values of the size parameter x (for which many terms are required
in the series for the amplitude functions), even if double-precision arithmetic is employed. This
problem was overcome by Kattawar and Plass [23] who showed that all four functions may be
reduced to functions each belonging to one of two sets: One set has stable recursion formulae
for increasing n (i.e., round-off error decreases with growing n), and the other set is stable for
decreasing values of n (setting the function to zero for a larger n than required in the series
results in very accurate values for slightly smaller n). Wiscombe [24] compared the accuracy
and stability of several Lorenz–Mie scattering computer solution routines and discussed the
efficiency of different calculation methods (whether to use upward or downward recursion,
what recursion formulae to use, etc.). Some representative results of Lorenz–Mie calculations
are shown in Figs. 12-3 through 12-5. Figure 12-3 shows typical behavior of efficiency factors,
demonstrated with the extinction efficiency of a dielectric (k ≡ 0) for a number of different
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FIGURE 12-4
Efficiency factors as functions of complex index of refraction, m = n− ik, for a size parameter of x = 1 [23]: (a) absorption
efficiency factor, (b) scattering efficiency factor.

refractive indices n. Observe that there is a primary oscillation in the variation of Qext with size
parameter, upon which secondary oscillations are superimposed (stronger for larger refractive
indices). Note also that the oscillations become smaller for larger size parameters, and Qext → 2
as x → ∞ (for dielectrics as well as metals). Figure 12-4 shows the qualitative behavior of
efficiency factors for absorption, Qabs, and scattering, Qsca, respectively, for a fixed value of
the size parameter (x = 1), as a function of absorptive index k. The absorption efficiency
factors may vary by many orders of magnitude over the range of absorptive index k, while the
scattering efficiency remains constant over great changes of k. Finally, Fig. 12-5 shows some
representative scattering phase functions, Φ(Θ). Figure 12-5a shows the scattering behavior of
very small particles (known as Rayleigh scattering): The scattering is symmetric to the plane
perpendicular to the incident beam, and is nearly isotropic with slight forward- and backward-
scattering peaks and somewhat lesser scattering to the sides. Figure 12-5b demonstrates the
behavior of particles with refractive indices close to unity (known as Rayleigh–Gans scattering):
Nearly all of the scattered energy is scattered into forward directions with some scattering into
a few preferred other directions. This behavior becomes more extreme as the size parameter
increases. Figure 12-5c shows the phase function of a typical dielectric: The scattering has a
strong forward component; otherwise the scattering behavior demonstrates rapid maxima and
minima at varying scattering angles, with much stronger amplitudes than for Rayleigh–Gans
scattering (note the change in scale). The variations are not quite so extreme as in Fig. 12-5b
owing to the large value for n. The behavior of a typical metal (aluminum at 3.1µm) is shown
in Fig. 12-5d: Besides a strong forward-scattering peak these particles display lesser-degree
oscillations than dielectrics. These phase functions have been calculated with the author’s own
code, mmmie, which is included in Appendix F for the convenience of the reader.

12.3 RADIATIVE PROPERTIES OF A
PARTICLE CLOUD

In all problems of radiative heat transfer with particulate scattering and absorption, we have to
deal with a large collection of particles. If the scattering is independent, as is assumed in this
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Polar plot of scattering phase functions for single spherical particles: (a) small sphere with x = 0.001; (b) dielectric with
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chapter, then the effects of large numbers of particles are simply additive. For simplicity, it is
often assumed that particle clouds consist of spheres that are all equally large. More accurate
analyses take into account that particles of many different sizes may occur within a single
cloud, and that these sizes often vary by orders of magnitude. We shall briefly describe both
approaches in the following paragraphs.

Clouds of Uniform Size Particles
The fraction of energy scattered by all particles per unit length along the direction of the
incoming beam is called the scattering coefficient [as defined by equation (10.6)] and is equal to
the scattering cross-section summed over all particles. If NT is the number of particles per unit
volume, all of uniform radius a, then

σsλ = NTCsca = πa2NTQsca, (12.27)

and, similarly, for absorption and extinction,

κλ = NTCabs = πa2NTQabs, (12.28)

βλ = κλ + σsλ = NTCext = πa2NTQext. (12.29)

Since the scattering phase function (or the directional distribution of scattered energy) in a cloud
of uniform particles is the same for each particle, it is also the same for the particle cloud, or

ΦTλ(Θ) = Φ(Θ), (12.30)

and similarly for the asymmetry factor,

1Tλ = (cos Θ)Tλ = cos Θ. (12.31)
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In both cases we have temporarily added the subscript T (to distinguish the total cloud of
particles from a single particle) and λ to emphasize the fact that both quantities are spectral
quantities that may vary with wavelength.

If total (i.e., spectrally integrated) properties are desired, equations (12.27) through (12.29)
may be integrated to obtain Planck-mean or Rosseland-mean coefficients (for absorption, scat-
tering, and/or extinction), as defined by equations (11.182) and (11.188), or

yP =
π

σT4

∫
∞

0
Ibλ yλ dλ, y = κ, σs, or β, (12.32)

1
yR

=
π

4σT3

∫
∞

0

1
yλ

dIbλ

dT
dλ, y = κ, σs, or β. (12.33)

Similarly, total emissivities and absorptivities may be obtained from equation (11.171). Since
the efficiency factors Q may vary rapidly across the spectrum, these integrations generally need
to be done numerically.

Clouds of Nonuniform Size Particles
For clouds of particles of nonuniform size it is customary to describe the number of particles as
a function of radius in the form of a particle distribution function. A number of different forms
for the distribution function have been used by various researchers. We introduce here the
so-called modified gamma distribution [17],

n(a) = Aaγ exp(−Baδ), 0 ≤ a < ∞, (12.34)

which vanishes at a = 0 and a→∞. This distribution function reduces to the gamma distribution
if δ = 1. The four constants A, B, γ, and δ are positive and real, and γ and δ are usually chosen
to be integers. They must be determined from measurable quantities such as total number of
particles (per unit volume),

NT =

∫
∞

0
n(a) da = A

∫
∞

0
aγ exp(−Baδ) da =

AΓ
(
γ+1
δ

)
δB(γ+1)/δ

. (12.35)

Here Γ is the gamma function,

Γ(z) =

∫
∞

0
e−ttz−1 dt, (12.36)

and has been tabulated, e.g., by Abramowitz and Stegun [20]. Equation (12.35) shows that the
constant A is essentially given by NT. The total volume of particles per unit volume, or volume
fraction, is given by

fv =

∫
∞

0

4
3πa3n(a) da =

4πAΓ
(
γ+4
δ

)
3δB(γ+4)/δ

. (12.37)

Assuming that all particles have the same optical properties, we may again determine the
scattering coefficient for a particle cloud by adding the scattering cross-section over all particles
but, because of the particle size distribution, this is now an integral rather than a simple sum,

σsλ =

∫
∞

0
Cscan(a) da = π

∫
∞

0
Qscaa2n(a) da, (12.38)

and, similarly, for absorption and extinction,

κλ =

∫
∞

0
Cabsn(a) da = π

∫
∞

0
Qabsa2n(a) da, (12.39)

βλ =

∫
∞

0
Cextn(a) da = π

∫
∞

0
Qexta2n(a) da. (12.40)
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FIGURE 12-6
Lorenz–Mie scattering phase function for clouds of absorbing particles [25].

For nonuniform particles the scattering phase function is not the same for all particles. From
the definition of the phase function, it follows that the scattered energies into a given direction
must be summed over all particles and then normalized, or

ΦTλ(Θ) =

∫
∞

0
(i1 + i2) n(a) da

1
4π

∫
4π

[∫
∞

0
(i1 + i2) n(a) da

]
dΩ

=

∫
∞

0
Csca(a) Φ(a,Θ) n(a) da∫
∞

0
Csca(a) n(a) da

=
1
σsλ

∫
∞

0
Csca(a) Φ(a,Θ) n(a) da, (12.41)

and, similarly,

1Tλ = (cos Θ)Tλ =
1
σsλ

∫
∞

0
Csca(a) 1(a) n(a) da. (12.42)

Again, if total properties are needed, equations (12.38) through (12.40) may be integrated over
the entire spectrum.

Figures 12-6 and 12-7 show a few typical scattering phase functions for absorbing and
nonabsorbing particle clouds, calculated with program mmmie of Appendix F. Two types of
particles are considered, one nonabsorbing with an index of refraction m = 2, the other one
absorbing with m = 2 − i. The particles are either in clouds of constant radius a = 5µm, or in
clouds with a distribution function

n(a) = 27,230a2 exp(−1.7594a), (12.43)

which has its maximum at a = 5µm. All the particle clouds have a number density of 104

particles/cm3, and the Lorenz–Mie calculations have been carried out for a typical wavelength
of λ = 3.1416µm, resulting in a size parameter of x = 2πa/λ = 10 for the constant-radius
clouds, and a range of significant size parameters of 0 < x ≤ 20 for clouds with particle size
distribution. The radiative properties for the four different particle clouds are summarized in
Table 12.1. Absorption and scattering coefficients for constant-radius and particle distribution
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Lorenz–Mie scattering phase function for clouds of dielectric particles [25].

TABLE 12.1
Radiative properties of typical particle clouds (NT = 104/cm3, λ = 3.1416 µm).

Cloud#1 Cloud#2 Cloud#3 Cloud#4
Const. Radius Size Distr. Const. Radius Size Distr.

a = 5µm n(a) a = 5µm n(a)
m = 2 − i m = 2 − i m = 2 m = 2

Absorption
coefficient κ [cm−1] 8.307 × 10−3 1.524 × 10−3 0 0

Scattering
coefficient σs [cm−1] 1.073 × 10−2 1.674 × 10−3 6.420 × 10−2 3.363 × 10−3

Extinction
coefficient β [cm−1] 1.904 × 10−2 3.198 × 10−3 6.420 × 10−2 3.363 × 10−3

Scattering albedo 0.5634 0.5235 1 1
Terms needed for

phase function 26 35 27 33

clouds differ considerably, primarily because the average particle size in equation (12.43) is
less than 5µm, being 2.33µm for the volume- or mass-averaged radius, and 1.52µm for the
number-averaged radius. Observe that the phase functions for uniform particle size clouds
display strong oscillations due to diffraction peaks, because the phase function is identical to
the one of single particles (cf. Fig. 12-5). Since the diffraction peaks shift slightly with changing
size parameters, these peaks and valleys are smoothed out for clouds with varying particle sizes.
For these types of clouds the phase function becomes very smooth with only a strong forward-
scattering peak remaining (plus a weaker backward-scattering peak for dielectric particles).
Thus, the analysis of scattering phenomena may actually be simpler if there is a particle size
distribution! Figures 12-6 and 12-7 also shows linear anisotropic approximations to these phase
functions, as discussed in Section 12.9.

Bohren and Huffman [18] have shown that this smoothing effect occurs for the efficiency
factors as well as for the phase function, requiring only a small deviation from uniform-size parti-
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 FIGURE 12-8
The effect of size dispersion on the extinction efficiency
for water droplets and visible light (σ = standard devia-
tion in Gaussian distribution function) [18].

cles to be present. Figure 12-8 shows the extinction efficiency for clouds of water droplets, which
are assumed to have a Gaussian distribution function centered around a mean particle size with
standard deviation σ. Small deviations from uniform size blur out the high-frequency variation
(called the ripple structure), while slightly larger deviations also dampen out the low-frequency
variations of the extinction efficiency (called the interference structure). Similar smoothing effects
occur in a cloud of uniform-size particles of irregular shape as shown by Hodkinson [26] for
aqueous suspensions of irregular quartz particles.

12.4 RADIATIVE PROPERTIES OF SMALL
SPHERES (RAYLEIGH SCATTERING)

Radiative scattering by spheres that are small compared with wavelength was first described
by Lord Rayleigh [10, 11] long before the development of Mie’s theory [14]. However, results
for small particles are here most easily obtained by taking the appropriate limits in the general
solution to Mie’s equations.

If the scattering particles are extremely small, then the size parameter x = 2πa/λ becomes
very small. Such behavior is primarily observed with gas molecules (which are, in fact, very
tiny particles). There are, however, also some multimolecule solid particles that fall into the
Rayleigh scattering regime, e.g., soot particles (whose diameters are often smaller than 10 nm
and which, in combustion applications, are irradiated by light of approximately 3µm, resulting
in x ≈ 0.01).

In the limit of x → 0 it is relatively straightforward to show that only the a1 in equa-
tions (12.19) and (12.20) is nonzero, or

S2(Θ) = S1(Θ) cos Θ = i
m2
− 1

m2 + 2
x3 cos Θ, (12.44)

that is, the amplitude function for one polarization is independent of scattering angle Θ. Sub-
stitution into equations (12.11) and (12.14) then gives the efficiency factors as

Qsca =
8
3

∣∣∣∣∣∣m2
− 1

m2 + 2

∣∣∣∣∣∣2x4, (12.45)

Qabs = −4=
{

m2
− 1

m2 + 2

}
x ≈ Qext, (12.46)
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where the last equality in equation (12.46) is due to the fact that x4
� x, so that scattering

may be neglected as compared with absorption. We observe the wavelength dependence of the
scattering efficiency to be

Qsca ∝
1
λ4 ∝ ν

4. (12.47)

We note in passing that this fact explains the colors of the sky: During most of the day, when the
sun’s rays travel a relatively short distance through Earth’s atmosphere (cf. Fig. 12-9), only the
shortest wavelengths are scattered away in any appreciable amounts from the sun’s direct path;
they are scattered again and again by the molecules in the atmosphere, providing us with a blue
sky (blue light having the shortest wavelength within the visible spectrum). Close to sunset,
however, the sun’s rays travel at a grazing angle through the atmosphere to the observer, so that
all but the very longest wavelengths (of the visible spectrum) have been scattered away from
the direct path, giving the sun a red appearance. Without the atmosphere the sky would appear
black to us, as witnessed by the astronauts visiting the (atmosphere-less) moon.

