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Abstract

Primordial magnetic fields (PMFs) could explain the large-scale magnetic fields present in the universe. Inflation
and phase transitions in the early universe could give rise to such fields with unique characteristics. We investigate
the magnetohydrodynamic evolution of these magnetogenesis scenarios with cosmological simulations. We evolve
inflation-generated magnetic fields either as (i) uniform (homogeneous) or as (ii) scale-invariant stochastic fields,
and phase-transition-generated ones either as (iii) helical or as (iv) nonhelical fields from the radiation-dominated
epoch. We find that the final distribution of magnetic fields in the simulated cosmic web shows a dependence on
the initial strength and the topology of the seed field. Thus, the observed field configuration retains information on
the initial conditions at the moment of the field generation. If detected, PMF observations would open a new
window for indirect probes of the early universe. The differences between the competing models are revealed on
the scale of galaxy clusters, bridges, as well as filaments and voids. The distinctive spectral evolution of different
seed fields produces imprints on the correlation length today. We discuss how the differences between rotation
measures from highly ionized regions can potentially be probed with forthcoming surveys.

Unified Astronomy Thesaurus concepts: Magnetohydrodynamical simulations (1966); Large-scale structure of the
universe (902); Intergalactic medium (813); Primordial magnetic fields (1294)

1. Introduction

Magnetic fields pervade the universe on different observable
scales from planets and stars (e.g., Stevenson 2010; Schubert &
Soderlund 2011) to galaxies and galaxy clusters (e.g.,
Beck 2001; Beck & Wielebinski 2013). Different observational
techniques reveal the large-scale morphology of these fields on
galaxy and galaxy-cluster scales with microgauss strengths and
correlation lengths reaching a few tens of kiloparsec in galaxy
clusters (see, e.g., Murgia et al. 2004; Vogt & Enßlin 2005).

The existing theories for explaining such large-scale
correlated magnetic fields can be broadly divided into two
classes: (1) the primordial scenario, where a seed magnetic field
is generated in the early universe, during epochs preceding
structure formation (Kandus et al. 2011); and (2) the
astrophysical scenario, where the observed magnetic fields
have their origin in an initial weak seed field produced in
astrophysical sources (e.g., stars or active galactic nuclei within
(proto-)galaxies) due to local mechanisms (e.g., Biermann
battery; see Biermann 1950), and then amplified and transferred
to larger scales (Kulsrud & Zweibel 2008; Ryu et al. 2008). For
instance, the Biermann battery mechanism can generate seed
magnetic fields from an initially zero magnetic field in

cosmological shocks driven by the gravitational structure
formation (Ryu et al. 1998) or in ionization fronts during the
Epoch of Reionization (Subramanian et al. 1994; Gnedin
2000).12 Yet, it remains unclear how efficiently magnetic field
seeds can spread in the astrophysical scenario (see, e.g.,
Bertone et al. 2006 and Marinacci et al. 2015 for studies on
galactic winds).
Studies of Faraday rotation measurements and MgII absorp-

tion lines (tracing halos of galaxies) have shown that
microgauss magnetic fields were already present in Milky
Way-type galaxies a few billion years after the Big Bang (e.g.,
Kronberg et al. 2008; Bernet et al. 2008, 2010). Moreover,
observations of blazar spectra by the Fermi Gamma Ray
Observatory indicate that cosmic voids can host weak
10−16

–10−15 G magnetic fields (coherent on megaparsec
scales), which favors a primordial scenario;13 see, e.g.,
Neronov & Vovk (2010) and Tavecchio et al. (2010) for
pioneering studies and Vachaspati (2021) for a review and
references therein; also see Arlen et al. (2014) for discussions
of possible uncertainties in the measurements of blazar spectra,
and Broderick et al. (2018) and Alves Batista et al. (2019) on
the possible impacts of plasma instabilities.
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12 The reader may also refer to the following recent works: Naoz & Narayan
(2013), Garaldi et al. (2021), and Attia et al. (2021).
13 Blazar spectra measurements can also be used to constrain the volume-
filling factor of extragalactic magnetic fields seeded by starburst galaxies or
active galactic nuclei; see (Dolag et al. 2011).
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Seed magnetic fields generated in the early universe (e.g.,
primordial magnetic fields, PMFs) through its stress–energy
tensor induce scalar (density), vector (vorticity), and tensor
(gravitational waves) perturbations (see Subramanian 2016 for
a review) and through these perturbations may leave potentially
observable traces. In particular, the PMF effects include
additional large- and small-scale angular anisotropies in the
cosmic microwave background (CMB) temperature and
polarization (see Planck Collaboration et al. 2016, and
references therein), and changes in the matter power spectrum
(see Wasserman 1978, Kim et al. 1996, and Gopal & Sethi 2003
for seminal work; and Fedeli & Moscardini 2012, Kahniashvili
et al. 2013, Sanati et al. 2020, and Katz et al. 2021 for recent
studies). Furthermore, the dissipation of PMFs throughout the
intergalactic medium (IGM) in the pre-recombination era leads
to spectral distortions in the CMB (Jedamzik et al. 2000), while
their dissipation in the post-recombination era changes the
thermal state of the IGM and alters the reionization history of
the universe (Jedamzik et al. 1998; Sethi & Subramanian
2005, 2009). The observational signatures of PMFs also
include the effects on the CMB polarization plane rotation;
the Faraday rotation (CMB birefringence; see, e.g., Ade et al.
2015; Minami & Komatsu 2020) and the effects on light-
element abundances during the Big Bang nucleosynthesis
(BBN); see, e.g., Yamazaki & Kusakabe (2012) and Luo et al.
(2019). At high redshifts, PMFs are proposed to lower the
angular momentum barrier of a collapsing gas leading to direct
collapse black hole formation (Pandey et al. 2019). Interest-
ingly, recently PMFs have also been considered as a potential
possibility to relax the Hubble tension (Jedamzik &
Pogosian 2020).

PMFs could come from different generation scenarios,
including inflation and phase transitions14 (see Grasso &
Rubinstein 2001; Durrer & Neronov 2013; Subramanian 2016,
for reviews). Inflationary magnetogenesis assumes that vacuum
fluctuations of an electromagnetic (or hypermagnetic) field give
rise to a weak seed field which then grows (see Turner &
Widrow 1988 and Ratra 1992 for pioneering work, and Sharma
et al. 2017, 2018, Bamba et al. 2021, and Maity et al. 2021 for
recent studies and references therein). This mechanism usually
involves the breaking of the conformal invariance of spacetime
(see, e.g., Dolgov 1993). The correlation lengths of inflation-
generated magnetic fields are not limited by causality
requirements due to rapid exponential stretching during
inflation. On the other hand, a phase-transition mechanism
implies that the coherence scales of the PMFs are bound due to
causality by the Hubble horizon length scale at the moment of
field generation, i.e., electroweak (EW, T∼ 100 GeV) or
quantum-chromodynamical (QCD, T∼ 150MeV) phase tran-
sitions; see Hogan (1983), Quashnock et al. (1989), Vachaspati
(1991), and Tajima et al. (1992) for pioneering work, and
Subramanian (2016) and Vachaspati (2021) for reviews. The
magnetic fields from phase transitions are assumed to have a
stochastic distribution with either a power-law or a sharply
peaked magnetic power spectrum (where the peak or the
characteristic length scale is set by the phase-transition bubble
size; see, e.g., Kahniashvili et al. 2010), while the inflationary

mechanism can produce a stochastic magnetic field with a
scale-invariant spectrum or a spatially uniform, homogeneous
magnetic field (i.e., the Mukohyama 2016 model; see
Brandenburg et al. 2020, and references therein). Both
generation scenarios, inflationary and phase-transitional, could
generate helical PMFs (see the seminal work of Cornwall 1997,
and Vachaspati 2021 for a review and references therein). The
relevance of a primordial, helical magnetic field is that, if ever
detected, it will be a direct indication of parity (mirror
symmetry) violation in the early universe and can in turn
explain the matter–antimatter asymmetry (see Giovannini &
Shaposhnikov 1998 and Vachaspati 2001 for pioneering work,
and the recent work of Fujita & Kamada 2016 and Kushwaha
& Shankaranarayanan 2021).
The current observational upper limits on the strength of

PMFs are derived from CMB observations and depend on the
specific effects that are analyzed. The effects of PMFs on
the CMB angular power spectrum suggest a few nanogauss for
the upper bound of the amplitude of stochastic PMFs (∼4.4 nG
assuming zero helicity and ∼5.6 nG for a maximally helical
field at a scale of 1 Mpc and with a power-law power spectrum;
Planck Collaboration et al. 2016). The strongest upper limits on
the PMF arise from the inhomogeneous recombination induced
by small baryonic density perturbations (Jedamzik & Save-
liev 2019). On the other hand, the nonobservation of
gigaelectronvolt photons from tera-electronvolt blazars puts a
lower limit of order 10−15

–10−16 G on the strength of the
primordial magnetic seed characterized by a monochromatic
spectrum, i.e., characterized by a fixed correlation length of
1 Mpc (Taylor et al. 2011).
PMFs are expected to evolve in a distinguishable fashion across

different cosmological epochs. Their evolution has been widely
studied in numerical simulations either with pure magnetohy-
drodynamical (MHD) codes (only for radiation-dominated
epochs); see, e.g., Pouquet et al. (1976), Christensson et al.
(2001), Banerjee & Jedamzik (2004), Kahniashvili et al. (2016),
and Brandenburg et al. (2018); or, more recently, with
cosmological MHD simulations (post-recombination epoch);
see, e.g., Miniati & Beresnyak (2015), Beresnyak & Miniati
(2016), Vazza et al. (2017), Vazza et al. (2018), and also Donnert
et al. (2018) for a recent review. The evolution of PMFs in the
radiation-dominated epoch, generated via the inflation and phase-
transition mechanisms, proceeds in a highly turbulent regime due
to the strong coupling between magnetic fields and plasma
motions (Brandenburg & Nordlund 2011). It has been shown that
freely decaying MHD turbulence with helicity could source
energy cascades from small to larger scales and a slowdown of the
decay (Christensson et al. 2001; Banerjee & Jedamzik 2004;
Kahniashvili & Brandenburg 2010; Brandenburg & Kahniash-
vili 2017) leading to 10−15–10−9 G magnetic fields by the end of
recombination (Kahniashvili et al. 2020). On the other hand, it is
important to connect this work with cosmological simulations,
which can reproduce the observed magnetization of the universe
on larger scales (∼megaparsec scales) and later stages (during
structure formation), assuming either a primordial (Dolag et al.
1999; Brüggen et al. 2005; Vazza et al. 2014; Marinacci et al.
2015) or an astrophysical scenario with various mechanisms of
magnetic seed transport (e.g., star formation and outflows from
active galactic nuclei; Bertone et al. 2006; Donnert et al. 2009; Xu
et al. 2011; Vazza et al. 2017). Regardless of their origin, the
physical mechanisms that further amplify magnetic fields during
cosmological structure formation are adiabatic contraction and

14 Generally, the topological defects arising from various phase transitions in
the early universe could also source the generation of PMFs; see, e.g.,
Horiguchi et al. (2015) and a review on topological defects by Durrer et al.
(2002). In addition, cosmic strings are another possible source of PMF
generation (see Vachaspati 2021, for a review).
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turbulent dynamo. The latter is the preferred mechanism for
explaining the efficient amplification of magnetic fields on galaxy
(see, e.g., Pakmor et al. 2017; Rieder & Teyssier 2017;
Steinwandel et al. 2020) and galaxy-cluster scales (see, e.g., Xu
et al. 2009; Vazza et al. 2018; Domínguez-Fernández et al. 2019;
Steinwandel et al. 2021). Nevertheless, distinguishing between
different magnetogenesis scenarios in the high-density regions of
the cosmic web could be complicated because the memory of the
seed field is believed to be erased by the turbulent dynamo
(Cho 2014).15 This picture can change in the more rarefied
regions of the cosmic web, such as cluster outskirts, filaments
and voids, where competing models can be observationally
tested (see, e.g., Donnert et al. 2009; Vazza et al. 2017).

In the present paper, the cosmological MHD simulations are
performed with the Enzo code (Bryan et al. 2014), where the
initial magnetic field seeding16 is consistent with different
primordial magnetogenesis scenarios. For the first time, we
compare the large-scale evolution of inflationary and phase-
transitional magnetogenesis scenarios. We focused on studying
two subcases for each scenario. In the inflationary case, we
study (i) a uniform, homogeneous and (ii) a stochastic, scale-
invariant initial magnetic field. In the phase-transitional case,
we study (iii) a helical and (iv) a nonhelical initial
magnetic field.

This paper is organized as follows. In Section 2 we describe the
numerical scheme and initial conditions adopted in our work. In
Section 3 we discuss the physical model, define the spectral
characteristics of each magnetogenesis scenario, and discuss the
physical motivations. In Section 4 we present our results, with
caveats discussed in Section 5, and we summarize our work in
Section 6.