The wavelength dependence of the absorption efficiency, on the other hand, is

Qabs ∝
1
λ
∝ ν, (12.48)

which describes the spectral behavior of small particles such as soot reasonably well.
The phase function for Rayleigh scattering follows from equations (12.44) and (12.13) as

Φ(Θ) = 3
4 (1 + cos2Θ), (12.49)

where the two terms are the contributions from the two perpendicular polarizations, as shown
in Fig. 12-10. It is observed that the phase function is symmetric as far as forward and backward
scattering is concerned, and does not deviate too strongly from isotropic scattering.

The absorption coefficient for a cloud of nonuniform-size small particles follows from equa-
tions (12.39) and (12.46) as

κλ = π

∫
∞

0
Qabsa2n(a) da = −4=

{
m2
−1

m2+2

}∫
∞

0

(2πa
λ

)
πa2n(a) da. (12.50)

The integral in this equation may be related to the volume fraction fv,

fv =

∫
∞

0

(4
3
πa3

)
n(a) da, (12.51)
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so that the absorption coefficient for small particles reduces to

κλ = −=

{
m2
− 1

m2 + 2

}
6π fv
λ

, (12.52)

or, expanding the complex index of refraction, m = n − ik,

κλ =
36πnk

(n2 − k2 + 2)2 + 4n2k2

fv
λ
. (12.53)

Therefore, for particles small enough that Rayleigh scattering holds, the absorption coefficient
does not depend on particle size distribution, but only on the total volume occupied by all
particles (per unit system volume).

Example 12.1. During the burning of propane it is observed that the products contain a volume fraction
of 10−4% of soot with complex index of refraction m = 2.21 − 1.23i (measured at a wavelength of 3µm).
Assuming a mean particle diameter of 0.05µm, determine the absorption and scattering efficiency of
this soot cloud as well as its absorption coefficient, all at a wavelength of 3µm.

Solution
For the given diameter and wavelength the particle size parameter is x = π×0.05µm/3µm = 0.0524� 1
and we assume Rayleigh scattering to hold for all particles. For all three properties we need to evaluate
the complex ratio (m2

− 1)/(m2 + 2):

m2
− 1

m2 + 2
=

2.212
− 2 × 2.21 × 1.23i − 1.232

− 1
2.212 − 2 × 2.21 × 1.23i − 1.232 + 2

=
2.3712 − 5.4366i
5.3712 − 5.4366i

×
5.3712 + 5.4366i
5.3712 + 5.4366i

=
42.2928 − 16.3098i

58.4064
= 0.7241 − 0.2792i.

Thus, the efficiencies can be evaluated as

Qsca =
8
3
|0.7241 − 0.2792i|2 × (0.0524)4 = 1.21 × 10−5,

and

Qabs = −4 × (−0.2792) × 0.0524 = 5.85 × 10−2,

showing that scattering may indeed be neglected compared with absorption. The absorption coefficient
follows from equation (12.53) as

κλ = −(−0.2792) ×
6π × 10−4/100

3 × 10−4 cm
= 0.01754 cm−1,
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that is, any radiation (at 3µm) penetrating into such a soot cloud would be attenuated to 1/e of its
original intensity over a distance of 1/κλ = 57 cm.

12.5 RAYLEIGH–GANS SCATTERING

A near-dielectric sphere with k ≈ 0 and with a refractive index close to unity, i.e., |m−1| � 1, has
negligible reflectivity and, thus, lets light pass into the sphere unattenuated and unrefracted. If
also x|m − 1| � 1, then the light will exit the sphere again essentially unattenuated. However,
since the phase velocity of light is slightly less inside the particle, light traveling through the
sphere will display a small phase lag as opposed to the incident light. This phenomenon is
known as Rayleigh–Gans scattering.

As described by van de Hulst [3], taking the appropriate limits reduces equations (12.15)
and (12.16) to

S2(Θ) = S1(Θ) cos Θ = ix3(m − 1)G(u) cos Θ, (12.54)

where
G(u) =

2
u3 (sin u − u cos u), u = 2x sin 1

2 Θ. (12.55)

The absorption efficiency is identical to the one for Rayleigh scattering, that is,

Qabs = −4=
{

m2
− 1

m2 + 2

}
x, (12.56)

while the scattering efficiency turns out to be

Qsca = |m − 1|2x4
∫ π

0
G2(u)(1 + cos2Θ) sin Θ dΘ. (12.57)

Finally, the phase function for Rayleigh–Gans scattering is now easily determined as

Φ(Θ) =
2G2(u)(1 + cos2Θ)∫ π

0
G2(u)(1 + cos2Θ) sin Θ dΘ

. (12.58)

An example of this phase function is included in Fig. 12-5b for x = 5 and m = 1.0001. The
phase function displays a strong forward-scattering peak (which increases with increasing size
parameter), with very rapid oscillations of varying amplitude into the other directions.

12.6 ANOMALOUS DIFFRACTION

Simple relations for near-dielectric spheres, |m−1| � 1, can also be obtained for arbitrary values
of x|m − 1|, provided the particles are large, x � 1. This allows separation of (approximately
straight) transmission and diffraction, and is called anomalous diffraction by van de Hulst [3].
For this limiting case the efficiency factors are found from

Qext = 4<
{
K
(
2x(m−1)i

)}
= 2 −

4
p

cos q
[
e−p tan q

(
sin(p−q) +

cos q
p

cos(p−2q)
)
−

cos q
p

cos 2q
]
, (12.59)

Qabs = 2K(2p tan q), (12.60)

where

K(w) =
1
2
−

1
w2

[
1 − (1 + w) e−w]

, (12.61)
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p = 2x(n − 1), q = tan−1 k
n − 1

; p tan q = 2xk. (12.62)

Physically, p represents the phase lag experienced by a ray that passes through the center of
the sphere. Similar to Rayleigh–Gans scattering, many nonmetallic particles present during
combustion come reasonably close to satisfying the |m − 1| � 1 conditions.

12.7 RADIATIVE PROPERTIES OF LARGE
SPHERES

If the spheres are very large (x � 1), very many terms are required in the evaluation of
equations (12.15) and (12.16). However, in this case it is sufficient to resort to geometric optics,
and one may separate diffraction from reflection and refraction. For very large spheres it is
always true that

Qext = 2. (12.63)

This relationship is sometimes called the extinction paradox since it states that a large particle
removes exactly twice the amount of light from the beam as it can intercept, and has been
discussed by van de Hulst [3]. Since, for geometric optics, the projected area of a particle
for reflection and absorption is πa2, this means that half of the extinction efficiency is due to
diffraction. How much of the rest is due to absorption, and how much due to reflection, depends
on the value of the complex index of refraction m, or the reflectivity of the sphere’s surface.

In the following we shall determine the scattering properties of large opaque spheres, i.e., such
spheres for which any ray refracted into the particle will be totally absorbed within, without
exiting the sphere at another location. This requires the additional assumption that kx� 1 (say,
2 or 3). Thus, k may be fairly small as long as x � 1. A consequence of this is that, for a metal,
“large particle” may mean x > 10, while for a near-dielectric it may mean x > 10,000.

While electromagnetic wave theory always assumes optically smooth surfaces, resulting in
specular reflection, very large spheres (as compared with wavelength) may have roughness
levels at the sphere’s surface that are also large as compared with wavelength, resulting in
nonspecular reflection. Treatment of very irregular directional behavior for the reflectance is,
of course, extremely difficult (as it was for surface transport, cf. Chapter 7). However, the
extreme case of perfectly diffuse reflection lends itself to straightforward analysis (similar to
the treatment of surface transport in Chapter 5), and is, therefore, also included in the present
section.

Diffraction from Large Spheres
The diffraction pattern of light passing through the vicinity of a large sphere is, by Babinet’s
principle, equal to that of a circular hole with the same diameter [3]. As a consequence the
directional behavior of the diffracted light consists of alternating bright and dark rings. The
amplitude functions for diffraction have been given by van de Hulst [3] as

S1(Θ) = S2(Θ) = x
J1(x sin Θ)

sin Θ
, (12.64)

where J1 is a Bessel function [19]. Therefore, the phase function for diffraction over a large
sphere follows from equation (12.13) (noting that Qsca = 1 for diffraction) as

Φ(Θ) = 2
i1 + i2

x2 = 4
J2
1(x sin Θ)

sin2Θ
. (12.65)

This phase function, depicted in Fig. 12-11, demonstrates that almost all energy is scattered
forward within a narrow cone of Θ < (150/x)◦ from the direction of transmission. Thus, in heat
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transfer applications we may usually neglect diffraction and treat it as transmission. Then, for
large particles without diffraction,

Qext = 1. (12.66)

Large Specularly Reflecting Spheres
Consider a specularly reflecting opaque sphere irradiated by an intensity Ii distributed over
a thin pencil of rays of solid angle dΩi as shown in Fig. 12-12. Under these conditions the
infinitesimal band at an angle β from the incident direction (indicated by shading in the figure)
receives radiation from a direction which is off-normal (from its surface) by an angle β. Recalling
the definition of intensity as “heat rate per unit area normal to the rays, per unit solid angle,
and per unit wavelength,” the energy intercepted by the band over a wavelength range of dλ is

d2Qi = Ii dΩi dλ (dAband cos β) = Ii dΩi dλ 2πa sin β a dβ cos β. (12.67)

Of that, the fraction ρs(β) is reflected into the direction 2β as measured from the incoming pencil
of rays. The total heat rate intercepted by the sphere is

dQi =

∫ π/2

0
Ii dΩi dλ 2πa2 sin β cos β dβ = Ii dΩi dλπa2, (12.68)

while the total reflected (or scattered) heat rate is

dQs =

∫ π/2

0
ρs(β)Ii dΩi dλ 2πa2 sin β cos β dβ

= Ii dΩi dλπa22
∫ π/2

0
ρs(β) sin β cos β dβ = ρsIi dΩi dλπa2, (12.69)

where ρs is the hemispherical reflectance, averaged over all incoming directions [cf. equa-
tion (3.46)]:

ρs = 2
∫ π/2

0
ρs(β) sin β cos β dβ. (12.70)
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Thus, the scattering efficiency for a large, opaque, specularly reflecting particle is simply

Qsca =
dQs

dQi
= ρs, (12.71)

and the absorption efficiency follows as

Qabs = Qext −Qsca = 1 − ρs = α, (12.72)

that is, the hemispherical absorptivity.
To evaluate the scattering phase function we consider the amount of energy scattered into

any given direction Θ, where Θ is measured from the transmission direction ŝ, as also indicated
in Fig. 12-12. It is clear that, for a homogeneous sphere, the scattered intensity can only vary
with the polar angle Θ (and not azimuthally). Furthermore, for a specularly reflecting sphere the
outgoing intensity in a certain direction Θ can only come from a single position on the sphere’s
surface. For example, radiation scattered into the direction Θ = π − 2β comes from the shaded
band in Fig. 12-12. Recalling that the scattering phase function is defined as 4π × scattered
intensity/total scattered heat flux [cf. equation (10.15)] we get, for Θ = π − 2β or β = (π −Θ)/2,

Φ(Θ) = 4π
ρs(β) d2Qi/dΩr

dQs

= 4πρs
(
π−Θ

2

) Ii dΩi dλ 2πa2 sin β cos β dβ/dΩr

ρsIi dΩi dλπa2 . (12.73)

The solid angle for the reflection is best visualized by letting the reflected intensity fall upon a
concentric (and very large) sphere of radius R. The solid angle is then the area of the illuminated
band divided by R2, or

dΩr = 2π sin 2β d(2β), (12.74)

leading to

Φ(Θ) = ρs
(
π−Θ

2

)/
ρs. (12.75)

Alternatively, we could use the fact that the scattering phase function is proportional to intensity
into any given direction, and then normalize the resulting expression with equation (10.17). The
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actual directional scattering behavior (or the behavior of the phase function) depends on the
material of which the particles are made. Figure 12-13 shows a comparison of the phase function
between a “typical” metal (aluminum at 3.1µm with an index of refraction of m = 4.46−31.5i) and
a “typical” dielectric (m = 2).1 These two phase functions should be compared with Fig. 12-5c,d,
which are for identical materials but for a smaller size parameter (and are shown in a polar rather
than a Cartesian plot). Since the size parameter in Fig. 12-5c,d is fairly large (x = 10), the major
difference between Fig. 12-5c,d and Fig. 12-13 lies in the omission of diffraction in Fig. 12-13. For
large particles all materials have their maximum scattering into the forward direction, Θ = 0,
since ρs(π/2) = 1 always. However, this peak is considerably more pronounced for dielectrics,
and is hardly noticeable for the metal because of the dip in reflectance at near-grazing angles
(compare also Fig. 2-11, which shows the directional variation of the reflectance of aluminum).
Because of their relatively high reflectance at all directions, large metallic particles tend to be
almost isotropic scatterers.

Example 12.2. Consider glass particles with a complex index of refraction m = 1.5 − 0.1i and a density
of ρglass = 2 g/cm3, suspended in an inert gas, with a particle loading ratio of 1 kg of particles per m3 of
suspension volume. Particle sizes range between 100µm and 1000µm, with an equal distribution over
all sizes by weight-%. Determine the absorption coefficient, the scattering coefficient, and the phase
function for the infrared (3µm < λ < 10µm).

Solution
First, we need to determine the particle distribution function by number (rather than mass). Since the
mass distribution function is a constant we get

m(a) =
1 kg/m3

(1000 − 100)µm
= 4

3πa3ρglassn(a), 100µm ≤ a ≤ 1000µm,

n(a) =
3m(a)

4πa3ρglass
= 1.3226 × 10−7 µm−1/a3, 100µm ≤ a ≤ 1000µm.

Next we need to determine the range of the size parameter x to see whether Rayleigh scattering, Lorenz–
Mie scattering, or large-particle scattering must be considered. The minimum value for x will occur for
the smallest particle at the longest wavelength, or

xmin =
2πamin

λmax
=

2π100
10

= 62.83� 1,

1Note that in the case of a dielectric the absorptive index k is assumed negligible as compared with the refractive
index n, but k is assumed large enough to make the spheres opaque.
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(kx)min = 6.283� 1,

that is, the large-particle assumption will be acceptable for all conditions encountered in this example.
Thus, the absorption and scattering coefficients may be related to the hemispherical emissivity of the
glass. Since for this glass k� n, the material behaves essentially like a dielectric, and the hemispherical
emissivity may be found from Fig. 3-19 or equation (3.82). Either method leads to ε = α = 1 − ρ = 0.91.
The absorption and scattering coefficients may then be calculated from equations (12.39) and (12.38) as

κλ = π

∫
∞

0
αa2n(a) da = πα

∫ 1000µm

100µm
a2 1.3226 × 10−7

µm a3 da

= 1.3226 × 10−7 µm−1πα ln
1000
100

= 9.60 × 10−3α cm−1

= 8.74 × 10−3 cm−1,

σsλ = 9.60 × 10−3ρ cm−1 = 0.86 × 10−3 cm−1.

The scattering phase function must be evaluated from equation (12.75) and is also included in Fig. 12-13.
Because of the small value for k, the directional behavior is very similar to that of the perfect dielectric
(m = 2), but the forward-scattering peak is more pronounced because of the smaller refractive index.

Large Diffusely Reflecting Spheres
In equations (12.67) through (12.72) the directional characteristics of the sphere reflectance did
not enter the development. Thus, for a diffusely reflecting sphere the amount of incident
radiation on a surface element, as well as the expression for the heat flux reflected into all
directions, is the same as for a specularly reflecting sphere. Therefore, equations (12.67) through
(12.72) also hold for the diffusely reflecting sphere, or

Qabs = α, (12.76)
Qsca = ρ. (12.77)

However, while for a specularly reflecting sphere the energy scattered into any given direction
resulted from reflection from a single location on the sphere’s surface, this is not true for a
diffusely reflecting sphere. This complicates the development for the scattering phase function
a bit. Consider Fig. 12-14: Incident radiation traveling into the direction of the unit vector ŝi
illuminates one half of the diffusely reflecting sphere. An observer, located far away from the
sphere in the direction of ŝo, sees a different half of the sphere, part of which is illuminated by
the incident radiation (shown by shadowing), part of which is in the shade. This illuminated
region seen by the observer has the shape of a circular wedge similar to a slice of lemon. To
describe the surface in polar coordinates it is most convenient to define the plane formed by the
two unit vectors ŝ i and ŝo to be the x-y-plane with polar angle β measured from the z-axis and
the azimuthal angle ψ measured from the negative x-axis as indicated in Fig. 12-14. With this
coordinate system the normal to a surface element in the illuminated region may be expressed
as

n̂(β, ψ) = − sin β cosψ ı̂ + sin β sinψ ̂ + cos β k̂, (12.78)

and also
ŝi = ı̂, ŝo = cos Θ ı̂ + sin Θ ̂. (12.79)

The energy reflected from an infinitesimal surface area is, as developed in equation (12.67),

d2Qs = ρIi dΩi dλ [dA(−n̂ · ŝi)], (12.80)

where dA is two-dimensionally infinitesimal as indicated in Fig. 12-14 (i.e., not a ring as in the
previous section, Fig. 12-12). Thus, the radiosity at that location, because of diffuse reflection of
incident radiation, is

dJ = ρIi dΩi dλ (−n̂ · ŝi). (12.81)
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Some of the reflected radiation will travel toward the observer into the direction of ŝo. If we
assume the observer stands on a large sphere with radius R � a, then the heat flux through a
surface element dAR on the large sphere due to reflection from the small sphere is

dIs dΩ =

∫
Ashaded

dJ dFdA−dAR dA, (12.82)

where
dFdA−dAR =

n̂ · ŝo dAR

πR2 =
1
π

n̂ · ŝo dΩ (12.83)

is the view factor between dA and dAR, n̂ · ŝo is the cosine of the angle between the surface
normal at dA and the line to dAR, while the surface normal at dAR points directly to the particle.
Thus,

dIs =
1
π

∫
Ashaded

dJ n̂ · ŝo dA, (12.84)

and, again recalling that the scattering phase function is equal to 4π × scattered intensity/total
scattered heat flux, we get

Φ(ŝi, ŝo) = 4π dIs/dQs = 4
∫

Ashaded

(ρIi dΩi dλ)(−n̂ · ŝ i)(n̂ · ŝo) dA
/
ρIi dΩi dλπa2

=
4
πa2

∫
Ashaded

(−n̂ · ŝi)(n̂ · ŝo) dA

=
4
πa2

∫ π
2

π
2 −Θ

∫ π

0
sin β cosψ sin β(sinψ sin Θ − cosψ cos Θ) a2 sin β dβ dψ,

which may readily be integrated to yield

Φ(Θ) =
8

3π
(sin Θ −Θ cos Θ). (12.85)

The phase function for diffuse spheres, equation (12.85), is also depicted in Fig. 12-13. Unlike
for specularly reflecting spheres, the phase function for diffusely reflecting spheres displays a
strong backward-scattering peak, and it is independent of the reflectance (or the complex index
of refraction) of the materials.
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FIGURE 12-15
Scattering of incident radiation by a long cylinder.

Particle Beds
The scattering regime map of Fig. 12-2 suggests that independent scattering may be assumed
for packed and fluidized beds with particle volume fractions as large as 0.7 [5]. However, the
classical continuum theory for radiative transfer in particulate media is based on the assumption
of infinitesimally small particle size and, thus, negligible shading. Particle beds generally
contain relatively large particles (x � 1) and, combined with large volume fractions, shading
can no longer be ignored [27]. Brewster [28] proposed a simple correction to equation (12.29) as

βλ =
πa2NTQext

1 − fv
=

3 fv
(1 − fv)a

, (12.86)

where uniform particle size has been assumed, and Qext = 1 for large particles. Comparison with
stochastic Monte Carlo simulations [27] showed near-perfect agreement. Another, more recent
ray tracing algorithm for densely packed spheres also attests to the accuracy of equation (12.86)
[29].

12.8 ABSORPTION AND SCATTERING BY
LONG CYLINDERS

Scattering from cylinders has been studied for almost as long as that from spheres, starting with
Lord Rayleigh looking at infinitely long cylinders at normal incidence. In the area of radiative
heat transfer scattering from cylinders has become of interest only very recently, to predict
transfer rates through optical fibers and fibrous insulation.

Consider a cylinder of length L and radius a, with its axis pointed into the direction of ŝ f ,
that is irradiated obliquely by electromagnetic waves propagating into direction ŝ as indicated
in Fig. 12-15. For cylinders it is common to define the angle of incidence with respect to the
normal to the cylinder axis, i.e., ŝ · ŝ f = sinφ as shown. Similar to waves impinging obliquely on
flat surfaces (see Chapter 2), we need to distinguish between two polarization components: the
transverse magnetic (TM, or “Case I”; no magnetic vector component in the ŝ f -direction) mode,
and the transverse electric (TE, or “Case II”; no electric vector component in the ŝ f -direction)
mode. For short cylinders the scattering behavior is very similar to that of spheres, but with
increasing L/a-ratio scattering becomes more and more confined to a conical surface (rather than
being spread out over all 4π solid angles).
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For infinitely long cylinders (L/a → ∞) all scattering is confined to the conical surface
described by ŝ f and ŝ as indicated in Fig. 12-15. The nondimensional polarized scattering
intensities can be calculated for this case as [16]

i11(m, x, φ, θ) = |T11|
2 =

∣∣∣∣∣∣∣b0I + 2
∞∑

n=1

bnI cos nθ

∣∣∣∣∣∣∣
2

, (12.87a)

i12(m, x, φ, θ) = |T12|
2 =

∣∣∣∣∣∣∣2
∞∑

n=1

anI sin nθ

∣∣∣∣∣∣∣
2

, (12.87b)

i21(m, x, φ, θ) = |T21|
2 =

∣∣∣∣∣∣∣2
∞∑

n=1

bnII sin nθ

∣∣∣∣∣∣∣
2

, (12.87c)

i22(m, x, φ, θ) = |T22|
2 =

∣∣∣∣∣∣∣a0II + 2
∞∑

n=1

anII cos nθ

∣∣∣∣∣∣∣
2

. (12.87d)

As for spheres the an and bn can be expressed in terms of Bessel and Hankel functions, and
are given by Kerker [16]. For unpolarized incident radiation the nondimensional intensity is
evaluated as

i(m, x, φ, θ) =
1
2

(i11 + i12 + i21 + i22); i12 = i21, (12.88)

and extinction and scattering cross-sections and efficiencies are evaluated from

Qext =
Cext

2a
=

2
x
<

(
T (θ = 0)

)
=

1
x
<

b0I + a0II + 2
∞∑

n=1

(bnI + anII)

 (12.89)

Qsca =
Csca

2a
=

1
πx

∫ 2π

0
i
(
m, x, φ, θ

)
dθ

=
1
x

|b0I|
2 + |a0II|

2 +

∞∑
n=1

(
|bnI|

2 + |bnII|
2 + |anI|

2 + |anII|
2
) , (12.90)

where, as for spheres, x = 2πa/λ, but cross-sections are per unit length of cylinder (i.e., have
units of length). The phase function for a single, infinite cylinder is given by [30]

Φ(Θ, φ) =
i(θ, φ)δ(φ − φ′)∫ 2π

0 i(θ, φ) dθ
, cosθ = (cos Θ − sin2φ′)/ cos2φ′, (12.91)

where δ(φ − φ′) is the Dirac-delta function,2 and Θ is again the scattering angle away from the
ŝ-direction, which is related to polar angle φ′ and azimuthal angle θ as given.

The behavior of infinitely long fibers has been investigated by several researchers, notably
the group around Tong [31–36] and by Lee [30, 37–43] and others [44–47]. Some of these
investigations have concentrated on scattering by single fibers [34, 35, 37], others on effects of
dependent scattering [40–42, 44], but most deal with the effects of various fiber arrangements.
For a random arrangement of infinitely long fibers with size distribution n(a), extinction and
scattering properties can be determined from [37]:

βλ(m) =

∫
∞

0

∫ π/2

0
Cext(m, x, φ) cosφ dφn(a) da, (12.92)

2First defined in Section 11.9, equation (11.99).
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σsλ(m) =

∫
∞

0

∫ π/2

0
Csca(m, x, φ) cosφ dφn(a) da, (12.93)

Φλ(m,Θ) =
1
σsλ

4λ
π2

∫
∞

0

∫ π/2

0

i(θ)
sinθ cosφ

dφn(a) da,

cosθ =
(
cos Θ − sin2φ

)/
cos2φ. (12.94)

12.9 APPROXIMATE SCATTERING PHASE
FUNCTIONS

It is clear from Figs. 12-3 and 12-8 that radiative properties of particles may display strong
oscillatory behavior with size parameter and, therefore, wavelength, particularly for the case of
large, monodisperse, dielectric particles. Even more bothersome is the fact that the scattering
phase function may undergo strong angular oscillations at any given single wavelength, again
particularly for the case of large, monodisperse, dielectric particles (cf. Figs. 12-5, 12-6, 12-7).
Since radiative calculations for media with spectrally varying properties are generally carried
out on a spectral basis with subsequent integration over all relevant wavelengths, this fact means
that these spectral oscillations are somewhat inconvenient, but they do not make the analysis
intractable. Strong angular oscillations in the scattering phase function, on the other hand, will
enormously complicate the analysis for any given wavelength. Indeed, most solution methods
described in the following chapters cannot accept highly oscillatory phase functions, or else
they must be carried to unacceptably high orders or node numbers. It is, therefore, common
practice to approximate oscillatory phase functions by simpler expressions with more regular
behavior.