2. Simulations

We use the cosmological Eulerian MHD code Enzo
(Bryan et al. 2014) for simulating a comoving volume of
(67.7 -h Mpc1 3) with a resolution of 132 h−1 kpc. We employed
a static uniform grid of 5123 cells with 5123 dark matter (DM)
particles, each of mass mDM= 2.53× 108 Me. We use the
Dedner formulation of MHD equations that handles the
divergence-free condition with a cleaning algorithm for magnetic
monopoles (Dedner et al. 2002). The spatial reconstruction is
done using the piecewise linear method (PLM; van Leer 1979;
Colella & Glaz 1985) and fluxes at cell interfaces are calculated
using the Harten–Lax–van Leer (HLL) Riemann solver
(Toro 1997). The time integration is performed using the total
variation diminishing second-order Runge–Kutta (RK) scheme
(Shu & Osher 1988). We use the dual-energy formalism (DEF;
Bryan et al. 1995) to avoid numerical instabilities in the regions
with highly supersonic flows. Here we focus on the effects of
magnetic amplification due to large-scale structure (LSS)
formation. We therefore neglect radiative gas cooling, chemical
evolution, star formation, and feedback from active galactic
nuclei. While our resolution is not suited for studying structures
inside collapsed objects, it is sufficient to capture the effects on
the magnetic cosmic web. This is a first step in describing the
evolution of more realistic PMFs than was done previously
(using the uniform seed field; see, e.g., Marinacci et al. 2015;
Vazza et al. 2014). We assume a Lambda cold dark matter
(ΛCDM) cosmology (as in Planck Collaboration et al. 2020)
with the following parameters: h= 0.674, Ωm= 0.315, Ωb=
0.0493, ΩΛ= 0.685, and σ8= 0.807.

2.1. Initial Conditions

We consider four different scenarios for the initial magnetic
seed field (see Table 1 and Section 3 for the validity of the
models):

1. Uniform (spatially homogeneous) field: we study an initial
seed magnetic field with a constant strength across the
whole computational domain. The magnetic field is directed

Table 1
Initial Conditions for the Magnetic Fielda

Scenario Model Normalization Simulation ID á ñB0
2 〈B0〉 kpeak λpeak

(nG) ((nG)2) (nG) (hMpc−1) (h−1 Mpc)

Inflationary (i) Uniform 0.1 u01 0.0072 0.085 L L
0.5 u05 0.180 0.390 L L
1 u1 0.719 0.804 L L

(ii) Scale-invariant 0.1 s01 0.0072 0.079 0.02 45
0.5 s05 0.180 0.395 0.02 45
1 s1 0.719 0.790 0.02 45

Phase-transitional (iii) Helical 0.1 h01 0.0072 0.080 0.4 2.6
0.5 h05 0.180 0.402 0.4 2.6
1 h1 0.719 0.781 0.4 2.6

(iv) Nonhelical 0.1 nh01 0.0072 0.085 0.8 1.26
0.5 nh05 0.180 0.424 0.8 1.26
1 nh1 0.719 0.848 0.8 1.26

Note.
a We use comoving quantities everywhere unless stated otherwise. The characteristic wavenumber and scale of the magnetic spectra is denoted by kpeak and lpeak

accordingly, and B0
2⟨ ⟩ and B0⟨ ⟩ are the mean of the initial magnetic field energy and the initial magnetic field strength, respectively.

15 This is also the case in galaxies (see, e.g., Pakmor et al. 2014, Marinacci
et al. 2015, Pillepich et al. 2018, and Arámburo-García et al. 2021 for
cosmological simulations of galaxies).
16 Note that in general “seeding” refers to very weak magnetic fields at the
moment of generation. However, hereinafter it will also refer to our initial
conditions, where the magnetic field may not be very weak.
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along the diagonal. This case corresponds to a particular
inflationary magnetogenesis scenario, namely, the Muko-
hyama model (Mukohyama 2016).

2. Scale-invariant field: this is a setup for a stochastic,
statistically homogeneous PMF with no helicity. This
case corresponds to an inflationary scenario.17

3. Nonhelical field: a stochastic, phase-transitional PMF
with no helicity.

4. Helical field: the same stochastic setup as (iii), but with
helicity.

Any power-law decay/growth of the magnetic field and its
correlation length on small scales is expected to virtually freeze at
the end of the radiation-dominated epoch (Banerjee & Jedam-
zik 2004), while the large-scale evolution of PMFs during dark
ages as well as after the reionization epoch is primarily dominated
by the expansion of the universe (see Subramanian 2016, for a
review).18 We initialize the simulation at z= 50 without loss of
generality since no significant changes at the cosmological scales
of interest for this work are expected between the recombination
epoch and z= 50 redshift.

The seed magnetic field conditions (ii)–(iv) were preproduced
with the PENCIL CODE (Pencil Code Collaboration et al. 2021).
These were then used as initial conditions for the Enzo code. We
normalized the mean magnetic energy density in all four cases (at
initial redshift z= 50) to the same value corresponding to a mean
(effective) magnetic field strength. The reader is referred to
Appendix A for a detailed description of the generation of the
initial magnetic conditions (ii)–(iv), including the setup for the
helical field, as well as their normalization.

In Section 4.1, we discuss the results of three different
normalizations: 0.1 nG, 0.5 nG, and 1 nG (see Table 1) for the
uniform, scale-invariant, helical, and nonhelical models,
respectively. In the remainder of the paper, we only discuss
the results of the 1 nG normalization (which is below the upper
limit from the CMB bounds; Planck Collaboration et al. 2016).

We show the initial magnetic power spectra for the stochastic
setups considering a 1 nG normalization in Figure 1. The initial
velocities and densities are generated according to the transfer
function of Eisenstein & Hu (1998), which accounts for the
evolution of (post-inflationary) linear perturbations but neglects
any effects from PMFs. PMFs are expected to affect the initial
density power spectrum and can produce additional clustering of
matter on intermediate and small scales (Sethi & Subrama-
nian 2005; Yamazaki et al. 2006; Fedeli & Moscardini 2012;
Kahniashvili et al. 2013; Sanati et al. 2020). As was mentioned in
the Introduction (Section 1), PMFs induce gravitational instabil-
ities, scalar (density), vector (vorticity), and tensor (gravitational
waves) modes; for more details, see Subramanian (2016) and
references therein. In the context of the PMF’s effects on LSS (or
vice versa), the scalar mode plays the most important role through
modifying the matter power spectrum.19 The effects on the initial
matter power spectrum have been discussed in the pioneering
work of Wasserman (1978), Kim et al. (1996), and Gopal &
Sethi (2003). All these studies have neglected PMF decay

effects, assuming a frozen-in magnetic field with unchanged
spectral profile from the moment of generation until recombi-
nation. In our work, we consider the MHD decay effects while
neglecting the initial matter power spectrum modifications. The
self-consistent derivation of the initial linear magnetized
perturbation is beyond the scope of this paper. The main
novelty of our approach lies in the fact that we adopt a
magnetic field from a self-consistent turbulence simulation
where the field displays an approximately self-similar decay. In
particular, the field contains coherent structures over all length
scales.
In addition, recent numerical work has shown that such

modifications to the initial power spectrum lead to effects mainly
at the low end of the halo mass function (see Sanati et al. 2020;
Katz et al. 2021). Such effects should not significantly impact the
results presented in this work since our initial magnetic conditions
are better suited for studying the evolution of magnetic fields on
larger scales and higher-mass haloes. Therefore, the proposed
initial conditions are suitable for the questions explored in
this work.

3. Physical Model

In this section, we discuss the physical motivation for studying
the chosen primordial magnetogenesis models and statistical
characteristics for these scenarios. The statistical characteristics of
each PMF are determined by the generation mechanism. First, in
the case of a uniform, homogeneous PMF that is generated during
the inflationary stage, the correlation length λB is undetermined
(well above the horizon scale at the generation moment). Indeed,
such a PMF might be described as a monochromatic field at k= 0.
Such a field has zero helicity, and no spectrum can be associated
to it20 (i.e., the realization in Fourier space is a Dirac delta

Figure 1. The initial magnetic power spectra for the stochastic setups.

17 We note that we call this model “scale-invariant” even though it has a
turbulent spectra with k−5/3 scaling; see Section 3.
18 See, however, Bera et al. (2020), who claim a faster decay of PMFs than
expected by the expansion of the universe.
19 Here, the effects induced through nonlinear coupling between the modes are
neglected. We also do not consider the additional vector mode presence that is
absent in the standard cosmological scenario, and can change the initial
velocity field.

20 It is important to emphasize that such magnetic fields are qualitatively
different from the small-scale fields that are obtained by tangling of a uniform
(imposed) one. This is because, in periodic domains, such a field constitutes a
separate component that can never change. This has dramatic consequences for
the evolution of the magnetic field on all smaller scales; see Brandenburg et al.
(2020) for examples.
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function). If a statistically homogeneous field has been
generated through some mechanism after inflation, its peak
scale λpeak and therefore its correlation length must be limited
by the size of the Hubble horizon at the moment of generation,

-H 1. In this case, we can still use a monochromatic field at a

nonzero wavenumber kpeak. Correspondingly, the PMF in
Fourier space will be approximated by a Dirac delta function as
δ(k− kpeak). This is a common description when referring to the
lower limits of the magnetic field through blazar spectra
observations (Taylor et al. 2011). The energy density
associated with a homogeneous PMF is simply given through
B2/(8π), regardless of whether the field has finite or infinite
correlation length. Therefore, the initial conditions (i) and (ii)
(see Section 2.1) represent inflationary-generated fields with
unlimited and limited correlation lengths, respectively. In
the latter case, we take into account the development of a
turbulent forward cascade in the radiation-dominated epoch
(Kahniashvili et al. 2017). That is, the inflation-generated,
scale-invariant k−1 spectra result in a Kolmogorov k−5/3

spectrum by the end of recombination.
In the case of causally generated magnetic fields after

inflation, the correlation length is limited by 
-H 1. Under the

standard description of a PMF generated during the electro-
weak phase transitions through bubble collisions, the physical
correlation length is determined by the bubble length scale. A
length scale of around one-hundredth of the Hubble horizon
scale is commonly assumed, with 100 bubbles within a linear
Hubble scale. For the QCD phase transitions, the bubble size is
commonly assumed to be one-sixth of the Hubble scale (see,
e.g., Schwarz 2003). It is important to realize that the resulting
decaying turbulence is invariant under rescaling with the
correlation length λB such that the magnetic and kinetic energy
spectra obey

l f l= b-E k t t k t, , 1B B( ) ( ) ( ( )) ( )

where β= 1 for nonhelical MHD turbulence and β= 0 for
helical MHD turbulence (Brandenburg & Kahniashvili 2017).
This allows us then to rescale our initial magnetic field to any
desired epoch based on the value of λB. Therefore, at the level
of the models discussed in the present paper, there is no
difference between turbulence originating from the QCD or the
electroweak phase transition.

The cases (iii) and (iv) correspond to a turbulent, causally
generated magnetic field with a characteristic scale of
∼2.6 h−1 Mpc and ∼1.26 h−1 Mpc, respectively. Toward larger
scales, the magnetic energy spectrum is proportional to k4,
where k is the wavenumber. This spectrum is referred to as the
Batchelor spectrum and occurs for causal PMF generation
(Durrer & Caprini 2003). On smaller scales, a turbulent
magnetic cascade with an energy spectrum proportional to
k−5/3 is expected. These spectra are obtained quite generically
also when turbulence is driven monochromatically at one
wavenumber (Kahniashvili et al. 2021). Physically significant
turbulence could be generated during phase transitions through
bubble collisions (see Subramanian 2016 and Vachaspati 2021
for reviews) or through the coupling of the inflaton with the
magnetic field, possibly shortly after inflation.

Following the results from Brandenburg et al. (2017), the
MHD turbulent decay of phase-transitional fields in the
radiation-dominated epoch leads to an increase of the magnetic
correlation length as a function of conformal time η. If the
initial magnetic field is nonhelical, the increase is λB∝ η1/2,

whereas if it is fully helical, the increase is λB∝ η2/3. This
increase is expected from the moment of generation until
recombination. If a magnetic field is generated at the horizon
scale with a strength limited by BBN, the authors estimate that
a fully helical (nonhelical) field may reach a (comoving)
magnetic field strength of 0.3 nG (3× 10−3 nG) at a scale of
30 kpc (0.3 kpc) at the epoch of recombination (see Figure 11
in Brandenburg et al. 2017). The freely decaying turbulence
regime is terminated as the baryonic fluid becomes neutral after
recombination; then the comoving amplitude, spectral shape,
and helicity of the magnetic field stay unchanged until
reionization (z 15).
Our selected initial characteristic scales for models (iii) and

(iv) are larger than the mentioned predictions due to our limited
resolution of 132 h−1 kpc. It is therefore important to stress that
our initial stochastic, helical, and nonhelical spectra are
intended only to emulate the shape that is expected
theoretically. In the helical case, we selected a correlation
length that is larger than the one in the nonhelical scenario
since this is also expected from theory as a consequence of the
inverse cascade that helical fields undergo in the radiation-
dominated epoch (see Subramanian 2016).

4. Results

4.1. Magnetic Field Strength

We start our analysis by studying the effects of the initial
magnetic field strength on the final distribution of magnetic
fields in different cosmic environments. In this section, we
discuss the results from three different initial magnetic
strengths: 0.1 nG, 0.5 nG, and 1 nG (see Table 1).
In Figure 2, we show the median of the magnetic field and

temperature distributions with respect to the gas density
distribution for the different models at z= 0.02. In the same
figure we also show a 2D histogram, i.e., we overplot the gas
mass (for the helical case) falling into each bin. The
distributions differ according to the different regions of the
cosmic web, i.e., voids, filaments, bridges (the latter two
indicated with the shaded region), and clusters. It should be
noted that the term “bridge” has recently been applied to
regions connecting two merging clusters. We identified bridges
in our simulations by visual inspection. The typical range of the
overdensity in this environment is given in Figure 2. Notably,
we define bridges in a way so that they also include the
outskirts of galaxy clusters. It is important to distinguish this
environment from large-scale filaments, because currently
bridges are the most promising way to observationally detect
large-scale warm–hot gas filaments (e.g., Govoni et al. 2019;
Reiprich et al. 2021).
The resulting differences between magnetic seedings in each

cosmic environment observed in Figure 2 can be summarized
as follows:

1. Clusters. As we can see from the top panel of Figure 2,
the variation of the initial magnetic field strength does not
affect the normalized21 magnetic field distributions in
galaxy clusters; although each model leads to higher final
mean values for the higher initial magnetic field
realization (see Table 2). The highest median values are
observed from the inflationary seedings where the

21 Normalized by the corresponding mean field value of the model; see
Table 2.
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uniform seeding shows a magnetic field strength twice as
large as the scale-invariant model. On the other hand, the
phase-transitional seedings show the lowest magnetic
field strengths within these regions. In particular, the
nonhelical case is the model that shows the lowest
amplification in galaxy clusters. Interestingly, different
seed magnetic fields, as well as the variation of the seed
field strength, do not alter the temperature distribution in
these regions (see Vazza et al. 2021, for comparison).