It is observed that large particles generally have strong forward-scattering peaks (due to
diffraction, cf. Figs. 12-6 and 12-7). Indeed, if x → ∞, half of the total extinction is due to
diffraction into near-forward directions, as described in Section 12.7. Since diffraction was
neglected (i.e., treated as transmission) in that section, the phase functions for large particles
are in fact simplified. If either geometric optics cannot be used or diffraction effects must be
retained for other reasons, then the approximate phase function must accommodate the strong
forward-scattering peak. To this purpose many investigators have used the Henyey–Greenstein
phase function,

ΦHG(Θ) =
1 − 12

[1 + 12 − 21 cos Θ]3/2
, (12.95)

where 1 is the asymmetry factor. Sometimes the Henyey–Greenstein function is written in the
form of a Legendre polynomial series, or

ΦHG(Θ) = 1 +

∞∑
n=1

(2n + 1)1nPn(cos Θ). (12.96)

Thus, this expression is equivalent to equation (12.24) with approximate values for the An
being related to the asymmetry factor. A representative comparison between Lorenz–Mie
and Henyey–Greenstein phase functions is given in Fig. 12-16 for a dielectric with index of
refraction m = n = 1.33 and size parameter x = 300 (water droplets). Both van de Hulst [48] and
Hansen [49] have shown that the Henyey–Greenstein formulation gives very accurate results
for radiative heat fluxes as long as the particles are nondielectric: Dielectric particles may
have a relatively strong backward-scattering peak besides a strong forward-scattering peak.
This situation cannot be described by the asymmetry factor alone, and the Henyey–Greenstein
formulation must fail. That neglect of backward-scattering peaks can cause considerable error
in heat flux calculations has been shown by Modest and Azad [25].
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FIGURE 12-16
Comparison of Lorenz–Mie, Henyey–Greenstein, linear-anisotropic, and isotropic phase functions for water droplets
(m = 1.33, x = 100).

For many calculations the Henyey–Greenstein phase function is still too complicated. As
mentioned earlier, in heat transfer applications forward scattering may usually be treated as
transmission. This fact has led a number of researchers to the use of so-called Dirac-delta or
Delta–Eddington approximations, where the forward-scattering peak is separated from the rest of
the scattering phase function by

Φ(Θ) ≈ 2 f δ(1−cos Θ) + (1 − f ) Φ∗(Θ), (12.97)

where Φ∗ is the new approximate phase function, f is a forward scattering fraction to be
determined, and δ is the Dirac-delta function. Substitution of equation (12.97) into equation (10.17)
shows that the approximate phase function is properly normalized, that is,

1
4π

∫
4π

Φ∗(Θ) dΩ = 1. (12.98)

Different authors have used different approaches to define f and Φ∗. Potter [50] was one of the
first to use the following scheme for his work on atmospheric scattering. He truncated the peak
by extrapolating the phase function from directions outside the peak into the forward direc-
tion; otherwise he left the phase function unchanged. Not surprisingly, his method produced
excellent results, but it still leaves the approximate phase function in a rather complex form.

It appears more promising to express the approximate phase function as a truncated Legen-
dre series,

Φ∗(Θ) = 1 +

M∑
n=1

A∗nPn(cos Θ), (12.99)

where the constant M is the chosen order of approximation, mostly taken as M = 1 (linear-
anisotropic scattering) [25, 51–53], or M = 0 (isotropic scattering) [52], while higher-order
approximations have been carried out by Crosbie and Davidson [52]. There is considerable
disagreement among authors about the criteria to be used to determine the forward fraction f
as well as the coefficients A∗n. Both Joseph and coworkers [51] and Crosbie and Davidson [52]
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agreed that at least one of the moments of equation (12.97) should be satisfied: Multiplying
equation (12.97) by Pm(Θ) and integrating over all Θ results in∫ π

0
Φ(Θ)Pm(cos Θ) dΘ =

∫ π

0
2 fδ(1−cos Θ)Pm(cos Θ) dΘ

+ (1 − f )
M∑

n=1

∫ π

0
A∗nPn(cos Θ) Pm(cos Θ) dΘ, (12.100)

or, using the fact that Legendre polynomials are orthogonal functions over the interval (0, π) [19],

(1 − f )A∗m = Am − (2m + 1) f , m = 1, 2, . . . . (12.101)

If the approximate phase function is to be isotropic, equation (12.101) yields, with A∗1 = 0,

f =
A1

3
= 1, (12.102)

and
Φ(Θ) ≈ 21δ(1−cos Θ) + (1 − 1). (12.103)

Joseph and colleagues [51] developed an approximate linear-anisotropic phase function. They
employed equation (12.101) for the first two moments to find f and A∗1, using an approximate
value of A2 ≈ 512 (from the Henyey–Greenstein phase function). However, their approximate
phase function may turn out to be negative for some back scattering directions, which is phys-
ically impossible. Crosbie and Davidson [52] overcame this difficulty by applying the second
moment only conditionally. From the first moment it follows that

A∗1 = 3
1 − f
1 − f

. (12.104)

Requiring the phase function to be positive for all angles is equivalent to |A∗1| ≤ 1, or

1
2

(31 − 1) ≤ f ≤ 1. (12.105)

Instead of using the second moment directly, i.e., f = A2/5, they require | f − A2/5| to be
a minimum without violating equation (12.105). This method can readily be extended to
arbitrarily high orders. Their linear-anisotropic and order-10 phase function approximations
are also included in Fig. 12-16 for water droplets. It should be noted that this method will
work only for positive asymmetry factors. In the case of 1 < 0 the method breaks down and
f = 0 should be used. Even then one may find A∗1 < −1, in which case one has to force
A∗1 = −1 to avoid negative forward scattering. The method will break down completely for
strong backward-scattering peaks.

None of the above approximations allows for simultaneous forward- and backward-scattering
peaks. Modest and Azad [25] have shown that neglecting the backward-scattering peaks that
may appear in dielectrics may cause considerable error in heat flux calculations. Thus, they
proposed a double Dirac-delta phase function approximation. However, this model severely com-
plicates the RTE by requiring a I(−ŝ) term (backward intensity).

Example 12.3. Calculate approximate phase functions for monodisperse suspensions of large specular
dielectric spheres (m = 2) and diffusely reflecting spheres, using the Henyey–Greenstein function, and
the Crosbie and Davidson model.

Solution
The Henyey–Greenstein function requires the calculation of the asymmetry factor

1 =
A1

3
=

1
2

∫ +1

−1
Φ(µ)µ dµ,
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FIGURE 12-17
Scattering phase function approximations for Example 12.3.

where µ is the cosine of the scattering angle. The Crosbie and Davidson approximation requires the
calculation of 1 as well as the calculation of

A2

5
=

1
2

∫ +1

−1
Φ(µ)P2(µ) dµ.

Numerical integration of the phase function yields for the specular dielectric spheres 1 = 0.229 and
A2/5 = 0.138. Since A2/5 < 1 it follows for the Crosbie and Davidson model that f = A2/5 = 0.138
and, from equation (12.104), A∗1 = 0.315. Both approximate phase functions are shown in Fig. 12-
17 together with the exact expression. The Henyey–Greenstein function does not try to remove the
forward-scattering peak, but is unable to follow the sharp peak for large µ. The Crosbie–Davidson
model follows the actual function well, except for the forward peak that has been removed.

The integration for the diffuse-sphere phase function could be carried out analytically but is rather
tedious. Numerical integration of the phase function yields for the diffuse spheres 1 = −0.444 and
A2/5 = 0.062. Since 1 < 0, the scattering is predominantly backward and the Crosbie and Davidson
model cannot be applied. Thus, for this model, we force f = 0 and, from equation (12.104), A∗1 = −1.333;
since this would result in negative values for forward directions we also force A∗1 = −1. It is seen that
the Henyey–Greenstein function does not work very well for back scattering, while the Crosbie and
Davidson model gives acceptable results.

12.10 RADIATIVE PROPERTIES OF
IRREGULAR PARTICLES AND
AGGREGATES

In practical applications particles are rarely, if ever, homogeneous spheres or long cylinders.
As noted earlier, averaging over millions of irregularly shaped particles tends to give results
very close to those found with the uniform sphere assumption [1]. However, if the average
shape of irregular particles does not resemble a sphere or a long fiber, more advanced methods
must be employed to study their interaction with electromagnetic waves. Over the years
numerous exact and approximate methods have appeared in the literature, recently reviewed
by Mishchenko [54] and Wriedt [55], the latter also listing freely available computer codes. An
extensive description of general disperse systems has been given by Dombrovsky and Baillis [2].
An in-depth discussion of the treatment of irregular particles is beyond the scope of this text, and
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the reader is directed toward these three exhaustive references. We will give here only a very
brief account of the perhaps most popular methods, the cluster T-matrix method, the generalized
multisphere Mie solution, and the discrete dipole approximation.

The Cluster T-Matrix Method
The method goes back to 1965 as proposed by Waterman [56], and a detailed description is
provided in Mishchenko and coworkers [57]. While the method can be applied to particles of
any shape, it is best suited for rotationally symmetric particles, and can be readily applied to
multiparticle clusters, such as fractal aggregates. In the T-matrix method the incident, internal,
and scattered electromagnetic fields for the individual particles are expanded into vector spher-
ical harmonics. Coefficients of the scattered field are linearly related to those of the incident
field by a matrix called the T- (or transition) matrix. Linearity of Maxwell’s equations then
allows the determination of the scattered field of an agglomerate through superposition. One
of the advantages of the T-matrix method is that, once the matrix has been computed, it can be
applied to arbitrary incidence angles, i.e., the method provides not only scattering and extinc-
tion coefficients, but also directional scattering information, which can be of great importance
in laser scattering diagnostics. The method has been gathering considerable popularity and, in
particular, has been applied to multisphere clusters, such as soot aggregates [58–62]. Several
T-matrix computer codes are freely available from [63, 64].

The Generalized Multisphere Mie Solution
Like the cluster T-matrix method the generalized multisphere Mie solution (GMM) is also
an exact method for scattering from clusters of small particles. In fact, the method shares
many features with the T-matrix method, but there are also substantial differences, such as
different treatment of far-field interference and in translating field expansions between displaced
reference systems [65, 66]. The method was developed by Xu [67, 68], and enjoys increasing
popularity for the modeling of scattering from soot aggregates [69–71]. A GMM computer code
may be downloaded from [72].

The Discrete Dipole Approximation
Another popular method to deal with scattering from aggregates of small particles is the discrete
dipole approximation. In the limit of small point masses (i.e., individual atoms) the particles
can be thought of as electrical dipoles, which then allows for an exact formulation of the
resulting electromagnetic field. To make the problem manageable, a particle or aggregate
may be subdivided into a relatively small number of identical elements, each containing many
atoms, but small enough to be represented as a dipole oscillator. The vector amplitude of the
field scattered by each dipole is determined iteratively, and the total scattered field is obtained
as the sum of all the individual dipole fields. The method was first formulated by Purcell
and Pennypecker [73]. It appears to be particularly well suited to model aggregates of many
identical primary particles, such as soot, and has been employed, for example, by [74, 75].

12.11 RADIATIVE PROPERTIES OF
COMBUSTION PARTICLES

Undoubtedly, some of the most important engineering applications of thermal radiation are
in the areas of the combustion of gaseous, liquid (usually in droplet form), or solid (often
pulverized) fuels, be it for power production or for propulsion. During combustion thermal
radiation will carry energy directly from the combustion products to the burner walls, often at
rates higher than for convection. In the case of liquid and solid fuels thermal radiation also plays
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TABLE 12.2
Representative values for the complex index of refraction in the near infrared for different
coals and ashes [84].

Particle Type m = n − ik

carbon 2.20 − 1.12i
anthracite 2.05 − 0.54i
bituminous 1.85 − 0.22i
lignite 1.70 − 0.066i
fly ash 1.50 − 0.020i

an important role in the preheating of the fuel and its ignition. Nearly all flames are visible to
the human eye and are, therefore, called luminous (sending out light). Apparently, there is some
radiative emission from within the flame at wavelengths where there are no vibration–rotation
bands for any combustion gases. This luminous emission is today known to come from tiny char
(almost pure carbon) particles, called soot, which are generated during the combustion process.
The “dirtier” the flame is (i.e., the higher the soot content), the more luminous it is. A review of
the importance of radiative heat transfer in combustion systems has been given by Sarofim and
Hottel [76].

All combustion processes are very complicated. Usually there are many intermediate chem-
ical reactions in sequence and/or parallel, intermittent generation of a variety of intermediate
species, generation of soot, agglomeration of soot particles, and subsequent partial burning of
the soot. Since thermal radiation contributes strongly to the heat transfer mechanism of the
combustion, any understanding and modeling of the process must include knowledge of the
radiation properties of the combustion gases as well as any particulates that are present. The
most important particles are the relatively large coal and fly ash particles formed during the
combustion of pulverized coal as well as the very small soot particles. Because of their great
importance, these suspensions will be treated in some detail below.

Pulverized Coal and Fly Ash Dispersions
To calculate the radiative properties of arbitrary size distributions of coal and ash particles, one
must have knowledge of their complex index of refraction as a function of wavelength and
temperature. Data for carbon and different types of coal indicate that its real part, n, varies
little over the infrared and is relatively insensitive to the type of coal (e.g., anthracite, lignite,
bituminous), while the absorptive index, k, may vary strongly over the spectrum and from
coal to coal [77–79]. The composition of fly ash and, therefore, its optical properties may vary
greatly from coal to coal. The few data in the literature [80–83] report consistent values for
the refractive index (n ≈ 1.5) and widely varying values for the absorptive index. Wall and
coworkers [82] calculated the absorptive index for a number of Australian coals (based on their
ash composition), and found that k varied between 0.008 and 0.020. Nothing at all appears
to be known about the temperature dependence of these optical properties. A summary of
representative values for the optical constants of coals and ashes has been reported by Viskanta
and colleagues [84] and is reproduced in Table 12.2.