2. Bridges. Similarly to clusters, the highest magnetic fields
in these regions are seeded by the inflationary scenarios.
However, the differences in the magnitude of the uniform
and scale-invariant cases are reduced in comparison to
cluster regions, while for phase-transitional models they
are slightly enlarged. Finally, the temperature distribution
is again unaffected by different primordial scenarios.

3. Filaments. The different initial magnetic field strengths
do not alter the normalized magnetic field or temperature
trends in this region. However, the final distribution of
the magnetic field is affected by the initial topology of the
seed field. The seed fields with initial larger characteristic
scales lead to larger magnetization levels in filaments.
The uniform and scale-invariant cases show amplification
due to adiabatic contraction. In the helical and nonhelical

models, where the magnetic power of the large-scale
modes is smaller (see Figure 1), the amplification due to
adiabatic compression is less efficient. Previous work that
focused on filaments (e.g., Vazza et al. 2014) have argued
that the magnetic amplification within these regions is
less dependent on resolution and possible dynamo action
even at high Reynolds numbers. This can happen because
compressive modes are expected to be dominant in
filaments and suppress small-scale twisting of magnetic
structures. It remains interesting for future work to assess
whether our helical and nonhelical models at higher
resolution and, therefore, higher Reynolds number could
further amplify magnetic fields by promoting more
solenoidal modes within filaments. Finally, it seems that
the differences between the inflationary and phase-
transitional models are not reflected in the temperature
distribution. Similar trends have been found in Gheller &
Vazza (2019), where the different seeding scenarios show
significant imprints on final magnetic field distributions
but only mild differences in the temperature trends
(pronounced mostly at high densities).

4. Voids. These regions are assumed to be most promising
for discriminating among different magnetogenesis
scenarios (see, e.g., Dubois & Teyssier 2008; Donnert
et al. 2009). We see that differences between the models
in the temperature profiles are revealed only for the
higher initial magnetic field realizations (i.e., only for the
0.5 nG and 1 nG initial magnetic field strengths).
However, the differences between the uniform and scale-
invariant models are negligible, while the helical and
nonhelical cases show the largest discrepancies. In
addition, we see that stochastic (scale-invariant, helical,
or nonhelical) seedings lead to the highest magnetic field
strengths, and consequently highest temperatures within
these regions. This highlights the fact that initial
stochastic turbulent motions could cause local heating.
Similar trends were obtained by Vazza et al. (2021)
where only models with an initial power-law magnetic
spectrum were considered. Therefore, initial magnetic

Figure 2. Dependence of the median magnetic field and temperature on density
for all of our simulations. The x-axis shows the gas density normalized by the
mean density field. The solid, dashed, and dashed–dotted lines correspond to
the 1 nG, 0.5 nG, and 0.1 nG normalizations, respectively. The black solid line
shows the expected density scaling of the magnetic field strength based on the
adiabatic contraction only ( ∝ ρ2/3). The additional color coding (black–white
palette) shows the mass of gas (for the helical case) falling into each bin.
Vertical dotted lines indicate the characteristic densities in filaments and
bridges.

Table 2
Mean of the Magnetic Field Strength at z = 0.02 Achieved for all our Models

(See Also Table 1)

Model Normalization 〈B〉z=0.02

(nG) (nG)

0.1 0.15
Uniform 0.5 0.69

1 1.29

0.1 0.15
Scale-invariant 0.5 0.69

1 1.27

0.1 0.09
Helical 0.5 0.42

1 0.79

0.1 0.08
Nonhelical 0.5 0.39

1 0.74

Note. Note that the mean value is computed in the whole cosmological box.
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fluctuations could be important for the local heating
dynamics. In particular, PMFs can heat up the hydrogen
and helium in the IGM by, for example, decaying
turbulence (see, e.g., Sethi & Subramanian 2005; Minoda
et al. 2017) and this can be reflected in the HI 21 cm
signal (Sethi 2005; Minoda et al. 2019; Natwariya 2021).
Strong absorption spectra of the global HI signal detected
by the EDGES experiment suggest that the IGM was
colder than expected from the standard cosmological
scenario (Bowman et al. 2018). In the recent work of
Bera et al. (2020) it has been shown that heating of the
IGM due to PMFs along with DM–baryon interactions
(Barkana 2018) can be used for constraining the strength
of PMFs. Hence, the observed temperature differences in
Figure 2 could be used to probe the strengths of both
inflationary as well as phase-transitional models in
cosmic voids.

We can conclude that the amplification of the initial
magnetic field due to adiabatic contraction is subdominant in
the stochastic turbulent cases at our resolution. Conversely, the
uniform model can be well fitted by the simple ρ2/3 relation
(expected from adiabatic contraction only) in the filaments and
low-density regions (see also Appendix B). As expected, the
differences between models become larger at the galaxy-cluster

scales due to our limited resolution. While we expect that these
differences should persist (although to a lesser degree) with
higher resolution, only future work focusing on these regions
can demonstrate it.
For the remaining part of the paper we will focus on the PMF

scenarios with an initial 1 nG normalization (see Table 1). The
resulting mean magnetic field strengths from this normalization
are more in agreement with current observations; see, e.g.,
Fusco-Femiano et al. (2001, 2004) for the 0.1–1 μG magnetic
field strengths found in galaxy clusters based on the inverse
Compton measurements from radio haloes, and Vogt & Enßlin
(2005) for the strengths as high as 1–7 μG based on the
likelihood analysis of Faraday rotation measures.