A first attempt to establish formulae for extinction by carbon particles was made by Tien
and coworkers [85], who looked at a single index of refraction (m = 1.5 − 0.5i) for a gamma
size distribution of particles [cf. equation (12.34)]. They found a relatively simple (but not
very accurate) smooth correlation for the extinction coefficient β. Buckius and Hwang [86]
carried out a large number of Lorenz–Mie calculations for a variety of complex indices of
refraction (simulating different coals) and a variety of different particle distribution functions
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FIGURE 12-18
Extinction and absorption properties of pulverized coal
[86, 87].

[gamma distributions and “rectangular” distributions, i.e., n(a) = const over a certain range of
radii]. They found that, when normalized with the Rayleigh small-particle limit, the absorption
coefficient and extinction coefficient as well as the asymmetry factor are virtually independent of
the particle size distribution function, and only depend on a mean particle diameter. Employing
the range for m given by Foster and Howarth [77] for different coals, they found a similar
insensitivity of the index of refraction, at least in the limits of small and large particles; in
the intermediate size range, deviations of up to nearly ±50% were reported as shown in a
sample of their calculations, Fig. 12-18. The spectral results were also wavelength-integrated to
yield Planck-mean and Rosseland-mean absorption and extinction coefficients. Considering a
temperature range of 750 K to 2500 K they found that their data could be correlated to within 30%
for the different coals. Based on their numerical data for different types of coals they developed
correlations for a number of nondimensional radiation properties. Spectral properties correlated
were the absorption and extinction coefficients and the asymmetry factor, with nondimensional
κ and β defined by

κ∗(λ,m) = κ(λ,m,NT)/ fA, β∗(λ,m) = β(λ,m,NT)/ fA, (12.106)
where

fA =

∫
∞

0
πa2n(a) da (12.107)

is the total projected area of the particles per unit volume. Thus, these nondimensional values
are essentially size-averaged absorption and extinction efficiencies [cf. equations (12.39) and
(12.40)]. For extremely small particles κ∗ ≈ β∗ may be calculated from Rayleigh scattering
theory, equation (12.53), as

κ∗0(λ,m) = β∗0(λ,m) = −=

{
m2
− 1

m2 + 2

}
6π fv
λ fA

= −4x̄=
{

m2
− 1

m2 + 2

}
, (12.108)

where x̄ is a mean size parameter based on a mean particle radius defined by

r̄ =
3 fv
4 fA

=

∫
∞

0 a3n(a) da∫
∞

0 a2n(a) da
. (12.109)
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TABLE 12.3
Correlation parameters for the prediction of nondimensional coal properties from y−z =
y−z

0
+ y−z

∞
[86].

y y0 y∞ z

β∗(λ,m) β∗0(1 + 6.78β∗0
2) 3.09/β∗0

0.1 1.2

κ∗(λ,m) β∗0(1 + 2.30β∗0
2) 1.66/β∗0

0.16 1.6
1(λ,m) 10 0.9 1.0

β∗P 0.0032φ[1 + (φ/355)1.9] 10.99/φ0.02 1.2

β∗R 0.0032φ[1 + (φ/485)1.75] 10.99/φ0.02 1.2
κ∗P 0.0032φ[1 + (φ/725)1.65] 13.75/φ0.13 1.5
κ∗R 0.0032φ[1 + (φ/650)2.3] 15.65/φ0.143 1.15

φ = r̄T/1µm K, β and κ nondimensionalized by fA from equation (12.107);

β∗0 from equation (12.108), 10 from equation (12.110), r̄ from equation (12.109).

Since β∗0 is linear in x̄ it may also be regarded as a weighted (by a function of m) size parameter.
The asymmetry factor for Rayleigh scattering is zero (because of its symmetric phase function)
and 10 for the small particle limit must be found from a higher-order expansion given by [86],
which may be simplified to

10(λ,m) =
1

15
<

{
(m2 + 2)(m2 + 3)

2m2 + 3

} (2π
λ

)2
∫
∞

0 a8n(a) da∫
∞

0 a6n(a) da
. (12.110)

In a similar fashion, they defined nondimensional Planck-mean and Rosseland-mean absorption
and extinction coefficients, all normalized by fA. All correlations obey the same basic formula,

1
yz =

1
yz

0
+

1
yz
∞

, (12.111)

where y stands for one of the above nondimensional properties, y0 is that property for small
average particle sizes, and y∞ the one for large average particle sizes. The correlation parameters
y0, y∞, and z for the various properties are summarized in Table 12.3, and results of this
correlation are included in Fig. 12-18. A somewhat simpler set of formulae to calculate the
radiative properties in pulverized-coal reactors has been given by Kim and Lior [88].

The results of Buckius and Hwang were essentially corroborated by Viskanta and coworkers
[84]. They too found that variations with particle distribution functions are relatively minor, and
that the different indices of refraction made a difference only for midsized particles. However,
they felt that these differences were too large to use a single correlation and presented individual
graphs for different coals. Table 12.3 indicates that—according to Buckius and Hwang [86]—
Planck-mean and Rosseland-mean coefficients do not depend on the optical properties of the
coal and are very close to one another. Again, this observation was corroborated by Viskanta
and coworkers [84] for carbon, anthracite and bituminous coal, as well as for lignite at high
temperature (above 1000 K). For fly ash and for lower temperature lignite mean absorption
coefficients were considerably lower due to the significantly lower absorptive indices of these
materials. Thus, Table 12.3 should be regarded as a relatively crude approximation, which
should be replaced when more accurate data for different coals and ashes become available
(optical properties varying with wavelength and temperature, particle size distributions).
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Mengüç and Viskanta [87] applied the approximate theory of equations (12.59) to two very
different particle size distributions and several different complex indices of refraction (sim-
ulating carbon particles, several coals, and fly ash). They found the approximate solutions
to agree very well with full Lorenz–Mie calculations, even for carbon particles [which, with
m = 2.20 − 1.12i, significantly violate the limitations on equations (12.59)]. Like Buckius and
Hwang [86] they noticed that the particle size distribution has only a very small effect on ra-
diative properties. For comparison, results from equation (12.59) for particles of uniform size
are also included in Fig. 12-18, showing good agreement with Buckius and Hwang’s correlation
for large particle sizes. Equations (12.59) predict the index of refraction effects more accurately
but must fail for small size parameters. Liu and Swithenbank [89] used the same simplified
theory, together with the comprehensive experimental data of Goodwin [83], to predict radiative
properties of fly ash dispersions. They found that wavelength dependence of the complex index
of refraction cannot be ignored: while n remains relatively constant, the absorptive index k of
fly ash varies by orders of magnitude across the spectrum, causing large changes in radiative
properties. Im and Ahluwalia [90], also using Goodwin’s [83] data, have given a correlation of
the complex index of refraction for fly ash, as a function of wavelength and mineral composition.
Manickavasagam and Mengüç [91] gave direct correlations for the absorption coefficient of two
coals (as a function of wavelength), again finding that particle size distributions did not change
κ appreciably. A slightly different approach was taken by Caldas and Semião [92], who used
four curve fits to the Lorenz–Mie results for Qext and Qsca, covering different ranges of effective
particle sizes. They applied this method to several distributions typical of fly ash and carbon
particles. Small Fortran routines for the models of Buckius and Hwang and of Mengüç and
Viskanta are included in Appendix F.

Radiative Properties of Soot
Soot particles are produced in fuel-rich flames, or fuel-rich parts of flames, as a result of incom-
plete combustion of hydrocarbon fuels. As shown by electron microscopy, soot particles are
generally small and spherical, ranging in size between approximately 50 Å and 800 Å (5 nm to
80 nm), and up to about 3000 Å in extreme cases [93, 94]. While mostly spherical in shape, soot
particles may also appear in agglomerated chunks and even as long agglomerated filaments. It
has been determined experimentally in typical diffusion flames of hydrocarbon fuels that the
volume percentage of soot generally lies in the range between 10−4% to 10−6% [76, 95, 96].

Since soot particles are very small, they are generally at the same temperature as the flame
and, therefore, strongly emit thermal radiation in a continuous spectrum over the infrared
region. Experiments have shown that soot emission often is considerably stronger than the
emission from the combustion gases. In order to predict the radiative properties of a soot cloud,
it is necessary to determine the amount, shape, and distribution of soot particles, as well as their
optical properties, which depend on chemical composition and particle porosity. It is known
today that key steps in soot formation and destruction (oxidation) are [97–105]: formation
of gas-phase precursors (polycyclic aromatic hydrocarbons—PAHs) in fuel-rich regions; soot
particle inception (∼ 1 nm particle size); particle surface growth involving acetylene (C2H2)
and/or PAHs; particle coagulation/agglomeration (up to tens of µm particle size); and oxidation
in oxygen-rich regions. High-level soot models often employ concentration moments of the soot
distribution function [106–108]: this “method-of-moments” has the advantage that it allows the
distribution of soot particles to be computed using essentially the same approach that is used
for gas-phase chemical species.

Early work on soot radiation properties concentrated on predicting the absorption coefficient
κλ for a given flame as a function of wavelength. For all but the largest soot particles the size
parameter x = 2πa/λ is very small for all but the shortest wavelengths in the infrared, so one
may expect that Rayleigh’s theory for small particles will, at least approximately, hold. This
condition would, according to equation (12.53), lead to negligible scattering and an absorption
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FIGURE 12-19
Dispersion exponent a of soot deposits vs. hydrogen-to-carbon
ratio: 1, pure carbon (arc evaporated); 2, acetylene/oxygen flame;
3, ethylene/oxygen flame; 4, 5, 6, ethylene/air flames [110].

coefficient of

κλ = βλ = −=

{
m2
− 1

m2 + 2

}
6π fv
λ

=
36πnk

(n2 − k2 + 2)2 + 4n2k2

fv
λ
. (12.112)

In the soot literature it is common to employ a (soot) “refractive index function,”

E(m) = −=

{
m2
− 1

m2 + 2

}
=

6nk
(n2 − k2 + 2)2 + 4n2k2 (12.113)

and the absorption coefficient reduces to

κλ = βλ = 6πE(m)
fv
λ
. (12.114)

Experiments have confirmed that scattering may indeed be neglected [109]. The form of equa-
tion (12.114) would lead one to expect that the absorption coefficient should vary with wave-
length as 1/λ. However, this assumption is only approximately correct, since the complex
index of refraction m (and, in particular, the absorptive index k) can vary significantly across the
spectrum. It is customary to write

κλ =
C fv
λa , (12.115)

where C and a are empirical constants. Many different values for the dispersion exponent a have
been measured by investigators for many different flame conditions, ranging from as low as
0.7 to as high as 2.2. Earlier theories explained this deviation from Rayleigh theory to be a
consequence of particle size. While it is true that Lorenz–Mie theory predicts a growing value
for a for increasing particle size, it is easy to show that this alone cannot explain the large values
for the dispersion exponent in some flames. Rather, this increase in a must be due to spectral
variations of the effective complex index of refraction, resulting from the chemical composition
and the porosity of the soot particles. Millikan [110, 111] investigated the dependence between
dispersion exponent and chemical composition. While for many years soot was assumed to
be amorphous carbon, he found the particles contained considerable amounts of hydrogen
(up to 40 atom-%), and he determined that a was approximately directly proportional to the
hydrogen–carbon ratio of the soot material as shown in Fig. 12-19. He further showed that the
radiative properties of the soot were the same for in situ flame measurements as for soot collected
from the flame, suggesting that the optical properties are fairly independent of temperature.
Unfortunately, his experimental setup did not allow for the determination of the constant C in
equation (12.115), so that quantitative evaluation of the extinction coefficient is not possible.
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The optical properties of soot material, i.e., the complex index of refraction m, have received
a very considerable amount of attention during the last forty years, using different forms of
carbon and various experimental methods. Foster and Howarth [77] were the first to report
experimental measurements for the complex index of refraction of hydrocarbon soot, based on
various carbon black powders. This work was followed shortly thereafter with measurements
by Dalzell and Sarofim [112] on soot collected on cooled brass plates from laminar diffusion
flames burning either acetylene or propane. In both cases pellets with very smooth, quasi-
specular surfaces were formed by compressing small soot samples between optically flat surfaces
with pressures up to 2760 bar. The index of refraction was then deduced from reflectance
measurements employing Fresnel’s relations for specular reflectors. They found the optical
properties of the two different soots to be fairly similar, with values for acetylene soot somewhat
higher than for propane soot, apparently because of the higher H/C ratio in propane soot.
Comparing their results with values reported by Stull and Plass [113] (based on amorphous
carbon) and by Howarth, Foster, and Thring [114] (based on pyrographite) they note that
optical properties of amorphous or graphitic carbon are not equal to those of soot, primarily
because of the different H/C ratios.

The data of Dalzell and Sarofim [112] have been employed in many subsequent studies
(and continue to be used today). For example, Hubbard and Tien [115] used them to evaluate
Planck-mean and Rosseland-mean absorption coefficients for soot clouds and soot–gas mixtures.
However, the accuracy of Dalzell and Sarofim’s data has been questioned by a number of
researchers. All ex situ measurements suffer from the fact that during the analysis the soot is
not in the same state as in the flame. The soot particles are at a different temperature, and they
may have different morphologies because of agglomeration during the sampling process. The
severest criticism concerns the pellet-reflection technique. Medalia and Richards [116], Graham
[117], and Janzen [118] have pointed out that the pellets must contain a considerable amount of
void (33% even after compression to 2760 bar, according to Medalia and Richards [116]), since
the sample is made by compressing a powder. This technique leads to two serious sources for
errors: (i) Since the pellets are actually a two-phase dispersion of soot and air, the inferred index
of refraction is the one of the dispersion and not the one of the soot particles themselves, and (ii)
at least at short wavelengths the pellet cannot be assumed to be optically smooth and Fresnel’s
relations become invalid.