4.2. General Properties

We show slices of the final (z= 0.02) magnetic field,
density, and temperature in the 67.7 h−1 Mpc box in Figure 3.
As we can observe in the top panels of Figure 3, the stochastic
seeding fills the voids more efficiently than the uniform case,
while the uniform and scale-invariant magnetic seedings show
the largest spatial correlation with the filamentary structures.
This is not surprising because the initial magnetic power
spectrum of the uniform seeding does not have a characteristic
scale, and the characteristic scale of the scale-invariant

Figure 3. Contoured slices through the center of the simulated box at z = 0.02. The top, middle, and bottom panels show the magnetic field, density, and temperature
slices, correspondingly. The overplotted contour lines mark the regions with a certain field strength, and the range of the field values are set according to the minimum
and maximum of the annotated fields.
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spectrum is larger than that of the helical and nonhelical cases.
We also observe that nonhelical initial magnetic fields tend to
create more substructures than helical ones. This is an expected
trend in MHD simulations of helically and nonhelically driven
turbulence because of the magnetic helicity (and thereby
magnetic energy) transfer to large scales. In a recent study of
turbulent dynamos driven by isotropic forcing in isothermal
MHD (Väisälä et al. 2021), helical and nonhelical cases were
compared. The authors found that an initially Gaussian
magnetic field (with a magnetic energy spectrum ∝k2) develops
a magnetic energy spectrum with a characteristic scale (peak
spectrum) in both cases. Nonetheless, the helical case attains a
large-scale nature (more power at k smaller than the peak
scale), while the nonhelical case is still characterized by a
small-scale structure.

The density (middle row in Figure 3) and temperature
(bottom row in Figure 3) contours show a spatial correspon-
dence between the densest structures (∼10−28 g cm−3) and the
highest temperatures (∼107 K) in all four cases. The low-
density regions (∼10−32

–10−31 g cm−3) enclose higher tem-
peratures in the nonhelical case than in all the other cases. This
is a direct consequence of having smaller magnetic substruc-
tures in the nonhelical model at the initial and final redshifts,
which leads to extra turbulent dissipation in the void regions.

In Figure 4 we show the volumetric probability distribution
functions (PDFs) of the magnetic field for all our models. The
PDFs are shown for two epochs: z= 40 (dotted lines) and
z= 0.02 (solid lines). The final PDFs show a broadening in all
the models. The low-end tail of the distribution (values below
6× 10−10 G) is very similar for all the models. By contrast, the
high-end tail of the distribution (values above 4× 10−9 G)
differs in the inflationary and phase-transitional models. Both
inflationary models produce higher magnetic field values than
the phase-transitional models. It should also be noted that the
PDFs for both scenarios deviate from the Gaussian trend (more
evidently seen for the inflationary models) and the peak of the
distribution in the inflationary case is shifted toward lower
values. For example, in the uniform case, the peak is shifted
from 8× 10−10 G to 2× 10−10 G. We can see that the main
differences in the distributions come from the regions where
the magnetic field strength is of the order of 4× 10−9

–5×
10−7 G.

Finally, the evolution of thermal, kinetic, and magnetic
energies over a time span of 13.5 Gyr is shown in Figure 5. The
thermal T , kinetic K , and magnetic B energies are defined as
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where n is the gas number density, v the velocity, kB the
Boltzmann constant, and V the volume. The growth of kinetic
and thermal energies achieved in all four models is of the order
of ∼105 by the end of the simulation. The thermal energies
show variations between the models at earlier redshifts (see
z 6, where stochastic phase-transitional cases show larger
thermal energies). This indicates that more dissipative
processes are present in these scenarios. Although we find that
the extra heating shown in Figure 5 is independent of the
Riemann solver, we cannot rule out a numerical origin.
However, we also see that the thermal-energy evolution
converges to the hydrodynamic case for redshifts z 6 (see
also Appendix C). For this reason, it is unlikely that our
analysis at lower redshifts is affected by the initial transient.
Moreover, spurious heating will be suppressed by radiative
cooling in a more advanced model.
The final thermal and kinetic energies (for z 6) show no

difference between the four models. However, differences in
the magnetic energies arise at a redshift as early as z∼ 40. At
z= 0.02 it is evident that the magnetic energy in the
inflationary models is roughly one order of magnitude larger
than the magnetic energy in the phase-transitional models.
Overall, the magnetic energy growth throughout the evolution
is observed to be by a factor of ∼10 in the uniform and scale-
invariant cases, and by a factor of ∼2–4 in the nonhelical and
helical cases, respectively.

4.3. Evolution of Magnetic Power Spectra

In this section, we focus on the properties of the magnetic
power spectra for the different primordial magnetic seedings.
We define the magnetic energy power spectrum in Fourier

Figure 4. Probability distribution functions for the different magnetic seedings
at z = 40 (dotted lines) and z = 0.02 (solid lines). Figure 5. Evolution of magnetic, thermal, and kinetic energies for the different

magnetic seedings. The solid, dotted, dashed, and dashed–dotted lines
correspond to uniform, scale-invariant, helical, and nonhelical cases,
respectively.
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space as
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where B̂ denotes the Fourier transform of the magnetic field, *B̂
is its complex conjugate, k= |k| is the norm of the wavevector,
and V is the volume that normalizes the spectrum.

In Figure 6 we show the evolution of the magnetic power
spectra of the inflationary (uniform and scale-invariant) and
phase-transitional (helical and nonhelical) cases. Notable
features of this figure are as follows:

1. Inflationary seeding. The magnetic power spectrum in the
uniform and scale-invariant cases reaches higher values at
the final redshift than that of the cases with helical and
nonhelical seeding. In particular, the uniform seeding
shows how the magnetic energy builds up at all scales in
a similar fashion from early redshift (z= 40). This
emphasizes how the magnetic field follows the growth
of the density perturbations. On the other hand, the
amplitude of the power spectrum in the scale-invariant
case starts increasing only from z= 10, but the final
distribution achieved in this case is similar to that in the
case of the uniform seeding.

The obtained trends for these two subcases of an
inflationary scenario seem to be different from the results
of a recent study by Brandenburg et al. (2020), where the
MHD evolution with imposed and scale-invariant initial
fields has been compared in the radiation-dominated
epoch. They showed that even if small-scale turbulent
forcing is applied, the uniform (imposed) field always
decays faster than the field with the scale-invariant
spectrum. Subsequent studies revealed that the apparent
difference between the two types of simulations is caused
by the fact that in the present cosmological simulations
there is always a large-scale velocity field, which was not
the case in the simulations of Brandenburg et al. (2020).
However, repeating their simulations with a large-scale
velocity field characterized by an initial k−2 spectrum
produces a rapid growth of the magnetic field also on
large scales; see Appendix D, where we demonstrate the
tangling of a homogeneous magnetic field by an initial
turbulent velocity field with a k−2 spectrum. Thus, there
is no conflict between these two types of simulations if
comparable initial velocity fields are used in both cases.