These problems prompted Lee and Tien [119] to obtain soot optical properties from in situ
flame transmission data together with application of the dispersion theory [18,120] (i.e., the theory
that predicts the wavenumber dependence of the optical constants n and k by relating them to
bound- and free-electron densities). Their results for polystyrene and Plexiglas flame soot,
based on data by Buckius and Tien [121] and Bard and Pagni [122], are shown in Fig. 12-20
together with the data of Stull and Plass [113], Howarth and coworkers [114], and the propane
soot results of Dalzell and Sarofim [112] and Chang and Charalampopoulos [123]. Lee and
Tien’s data agree fairly well with those of Dalzell and Sarofim, except for the visible where the
pellet-reflection technique is particularly suspect. In contrast to Dalzell and Sarofim as well as
Millikan [110, 111], Tien and Lee noted that the optical properties varied little from flame to
flame despite their different fuel (not necessarily soot) H/C ratios. Conceivably the soot of their
different flames had similar H/C ratios. They also applied the dispersion theory to determine the
temperature dependence of the optical properties, observing that m = n − ik is very insensitive
to temperature changes at high temperature levels. This would imply negligible effect of spatial
temperature variation on soot properties, as is commonly assumed. It should be noted that, like
the pellet-reflection technique, the spectral transmission technique has its own set of difficulties:
For its data reduction, a scattering theory and a theory describing the spectral variation of the
refractive index (the dispersion theory) must be used. Usually the Lorenz–Mie scattering theory
based on monodisperse spherical soot particles is employed. Thus, only when the particles are
spherical with a single diameter can these results be used with confidence. The more recent data
of Chang and Charalampopoulos show similar values for the refractive index, but somewhat
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Complex index of refraction for soot based on different studies: 1, Lee and Tien [119] (polystyrene and Plexiglas soot); 2,
Stull and Plass [113] (amorphous carbon); 3, Dalzell and Sarofim [112] (propane soot); 4, Howarth and coworkers [114]
(pyrographite at 300 K); 5, Chang and Charalampopoulos [123] (propane soot); 6, Felske and coworkers [125] (propane
soot).

lower absorptive indices. Their data have been confirmed in even more recent studies covering
diverse flame conditions [124]. Chang and Charalampopoulos [123] also provided a polynomial
expression, valid for the wavelength range

0.4µm ≤ λ ≤ 30µm :

n = 1.811 + .1263 lnλ + .0270 ln2λ + .0417 ln3λ, (12.116a)

k = .5821 + .1213 lnλ + .2309 ln2λ − .0100 ln3λ, λ in µm. (12.116b)

In another investigation Felske and coworkers [125] returned to the pellet-reflection tech-
nique, arguing that—for a carefully prepared pellet—the data in the infrared do obey Fresnel’s
relations. They also measured the void fraction over the first few layers of particles (where all
absorption occurs) and found that the proportion of voids in these layers is significantly lower
(18%) than in the bulk of the material (33%). For their data evaluation they first determined the
applicability of Fresnel’s relations by measuring the specularity index defined as

s = ρ2
⊥

(
π
4

)/
ρ‖

(
π
4

)
, (12.117)

where ρ⊥ and ρ‖ are the perpendicular and parallel polarized components of the pellet re-
flectance, respectively. For a surface obeying Fresnel’s relations s ≡ 1 always, regardless of the
complex index of refraction of the material [cf. equations (3.52) and (3.53)]. They determined
that their surfaces could be considered specular reflectors for wavelengths λ ≥ 2.0µm. They
then proceeded to correct their data for the measured void fraction using a number of different
models. Their data for the refractive index of propane soot are also included in Fig. 12-20. Their
data, even after correction for voidage (which raises the value for n by approximately 0.3, and
for k by approximately 0.15), differ significantly from those of other investigations and depend
only weakly on wavelength.

It is well known today that in most flames soot particles agglomerate into large chunks
or long chains, making the use of the spherical-particle assumption very questionable. A
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number of textbooks have considered scattering by nonspherical particles [3, 16, 18], and a
short introduction to methods for nonspherical particles and agglomerates was provided in
Section 12.10. Approximating chunks of soot as prolate spheroids, Jones [126] found their
absorption behavior to be considerably different from that of spheres of identical volumes. Lee
and Tien [127] investigated the extreme case of long chains approximated by infinite cylinders.
They found that the extinction coefficient for spheres drops off in the infrared much faster
than the one for cylinders of the same radius. However, the wavelength-integrated extinction
coefficient is rather insensitive to particle shape at elevated temperatures, say T > 1000 K (i.e.,
at flame temperatures where soot emission may be important) [127]. Similar results were
found by Mackowski and coworkers [128], who looked at infinite soot cylinders also using
Lee and Tien’s optical properties. Investigating the behavior of polydisperse cylindrical soot
particles, they found the behavior to be similar to that observed by Buckius and Hwang [86]
for polydisperse coal particles. While they generated correlations for absorption and extinction
coefficients according to equation (12.111), unfortunately their correlation is rather cumbersome
to use since different sets of parameters apply to each of a large number of wavelengths.

In more modern measurements Dobbins and Megaridis [129] built a thermophoretic probe
that made it possible to sample soot aggregates from flames for electron microscope studies.
They showed that near the start of soot formation small aggregates form (on the order of 10 nm),
while clusters up to 1µm in length can be found in turbulent flames, i.e., sizes clearly too large
for the Rayleigh theory to hold. Experiments have further shown that soot aggregates resemble
mass fractals, and the number of soot particles in an aggregate is given by3

N = k f (R1/a)D f , (12.118)

where a is the radius of the individual soot particles, R1 is the radius of gyration, and D f and k f
are mass fractal dimension and fractal prefactor, respectively [130,131]. Various soot aggregates
of different size and shape have been found to have universal morphology with 1.6 < D f < 1.9
and 2.0 < k f < 2.6, almost independent of fuel or position within a flame [132–135]. On the other
hand, fractal clusters generated theoretically by diffusion limited cluster aggregation (DLCA) tend
to lead to smaller fractal prefactors of around 1.2 [136], a discrepancy that remains unresolved.
For monodisperse particles the radius of gyration is found from

R2
1 =

1
N

N∑
i=1

r2
i , (12.119)

where ri is the distance from the center of each particle to the center of gravity of the soot
aggregate.

Accordingly, more recent theoretical studies have modeled agglomerated soot as long chains
of spherical particles [133, 137–155]. Three different fundamental approaches have been pur-
sued, most using Jones’ formulation [156, 157], which in turn is based on Saxon’s integral
equation [158]. In this method primary soot particles are assumed to obey Rayleigh scattering
and the electric field inside them is taken as uniform, while the field outside the particles is
determined from the integral representation of Maxwell’s equations [137–142]. In the discrete
dipole approximation (DDA) of Purcell and Pennypecker [73] the soot aggregate is modeled
as an array of N polarizable elements (“dipoles”) in vacuum, leading to a set of linear alge-
braic equations [143–146]. In the model of Iskander and coworkers [159], known as the I-C-P
model, the aggregate is divided into cubical or spherical cells with uniform electromagnetic
fields. A control volume analysis converts the governing equations to a set of linear algebraic
ones [147–149]. Results from these aggregate models show that approximating agglomerated
soot as infinitely long cylinders [127, 128] leads to significant errors. In recent years a number

3In the early work of Dobbins and Megaridis [129], as well as in some later papers, equation (12.118) was based on
primary particle diameter, 2a, which increases k f by a factor of 2D f , while most authors today use the form given here.
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FIGURE 12-21
Absorption and scattering cross-sections of soot aggregates (Cp is cross-section for a single particle, Ca for an aggregate,
and N is the number of soot particles in the aggregate) [151].

of numerically exact (and computer intensive) simulations of fractal soot aggregates have also
been carried out, using the T-matrix and generalized multisphere Mie (GMM) solutions, as
briefly described in Section 12.10 [59, 61, 69–71, 160, 161].

Good reviews of the different methods to calculate scattering properties of agglomerated
soot have been given by Köylü and Faeth [151], Manickavasagam and Mengüç [154], and by
Sorensen [162], also assessing a number of more approximate theories, such as regular Rayleigh
scattering (treating particles as independent), equivalent-sphere Mie scattering (replacing the
agglomerate by a single sphere of equal volume), and Rayleigh–Debye–Gans (R-D-G) scattering
(valid for |m − 1| � 1) for both assumed shapes (such as straight chains) as well as fractal
aggregates. While Rayleigh scattering always underpredicts scattering, equivalent-sphere Mie
scattering can give acceptable results under certain conditions, in particular for small aggregates,
but must also be regarded as unreliable, in general. The R-D-G scattering theory tends to
give relatively good results, especially if fractal aggregates are considered (i.e., conforming to
experimental observations). However, the R-D-G scattering theory assumes a complex index of
refraction near unity, which is clearly not very accurate for soot, especially at larger wavelengths
(see Fig. 12-20). Köylü and Faeth [163] pointed out and corrected inconsistencies in the fractal
R-D-G model of Dobbins and Megaridis [150], as reported in [151], and revised results have
been given by Farias and coworkers [152]. Another variation of the R-D-G approach has been
reported by Sorensen and Roberts [136], using a slightly different form factor. Zhao and Ma [61]
have compared the two R-D-G models and assessed their accuracy, finding both models to
perform about equally well.

Results from equivalent-sphere Mie calculations and R-D-G calculations are compared with
approximate I-C-P calculations of Nelson [147] (assuming a mean scalar field) in Fig. 12-21 [151].
Figure 12-21a shows that the absorption cross-section of a soot aggregate, Ca

abs, differs by only a
few percent from that of N independent soot particles. This result is also obtained by the R-D-G
theory (for assumed or fractal aggregates) since it neglects agglomeration effects on absorption,
while the equivalent sphere calculations become totally unreliable for N > 10. Mackowski [164]
used the electrostatic approximation (ESA) to calculate Ca

abs for fractal aggregates with various
indices of refraction. He found that agglomeration effects on the absorption coefficient are well
correlated by  Ca

abs

NCp
abs

 =
3

2N + 1
+

2(N − 1)
2N + 1

 Ca
abs

NCp
abs


∞

, (12.120)
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with the limiting value for N→∞ depending on the refractive index function E(m). For typical
soot optical constants (Ca

abs/NCp
sca)∞ is relatively small (= 1.06 for m = 1.6 − 0.6i), but can be

substantial for larger m. These results were qualitatively confirmed by Liu and Smallwood
[69, 70], who used the exact GMM formulation. However, they noted that Cp

abs also depends
on primary particle size, and that equation (12.120) becomes inaccurate for large soot particles
(x > 0.1).

Figure 12-21b indicates that the relative scattering cross-section, Ca
sca/NCp

sca, strongly in-
creases with particle number—first linearly (for small aggregates with negligible multiple scat-
tering and self-interaction), then tending toward a saturation value for large N. Again, the
equivalent sphere predictions become unreliable for N > 10 or so, while the R-D-G model gives
plausible results, especially if the same fractal distribution as that of Nelson is used. The fractal
R-D-G results in Fig. 12-21b reflect the corrections made by Köylü and colleagues [152, 163],
which leads to a large-agglomerate limit for the scattering cross-section of(

Ca
sca

NCp
sca

)
∞

=
k f

(2x)D f

[
3

2 −D f
−

12
(6 −D f )(4 −D f )

]
, (12.121)

while for intermediate values of N the data of Farias and coworkers [152] are accurately corre-
lated by a simple power law,

Ca
sca

NCp
sca

=

(
Ca

sca

NCp
sca

)1−N−1/4

∞

. (12.122)

Agreement between R-D-G results and Nelson’s I-C-P model is good except for large clusters,
for which Nelson’s results have been shown to underpredict the relative scattering cross-section
by the more complete I-C-P calculations of Farias and coworkers [152]. Comparison with exact
GMM calculations of Liu and Smallwood [70] showed good agreement with equation (12.122)
for all N. Recent measurements of Chakrabarty [135] on ethene soot, determining absorption
and scattering coefficients via nephelometry and photoacoustic spectroscopy, produced a fractal
prefactor of k f = 2.6, and a mass fractal dimension of D f = 1.7. Comparison with R-D-G theory
showed the results to be always within 10%. While perhaps not yet established as a completely
reliable tool, it is generally agreed today that the fractal R-D-G theory provides simple and
reliable estimates of the radiative properties of agglomerated soot.

All of the above models assume soot aggregates to consist of single size and spherical
primary particles. Extensive measurements by Dobbins and Megaridis [129] and by Köylü and
colleagues [132, 165] have shown that soot primary particles generally vary in size between 15
and 50 nm, depending on fuel and on flame location, but that their local size distribution has
indeed a very small standard deviation (almost uniform). The number of particles comprising
an aggregate, N, on the other hand, shows strong local and global variations, following a
log-normal distribution with geometric standard deviations ranging from 2 to 3.5.