2. Phase-transitional seeding. The initial characteristic scale
λpeak in these cases makes the magnetic power spectra
evolve in a very different way. Overall, the total amplitude
is smaller than in the inflationary cases, as can be observed
in Figure 6. Nevertheless, the most interesting result is how
the characteristic scale defines the evolution at large and
small scales. On large scales (k 1 hMpc−1), the magn-
etic field growth is moderate. The helical seeding shows
stronger magnetic growth than the nonhelical seeding. This
happens because in the former case the initial magnetic
perturbations are correlated on larger scales (see Figure 1).
It is also possible that helicity leads to larger power on
these scales. This is an expected trend in MHD simulations
of decaying turbulence where the larger growth is observed
for large length scales due to the inverse transfer from
small to larger scales; see, e.g., Banerjee & Jedamzik
(2004) and Brandenburg et al. (2015). On the other hand,
scales smaller than the characteristic scale, i.e.,
k 0.4 hMpc−1 for the helical case and k 0.9 hMpc−1

for the nonhelical case, respectively, can grow and reach
magnetic levels comparable to the inflationary cases.
Additionally, we observe that there is a shift of the peak
spectra toward smaller scales (at z∼ 5) in both cases as
more substructure is building up on galaxy-cluster scales
(∼1Mpc).22 Finally, we also observe magnetic power
decay on the peak scales and on the smallest scales at
early redshifts (z> 10) in both the helical and nonhelical
cases. In these cases, most of the magnetic energy is
initially contained toward small scales while the matter
(and density) power spectrum has most of its power
contained on larger scales. This limits, for example, the
magnetic energy growth in the two cases at early redshifts
(see also the discussion at the end of this section).

We compare the initial and final magnetic power spectra
with the corresponding linear mass scales for all the models in
Figure 7. Note that these mass scales should not be interpreted
as the masses of the massive objects (e.g., galaxy clusters)
since they can only be accepted as an estimation of masses at
certain radii that are still in the linear regime (i.e., these would
be the largest scales in our simulations, k 0.5 hMpc−1). The

Figure 6. Redshift evolution of magnetic power spectra. From left to right: the uniform, scale-invariant, helical, and nonhelical seedings.

22 It should be noted that after the first shift of the peak, the peak again
gradually moves from smaller to larger scales (from z = 3); this behavior is
similar to the aforementioned inverse cascade. This trend is more evident for
the nonhelical case.
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difference between the amplitudes of the inflationary and
phase-transitional magnetic power spectra is more evident at
small wavenumbers. As we mentioned above, in Figure 7 the
spectra peak of the two stochastic seedings are shifted toward
larger wavenumbers. In addition, we see that different phase-
transitional seedings are expected to be harder to distinguish at
masses M 1010Me, whereas the magnetization at masses
M 1012Me is distinguishable for the inflationary and phase-
transitional models. The reader may note that the behavior of
the magnetic amplification at different scales is strongly
affected by the spectrum peak (or by the coherence scale) at
the initial redshift. The role of the peak position will be
considered in future work.

The differences between the uniform and scale-invariant
spectra for all mass scales is remarkably small. It is only at
3× 1014Me that the amplitude of the scale-invariant spectra is
higher than that of the uniform model. Overall, we discern
these differences in the amplitude of the power spectrum
between the inflationary and phase-transition models to be
increased on larger scales (M 2× 1010Me) reaching an order
of 105 difference on mass scales 1014Me.

In a collapsing magnetized region, field amplification mainly
occurs via adiabatic contraction. However, if that region
contains a randomly oriented magnetic field, there are two
additional things to consider: (1) the cancellation of opposite-
polarity fields can reduce the magnetic flux, and/or (2) there
could be extra field amplification by turbulent dynamo if the
growth rate is faster than the gravitational compression rate (see
also Seta et al. 2018; Seta & Federrath 2020). In our study,
shocks that originate during structure formation can addition-
ally affect the magnetic amplification since they can destroy
coherent small-scale structures. This can also contribute to
decreasing power of the peak scales of helical and nonhelical
cases at early redshifts. All these effects explain why in the

helical and nonhelical cases we see less efficient amplification
on both small and large scales (see Figure 6). While all our four
cases are affected by the not-well-resolved turbulent motions
within the collapsing regions of the cosmic web, the lower
magnetic power increase observed in the two phase-transitional
cases could be partly attributed to field cancellation (see also
discussion below on the correlation length). On the other hand,
the stochastic, scale-invariant case develops a nonzero mean
field (due to an initial larger correlation length in this case)
which makes its evolution very similar to that of the uniform
case and less subject to field-cancellation effects. Hence, we
observe a larger magnetic field amplification in this case.
Finally, we show in Figure 8 the evolution of the magnetic

correlation length, defined as
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It should also be emphasized that for inflationary, uniform
magnetic fields, the correlation length at the initial redshift can
be ill-defined, because the numerator of Equation (4) diverges
for k→ 0, so this point needs to be excluded. For our nearly
scale-invariant field, however, the spectral energy goes to zero
for k→ 0, and thus the integral does not diverge; see
Brandenburg et al. (2018) for details.
In all four models, we see an increasing trend at initial

redshifts which mostly follows the evolution of the density
correlation length. In unigrid Eulerian cosmological simula-
tions, the density power spectrum tends to be more damped at
small scales since the gravity forces are smoothed at the grid
scale, as noted by Hahn & Abel (2011). This slower growth of
the smallest scales leads to the increase of the magnetic and
density correlation length at z> 10 in Figure 8.
The correlation-length evolution is followed by a decrease

(z 10) in both density and magnetic correlation lengths for all
four models. This results from the small-scale modes entering
the nonlinear regime of the growth of density perturbations. At
this stage, power is transferred from large to small scales. A
final increase of magnetic correlation length is only noticeable
in the uniform seeding case at z 1.75. The trends in the
redshift range 1.75–0 follow t0.16, t−0.34, t−0.11, and t−0.03 for

Figure 7. Magnetic power spectra for the uniform and stochastic cases. The
dashed–dotted lines show the corresponding power spectra at the initial redshift
(z = 50) and the solid lines at the final, z = 0 redshift.

Figure 8. Evolution of magnetic correlation length obtained from different
magnetic seedings. Gray points show the correlation length computed from the
density power spectrum.
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the uniform, scale-invariant, helical, and nonhelical cases,
respectively. The density correlation length shows a similar
trend as the magnetic correlation length in the uniform case,
although with a slower increase with t0.13. It should be noted
that the latter trend could also be affected by the damped
growth of perturbations at small scales because of our limited
resolution.

Finally, we see that the correlation length in the uniform case
is about twice as large as in the helical and nonhelical cases,
and the scale-invariant model shows the largest final correlation
length (∼4 h−1 Mpc). This is in line with our previous
discussion on the discrepancies in magnetic amplification of
inflationary and phase-transitional cases.

4.4. Faraday Rotation Measures

Faraday rotation of linearly polarized sources is a powerful
observational approach that can help us understand magnetic
fields on a vast range of astrophysical scales. Polarized radio
emission from distant sources is affected by an intervening
magnetized plasma which rotates the intrinsic polarization
plane. The differential angle of rotation is proportional to the
square of the emitted wavelength λ2 and to the rotation
measure (RM). For a source at cosmological distance and
redshift z, RM is defined as
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where e, me, and c are the electron charge, electron mass, and
speed of light, respectively; ne is the electron number density,
B∥ is the magnetic field component along the line of sight
(LOS), and dl is the integration path length. In this section, we
use physical quantities, such as physical magnetic field
strength, electron number density, and physical length scales.
A positive (negative) RM implies a magnetic field pointing
toward (away from) the observer. Note that, in general,
Equation (5) defines the Faraday depth f, which is inferred
from observations through the method of RM synthesis
(Burn 1966; de Bruyn & Brentjens 2005). The RM coincides
with Faraday depth in the ideal case when the rotation is caused
by only one, nonemitting Faraday screen.