For a simplified heat transfer analysis it is generally desirable to use suitably defined mean
absorption and extinction coefficients such as the Planck-mean and Rosseland-mean. If the
soot particles are very small so that the Rayleigh theory applies for all particles and relevant
wavelengths, then the extinction coefficient is described by equation (12.114). By choosing
appropriate spectral average values for the refractive index n and absorptive index k one may
approximate the extinction coefficient by

κλ = βλ = C0
fv
λ
, C0 = 6πE(mavg) =

36πnk
(n2 − k2 + 2)2 + 4n2k2 , (12.123)

where C0 is now a constant depending only on the soot index of refraction. With this simple 1/λ
wavelength dependence, Planck-mean and Rosseland-mean extinction coefficients are readily
calculated as

κP = βP = 3.83 fvC0T/C2, κR = βR = 3.60 fvC0T/C2, (12.124)
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where C2 = 1.4388 cm K is the second Planck function constant. It is interesting to note that the
Planck-mean coefficient (appropriate for optically thin situations) differs by only 6% from the
Rosseland-mean (appropriate for optically thick situations). Thus, Felske and Tien [166] have
suggested using an average value of

κm = βm = 3.72 fvC0T/C2 (12.125)

for all optical regimes. It is important to keep in mind that the above formulae apply only to very
small soot particles, and that the extinction coefficient will increase for aggregates, as indicated
in Fig. 12-21, or if primary particle sizes are encountered that exceed Rayleigh scattering limits.

Example 12.4. Propane is burned with air under fuel-rich conditions, resulting in a volume fraction of
soot of fv = 10−5. Determine the extinction coefficient for very small particles at a wavelength of 3µm
using the refractive index data of (i) Lee and Tien, (ii) Stull and Plass, (iii) Dalzell and Sarofim, (iv) Chang
and Charalampopoulos, and (v) Felske and coworkers. If the soot consisted of long fractal aggregates
with 100 soot particles each (a = 50 nm), how would the extinction coefficient change?

Solution
To determine the extinction coefficient for small spherical soot particles we use equation (12.112) together
with optical property data from Fig. 12-20:

Lee and Tien: n = 2.21, k = 1.23, κλ = 0.1754 cm−1;
Stull and Plass: n = 2.63, k = 1.95, κλ = 0.1472 cm−1;
Dalzell and Sarofim: n = 2.19, k = 1.30, κλ = 0.1835 cm−1;
Chang and Charalampopoulos n =1.89, k = 0.92, κλ = 0.1904 cm−1;
Felske and coworkers: n = 2.31, k = 0.71, κλ = 0.1077 cm−1.

Thus, the values found from the data of Lee and Tien, Dalzell and Sarofim, and Chang and Charalam-
popoulos are fairly consistent, while the absorptive index based on Stull and Plass’ data is considerably
higher, probably because amorphous carbon simply does not represent soot well. The absorptive index
based on the data of Felske and coworkers is by far the lowest. The extinction coefficient for soot aggre-
gates can be estimated from equation (12.122). Reworking Example 12.1 (i.e., using Lee and Tien’s data,
but with ten times the volume fraction and twice the particle size), we find x = 2π × 0.05/3 = 0.1048,
Qp

abs = 1.17× 10−1, and Qp
sca = 1.94× 10−4. For an aggregate, the absorption coefficient remains relatively

unchanged. If we employ equation (12.120) with (Ca
abs/NCp

sca)∞ ' 1.06, we obtain(
Ca

sca

NCp
sca

)
=

3
201

+
2 × 99

201
× 1.06 ' 1.06,

i.e., the absorption coefficient increases by about 6%, or

κλ = Qa
absπa2(NT/N) =

(
Ca

abs/NCp
abs

)
Qp

absπa2NT =
(
Ca

abs/NCp
abs

)
Qp

abs

3 fv
4a

= 1.06 × 0.117 ×
3 × 10−5

4 × 5 × 10−6 cm
' 0.1860 cm−1.

On the other hand, the scattering coefficient becomes (using the fractal parameters of Fig. 12-21)

σsλ = Qa
scaπa2(NT/N) =

(
Ca

sca/NCp
sca

)
Qp

sca
3 fv
4a(

Ca
sca

NCp
sca

)
∞

=
1.9

(2 × 0.1048)1.8

[ 3
0.2
−

12
4.2 × 2.2

]
= 433.5

Ca
sca

NCp
sca

= 433.51−100−1/4
= 63.5

and

σsλ ' 63.5 × 1.94 × 10−4
×

3 × 10−5

4 × 5 × 10−6 cm
' 1.85 × 10−2 cm−1.

Adding together we find βλ = κλ + σsλ = 0.1860 + .0185 = 0.2045 cm−1, i.e., while scattering from
aggregates is 63 times larger than that from individual particles, and may not be negligible (depending
on the physical size of the soot cloud), its impact on the extinction coefficient is fairly small.
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FIGURE 12-22
Schematic for measurement of extinction
coefficient and absorption coefficient [18].

12.12 EXPERIMENTAL DETERMINATION
OF RADIATIVE PROPERTIES OF
PARTICLES

Experimental measurements of radiative properties of particles and clouds of particles are
useful to verify the Lorenz–Mie theory, to ascertain the applicability of the Lorenz–Mie theory
(for nonspherical particles, nonisotropic particles, closely spaced particles, etc.), or simply to
determine the radiative properties of particles for which no theory exists. A comprehensive
review of such experiments up to 1991 has been given by Agarwal and Mengüç [167]. Properties
that can be measured are extinction coefficient, absorption coefficient, and scattered intensity. The
easiest property to measure is the extinction coefficient. In principle, a standard spectrometer
can be used for this measurement. The results, however, may be unreliable unless the detector
is modified to eliminate forward-scattered light, which may account for the majority of total
extinction [18] (in particular for large particle sizes, cf. Figs. 12-6 and 12-7). A schematic of
such an apparatus is shown in Fig. 12-22. Light from a point source is collimated by a lens,
transmitted through the sample cell (with its suspension of particles), and then focused onto a
detector by a second lens. In order to reject forward-scattered light, the detector is covered by
a guard plate with a small pinhole located at the focal point of the second lens. The diameter
of the pinhole must be carefully optimized: If the hole is too small then the signal from the
transmitted light may become too weak, while a hole too large will admit an unacceptable
amount of forward-scattered energy to the detector. Normally the light beam is chopped by a
rotating blade since most detectors only respond to changes in irradiation.

To distinguish between absorption and scattering, either the absorption coefficient or total
scattering must be measured independently. To measure scattering over all (forward and
backward) directions is very difficult, requiring a spectrometer capable of collecting radiation
going into all directions (usually accomplished with an integrating sphere technique described
in Chapter 3; cf., for example, Bryant et al. [168]). Absorption can also be detected fairly
easily with a method usually referred to as photoacoustic [18]. Particles irradiated by a chopped
beam are heated periodically, causing periodic changes in the particle temperature, which in
turn cause slight pressure oscillations that may be detected by a sensitive microphone. These
signals are then amplified by a lock-in amplifier synchronized with the light chopper. Since
only absorbed light causes a temperature change in the particles, the acoustic signal must be
proportional to the absorption coefficient of the suspension. Details may be found in the papers
by Roessler and Faxvog [169] and Faxvog and Roessler [170], who measured the absorption
coefficients of acetylene smoke and diesel emissions using this method. An ingenious way to
separate transmitted and scattered radiation in the visible has been developed by Härd and
Nilsson [171], who utilized the Doppler effect that occurs when an electromagnetic wave is
scattered by a moving particle.

Angular scattering measurements are carried out with a scattering photometer (sometimes
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FIGURE 12-23
Lorenz–Mie scattering intensities i1 and i2 for 0.106µm diameter
spheres; data points experimental, solid lines theoretical [172].

called a nephelometer). We distinguish between measurements with single scattering (i.e., the cell
contains a dilute particle mixture that is optically thin, σsL � 1, so that every light beam is
scattered at most once before exiting the particle layer) and multiple scattering, between monodis-
perse suspensions (i.e., all particles are exactly the same size) and polydisperse suspensions (i.e., the
particle sizes obey a certain distribution function), between near-forward scattering (to measure
the strong forward-scattering peak, but separating it from transmission) and scattering into all
directions. Angular light scattering measurements are sometimes classified as either absolute
or relative. In an absolute measurement the ratio between intercepted and scattered radiation,
δIs(Θ)/Ii, is measured directly, while in a relative measurement the scattered intensity is related
to intensity scattered into a reference direction, δIs(Θ)/δIs(Θref). Thus neither measurement
is truly “absolute”; in both cases a relative (i.e., nondimensional) intensity is recorded [18].
Since relative measurements are considerably easier to make, this method is employed by most
experimentalists.

Single scattering experiments have been carried out primarily to verify the Lorenz–Mie
theory, or to assess the accuracy of a device to be used for other scattering measurements. Hottel
and coworkers [172] described such an experiment, in which they measured the nondimensional
polarized intensities given by equation (12.10) for monodisperse polystyrene latex spheres
(it appears that polystyrene spheres are favored by most experimenters, since it is relatively
easy to manufacture spheres of constant diameter and of known index of refraction in the
visible, m = 1.60, i.e., the spheres scatter but do not absorb). Their equipment consisted of a
mercury arc and optics to produce an unpolarized near-parallel beam, a polarizer, a test cell
manufactured from parallel microscope slides, and optics to confine the received beam to a
small divergence angle. Their results for single scattering of small (2a = 0.106µm) spheres are
shown in Fig. 12-23. It is seen that the agreement between experiment and Lorenz–Mie theory is
excellent. Hottel and coworkers attribute the small discrepancies primarily to the unavoidable
spread in particle sizes. A more modern device to measure the scattering phase function for
(almost) single scattering, as well as extinction and scattering coefficients, has been reported by
Menart and colleagues [173]. Their apparatus employed a globar light source and an open gas-
particle column, both mounted on a rotatable table, together with collection optics and a highly
sensitive dual element (InSb–HgCdTe) detector. Measurements taken for soda–lime glass beads
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FIGURE 12-24
Schematic for angular scattering experiment [177]: A, Hg arc; B, monochromatic filter; C, lens; D, E, H, light stops; F,
test section; G, jacket with Nujol; I, analyzer; J, photomultiplier.

and aluminum oxide particles in the wavelength range between 2.5 and 11µm showed good
agreement with Lorenz–Mie theory.

Multiple scattering experiments were reported by Woodward [174,175], also on polystyrene
spheres, using dispersions with narrow size distribution. Woodward found good agreement
between his data and the multiple-scattering theory of Hartel [176], a somewhat dated ap-
proximate solution of the equation of transfer for a purely scattering medium. However, as
Smart and coworkers [177] pointed out, Woodward did not correct for the reflection of the
emergent beam at the water–glass–air interfaces of the test cell, nor did he account for the
change in scattering path length for larger angles. To compensate for these errors, Smart and
coworkers [177] devised an apparatus whose schematic is shown in Fig. 12-24. Employing
a standard Brice–Phoenix spectrometer, they placed the simple parallel-microscope slide test
section inside a special cell filled with Nujol (a liquid paraffin). Nujol has the same refractive
index as the glass bounding the test section as well as the outer jacket of the cell. Thus, the
Nujol serves two purposes: Reflections at the interfaces are almost eliminated and—from Snell’s
law—all scattering angles up to 90◦ are contained in experimental angles below 65◦, making
otherwise impossible-to-measure scattering angles measurable. Some representative results of
their multiple-scattering measurements for varying optical thicknesses of the particle suspen-
sion are shown in Fig. 12-25. Agreement between experiment and theory is excellent except
for very small and very large optical thicknesses. For small thicknesses the experiment could
not regenerate the maxima and minima, probably as a result of uncertainty in the particle size
distribution. Disagreement for large thicknesses stems from the fact that Smart and coworkers
also used Hartel’s approximate theory. Orchard [178] pointed out that using Hartel’s approx-
imation leads to a transmissivity of 0.5 for a medium of infinite optical thickness (rather than
the correct value of zero). Therefore, Hottel and coworkers [172] used the method of discrete
ordinates, which may be made arbitrarily accurate for sufficient numbers of “ordinates,”4 to
calculate bidirectional reflectance and transmissivity for a particle layer. Some representative
data in Fig. 12-26 show the excellent agreement between theory and experiment for optical
thicknesses up to 775. Very similar experiments, also using the method of discrete ordinates
for theoretical calculations, were carried out by Brewster and Tien [5] and Yamada, Cartigny,
and Tien [6] for large polydivinyl spheres in air, resulting in equally good agreement between
experiment and theory. A different approach to avoiding reflection and refraction losses, and
to measuring scattering intensities at oblique angles, was taken by Daniel and coworkers [179],
who measured the phase function for aqueous suspensions of unicellular algae. They used a
rotatable fiber-optic detector immersed inside the large dish filled with a dilute algae suspension.

Measurements of the radiative properties of soot have become important for a number of
reasons. For one, soot is a very strong radiator and more often than not dominates the heat

4This method for the solution of the radiative transport equation is described in detail in Chapter 17.
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Large Agglomerate Optics Facility at NIST [180].

transfer in sooty flames. For another, soot is a pollutant and various nonintrusive optical
(i.e., radiative) experiments have been designed for its in situ detection, such as transmission,
scattering, and emission (via laser-induced incandescence or LII) schemes. A state-of-the art
device to measure soot extinction coefficients is shown in Fig. 12-27 [180]. The facility is known
as the Large Agglomerate Optics Facility (LAOF) at the National Institute for Standards and
Technology (NIST), and it is used to measure extinction coefficients of soot generated by various
fuels burning under laminar or turbulent conditions. Soot from the laminar or turbulent burner
is collected with minimal disturbance of the flame. The collected soot is diluted with air prior
to entering the transmission cell. The soot and gas mixture enters the cell at location 1 and
exits at location 2. Several near-monochromatic laser sources are available for transmission
measurements. The laser beams pass through air-purged “light tubes” at both end, in order
to prevent soot deposition on optical surfaces, and the signal can be collected with a choice
of detectors (such as the InGaAs and photodiode detectors indicated in the figure). When
steady state is reached the mixture is directed across the filter, and the collected soot is carefully
weighed after the experiment (with 2–5µg uncertainty). In addition to extinction measurements
the LAOF also collects total scattering data using a reciprocal nephelometer, as also indicated in
the figure. The apparatus has been used to measure radiative properties of soot from turbulent
acetylene and ethene flames [180], laminar acetylene and ethene flames [181], and turbulent
JP-8 combustion [182]

Other measurements of scattering media include properties of titanium dioxide powders,
for which Kuhn and coworkers [183] used a loose layer of a powder (20 nm to 3µm in diameter)
supported on a film, while Cabrera and colleagues [184] suspended the TiO2 particles in water;
both used an integrating sphere to capture directional–hemispherical values of the layer’s
transmissivity and reflectivity. A similar experiment was used by Yaroslavsky et al. [185]
to capture the radiative properties of biological turbid media. Brewster and Yamada [186]
discussed how properties of turbid media can be deduced from time-resolved measurements
(using ps pulses), overcoming some of the difficulties of traditional methods; they applied the
new scheme to solutions of latex particles.
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The measurement of scattered intensity into the near-forward direction poses a unique set
of problems, because the signal may vary by several orders of magnitude over a few degrees
of scattering angle, and because separating the transmitted radiation from forward scattering
is difficult. Although sometimes employed for particle sizing and the determination of the
index of refraction, near-forward scattering is of importance primarily in applications with
large geometric paths, such as atmospheric scattering, scattering effects on visibility in the
seas, astrophysical applications, and so on. In heat transfer applications forward scattering
is generally of small importance, since treating it as transmitted radiation usually results in
negligible errors. The reader interested in such experiments is referred to the papers by Spinrad
and coworkers [187].
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at Diesel engine exhaust,” Combustion Science and Technology, vol. 102, pp. 283–299, 1994.
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146. Ivezić, Z̆., M. P. Mengüç, and T. G. Knauer: “A procedure to determine the onset of soot agglomeration from
multi-wavelength experiments,” Journal of Quantitative Spectroscopy and Radiative Transfer, vol. 57, no. 6, pp.
859–865, 1997.

147. Nelson, J.: “Test of a mean field theory for the optics of fractal clusters,” J. Modern Optics, vol. 36, pp. 1031–1057,
1989.

148. Chen, H. Y., M. F. Iskander, and J. E. Penner: “Light scattering and absorption by fractal agglomerates and
coagulations of smoke aerosols,” Journal of Modern Optics, vol. 2, pp. 171–181, 1990.

149. Chen, H. Y., M. F. Iskander, and J. E. Penner: “Empirical formula for optical absorption by fractal aerosol
aggregates,” Applied Optics, vol. 30, pp. 1547–1551, 1991.

150. Dobbins, R. A., and C. M. Megaridis: “Absorption and scattering light by polydisperse aggregates,” Applied
Optics, vol. 30, pp. 4747–4754, 1991.
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Problems

12.1 A mass of m (kg) of coal is ground into particles of equal size a (µm), which may be assumed to
be “large” and black. Determine the optical thickness (based on radius R) of the resulting spherical
particle cloud, assuming that the particles are uniformly distributed throughout the volume.

12.2 One way to determine the number of particles in a gas is to measure the absorption coefficient for
the cloud. For a cloud of large, diffuse particles (x� 1, ελ = 0.4), the particle distribution function is
known to be of the form

n(a) =

 C = const, 100µm < a < 500µm,
0, elsewhere.

If κλ is measured as 1 cm−1, determine C and the total number of particles per cm3.

12.3 Coal particles (gray and diffuse with ε = 0.9, m = 1.925−0.1i) are burnt in a long cylindrical combustion
chamber. The combustor is well stirred, resulting in a uniform distribution of particles with a size
distribution of

n(a) =
{

1.5 × 108 m−4, amin = 1 mm < a < amax = 3 mm,
0, otherwise.

Determine the absorption and scattering coefficients of this particle cloud.

12.4 Consider a particle cloud of fixed-size particles (radius a) contained between parallel plates 0 ≤
x ≤ L = 1 m. The volume fraction of particles is fv(x) = f0 + ∆ f (x/L), and their temperature is
T(x) = T0 + ∆T (x/L), where ∆ f/ f0 = ∆T/T0 = 1, f0 = 1%, T0 = 500 K. Assuming the particle size to be
a = 500µm, and made of a material with a gray hemispherical emittance of ελ = 0.7, show that the
large-particle approximation may be used for the infrared. Calculate the local, spectral absorption
and scattering coefficients. Determine the local Planck-mean extinction coefficient as well as the total
optical thickness of the slab (based on the Planck-mean).

12.5 Black spheres of radius a = 10µm occupy a semi-infinite space with varying number density NT =
N0e−z/L (N0 = 104/cm3, L = 1 m). If a HeNe laser (λ = 0.633µm) shines onto this layer (at z = 0 into
the z-direction), what fraction of its energy is directly transmitted?

12.6 Pulverized coal is burned in a combustor. In order to achieve maximum radiative heat transfer rates,
it is desired to keep the optical thickness of the particle cloud at intermediate levels, say τL = κL = 1,
in the intermediate infrared, or λ = 5µm, where L = 1 m is a characteristic combustor dimension.
Determine the necessary volume fraction of coal dust, if its size distribution may be taken as

n(a) ∝

 a−3, 100µm ≤ a ≤ 1000µm,
0, all other a.

The spectral, hemispherical emittance of coal at λ = 5µm is ελ = 0.7.

12.7 To maximize radiative heat loss from a hot medium it is usually desirable for the medium to have an
intermediate optical thickness. A nonparticipating hot gas at 1000 K occupying the 1 m wide space
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between two parallel plates is to be seeded with platinum particles to make the optical thickness of
the slab (based on extinction) unity (τL = 1.0). For this purpose a total of 2 kg/m3 particles are to be
used (density of platinum ' 20 g/cm3).

(a) To what particle radius must the platinum be ground in order to achieve the desired result?
(b) Instead, if platinum spheres of radii 50µm and 100µm are available, how much of each (for a

total of 2 kg/m3) must be used to achieve the same result?

12.8 The distribution function of a particle cloud may be approximated by an exponential function such
as n(a) = Ca2 e−ba, where a is particle radius and b and C are constants. It is proposed to determine
the distribution function of a set of particles by suspending a measured mass of particles between
parallel plates, followed by measuring extinction across the particle layer. Given that m′′ = 0.05 g/cm2

of particles are present between the plates, which are 10 cm apart, and that the optical thickness based
on extinction has been measured as τ0 = 2:

(a) Determine the distribution function above (i.e., b and C).
(b) If a single particle size were to be used to achieve the same extinction with the same mass of

particles, what would the particle radius be?

You may assume all particles to be “large” and diffuse spheres with an emittance of 0.7 and a density
of ρ = 2 g/cm3.

12.9 Consider a particle cloud with a distribution function of n(a) = Ca2 e−ba, where a is particle radius
and b and C are constants. The particles are coal (ε = 1), and measurements show the particles
occupy a volume fraction of 1%, while the number density has been measured as NT = 106/cm3.
Calculate the extinction, absorption, and scattering coefficients of the cloud for the wavelength range
1µm < λ < 4µm.

12.10 A LIDAR laser beam (operating in the green at λ = 0.6µm) is shot into the sky. At a height of 1 km
the laser encounters a 200 m thick cloud consisting of water droplets of varying size (100µm ≤ a ≤
200µm), but constant particle distribution function everywhere (n = 500/µm m3). What fraction of the
laser beam will be transmitted through the cloud? How much will be absorbed? Very approximately,
how much would you expect to get scattered back to the Earth’s surface? Carefully justify your
statements about absorption and scattering, using estimates, graphs, and/or physical arguments for
support. Qualitatively, how would your explanation change, if you take into account that k = 10−7

(i.e., droplets are not opaque)?
Note: Water at 0.6µm has an index of refraction of m ' 1.35 − 10−7i. For the sake of this problem you
may assume the droplets to be opaque (not really true).

12.11 In a coal-burning plant, pulverized coal is used that is known to have a particle size distribution
function of

n(a) ∝ a2 e−Aa6
, A = 3 × 10−11 µm−6.

The coal may be approximated as diffuse spheres with a gray emittance of ε = 0.3. What is the effective
minimum size parameter, xmin (i.e., 90% by weight of all particles have a size parameter larger than
that)? You may assume a combustion temperature of ≈ 2000 K, i.e., the relevant wavelengths range
from about 1µm to about 10µm. If the furnace is loaded with 10 kg coal particles per cubic meter,
what are the spectral absorption and scattering coefficients? (Density of the coal = 2000 kg/m3.)

12.12 Consider nitrogen mixed with spherical particles at a rate of 108 particles/m3. The particles have a
radius of 300µm and are diffuse-gray with ε = 0.5.

(a) Determine the absorption and scattering coefficients, and the scattering phase function.
(b) Show how the phase function can be approximated by a Henyey–Greenstein function.
(c) Can the Crosbie–Davidson model be used for this mixture?
(d) Compare the different versions of the phase function in a Φ vs. cos Θ plot.

12.13 A semi-infinite space is filled with black spheres. At any given distance, z, away from the plate
the particle number density is identical, namely NT = 6.3662 × 108 m−3. However, the radius of the
suspended spheres diminishes monotonically away from the surface as

a = a0 e−z/L; a0 = 10−4 m, L = 1 m.
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(a) Determine the absorption coefficient as a function of z (you may make the large-particle as-
sumption).

(b) Determine the optical coordinate as a function of z. What is the total optical thickness of the
semi-infinite space?

12.14 A semi-infinite space is filled with black spheres of uniform radius a = 100µm. The particle num-
ber density is maximum adjacent to the surface, and decays exponentially away from the surface
according to

NT = N0e−Cz; N0 = 108 m−3, C = πm−1.

(a) Determine the absorption and extinction coefficients as functions of z.
(b) Determine the optical coordinate as a function of z. What is the total optical thickness of the

semi-infinite space?

12.15 In a combustion chamber radiatively nonparticipating gases are mixed with soot and coal particles.
The following is known (per m3 of mixture):

Soot: uniform particle size, as = 10 nm, mass = 10−3 kg,

complex index of refraction
m2
− 1

m2 + 2
= 0.5λ2

− 0.1λi (λ in µm).

Coal: uniform particle size, ac = 1 mm, mass = 1 kg, coal is black.

The density of both, coal and soot, is 2,000 kg/m3.
Determine the spectral absorption coefficient of the mixture for the near infrared.

12.16 In a sheet flame confined between two large parallel plates −L ≤ z ≤ +L = 1 m soot is generated
mainly in the central flame region, leading to a local soot volume fraction of fv(z) = fv0[1 − (z/L)2],
with fv0 = 1.07× 10−6. The soot is propane soot with a complex index of refraction of m = 2.21− 1.23i.

(a) Determine the relevant radiative properties of the mixture, assuming the combustion gases to
be nonparticipating.

(b) What is the spectral optical thickness of the 2L thick layer?

12.17 A laser beam at 633 nm wavelength is probing a 1 m thick layer of gold nanoparticles suspended in
air (radius a = 10 nm; for gold at 633 nm: m = 0.47 − 2.83i). If the exiting laser beam is attenuated by
10% due to absorption and scattering, determine

the number density of gold particles,
(b) their volume fraction.

12.18 A LIDAR laser beam (operating in the green at λ = 0.6µm) is shot into the sky. At a height of 1km the
laser encounters a 200m thick cloud consisting of tiny water droplets of varying size (1nm ≤ a ≤ 20nm),
but constant particle distribution function everywhere (n = 6 × 1015/nm m3).

(a) Determine the water droplet volume fraction in the cloud.
(b) Determine its spectral absorption coefficient; compare with equation (12.123).
(c) What fraction of the laser beam will be transmitted through the cloud? How much will be

absorbed?

Note: Water at 0.6µm has an index of refraction of m ' 1.35 − 10−7i.

12.19 Redo Problem 12.4 for propane soot with a single mean radius of am = 0.1µm in a flame with
f0 = 10−6 and T0 = 1500 K. Show that the small particle limit is appropriate for, say, λ > 3µm. For
hand calculations you may approximate the index of refraction by a single average value (say, at
3µm), and the emissive power by Wien’s law.

12.20 Redo Problem 12.19 for the case that the soot has agglomerated into mass fractal aggregates of 1000
soot particles each (D f = 1.77 and k f = 8.1).

12.21 Consider a particle cloud with a distribution function of n(a) = Ca2 e−ba, where a is particle radius
and b and C are constants. The particles are soot (m ' 1.5 − 0.5i), and measurements show the soot
occupies a volume fraction of 10−5, while the number density has been measured as NT = 1012/cm3.
Calculate the extinction, absorption, and scattering coefficients of the cloud for the wavelength range
1µm < λ < 4µm.