RM observations of extragalactic radio sources are funda-
mental in further constraining the properties of large-scale
magnetic fields in the near future. In particular, they will be of
greatest importance for discriminating between magnetogenesis
scenarios because of their possibility to constrain the magnetiza-
tion in the still poorly constrained regions of the cosmic web,
i.e., filaments and voids. As the extragalactic polarized emission
travels through the magnetized medium between source and
observer, there are various contributions along the LOS that add
up to the total observed RM. One relevant contribution comes
from the Milky Way (see Hutschenreuter et al. 2021), but there
have been recent efforts in constraining the extragalactic
contribution alone (e.g., Schnitzeler 2010; Oppermann et al.
2015; Vernstrom et al. 2019; O’Sullivan et al. 2020). These
recent RM observations have constrained the extragalactic RM
variance to 5–10 rad m−2 at 1.4 GHz. At lower frequencies,

O’Sullivan et al. 2020 limit the extragalactic contribution
to< 1.9 rad m−2 (measured at 144 MHz).
In Figure 9 we show the RM maps of the simulated cosmic

web at z= 0.02 for different primordial seeding cases. Note
that we did not include the Galactic contribution (Hutschen-
reuter et al. 2021). These maps have been obtained by
integrating Equation (5) along the x-axis. We checked that
the selected axis of projection does not produce differences in
the results described in this section. We observe significant
differences in the RM maps for the different primordial seeding
models. First, we observe more coherent structures in the
uniform and scale-invariant seeding cases than in the helical
and nonhelical cases. Second, the RM values are highest for the
inflationary scenarios and lowest in the helical and nonhelical
ones. This result is a consequence of the RM being an
integrated quantity. The sum of coherent magnetic fields will
give rise to a strong RM signal, which is the case in the uniform
and scale-invariant models (see first and second panels of
Figure 9). On the other hand, the sum of stochastic magnetic
fields can cancel out and weaken the RM signal (see third and
fourth panels of Figure 9). In addition, the RM maps are
determined by the total level of magnetization at this epoch (see
Table 2). The helical and nonhelical seedings lead to lower
magnetization levels in filaments, as was discussed in
Sections 4.2 and 4.3. Therefore, this adds to the discrepancy
observed between inflationary and phase-transitional models.
We also note that uniform seeding leads to higher Faraday
rotation than the scale-invariant seeding. This seems to be in
agreement with Vazza et al. (2021), where the authors explored
also a uniform seed field and various seeds described by power
laws. Nevertheless, our inflationary results cannot be directly
compared to this recent work since they applied a subgrid
dynamo model for further magnetic amplification.
In Figure 10 we show the corresponding PDFs for the

absolute value of RM at z= 0.02. We additionally show the
PDF for the regions excluding galaxy clusters (dotted lines),
and for galaxy clusters with the overdensity criterion
ρ/〈ρ〉� 1.3× 102 (filled histograms). These criteria were
applied before computing the integral defined in
Equation (5). The distributions accounting for the whole

-h67.7 Mpc1 3( ) region, as well as distributions excluding
galaxy clusters, peak at 1.6× 10−3, 4× 10−3, 1.2× 10−2, and
1.7× 10−2 rad m-2 for the nonhelical, helical, scale-invariant,
and uniform cases, respectively. When considering only the
highly ionized regions (clusters; T> 106 K), the PDFs peak at
1.5× 10−2, 4.5× 10−2, 0.3, and 0.5 rad m−2 for the nonhelical,
helical, scale-invariant, and uniform cases, respectively. We see
that the highest RM values are obtained at these highly ionized
regions for the four models. As can also be seen in Figure 9, the
highest values of RM tend to follow the collapsed structures.
Similar trends have been observed in other cosmological
simulations (see, e.g., Marinacci et al. 2015). In line with
Figure 9, we find that the highest RM values are observed for
the two inflationary models.
In the following, we extend the analysis to a range of

redshifts. In Figure 11 we show the redshift evolution of the
mean and rms statistics of |RM| within different environments
and for different seeding scenarios. We analyzed a total of 20
cosmological boxes (corresponding to 20 redshift bins) in a
redshift range 3� z� 0.02. This range is particularly relevant,
for example, for the upcoming WEAVE-LOFAR survey
(Smith et al. 2016), where one expects to obtain spectroscopic
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redshifts for all polarized radio sources detected in the LOFAR
Two-meter Sky Survey (LoTSS; Shimwell et al. 2019) up to
z< 1. In the first column of Figure 11, we show the statistics
from the whole simulating box while the second and third
columns show the RM statistics in the regions excluding galaxy
clusters and in the warm–hot intergalactic medium (WHIM),
respectively. The regions excluding galaxy clusters imply the
same criterion as in Figure 10, while for the WHIM region we
additionally set the temperature criterion 105 K T 107 K.
Due to cosmological expansion, it is expected that the mean
and rms RM will decrease with time. This is in particular true
for the lowest-density regions of the cosmic web where there is
almost no turbulent amplification (see the second and third
columns of Figure 11). As we can see, the highest rms and
mean |RM| values are obtained when including cluster
environments and in the WHIM, which are the densest regions.
The first is consistent with previous numerical work, where it
has been found that the resulting RM is dominantly contributed
by the density peaks along the LOS (e.g., Akahori &
Ryu 2010, 2011). Note that in these regions our reported RM
values are lower than the typical observed values due to our
limited resolution (see discussion in Section 5). RMs of
hundreds rad m−2 have been observed in clusters (see
Böhringer et al. 2016, for a sample of galaxy clusters). Since
clusters are especially underresolved in our simulations, the
RM values in these regions should be interpreted only as lower
limits.
We characterize the |RM|rms evolution by fitting the data to

the following equation: |RM|rms=RM0(1+ z)α. We show the
fitted values for each environment for the four models in
Table 3. Since the definition of RM (see Equation (5)) includes
the proper values of the electron density, magnetic field, and
integration path length, we expect it to scale as RM∼ (1+ z)2,
with α= 2. However, as we can see from Table 3, α< 2 for all
environments in the uniform and scale-invariant case, i.e., the
decrease of RM values with redshift will be slower in these
scenarios. This means that magnetic fields along with density

Figure 9. Faraday rotation maps from the simulated cosmic web at z = 0.02.
From top to bottom: uniform, scale-invariant, helical, and nonhelical cases,
respectively. The color bar shows values in [rad/m2] and it is linearly scaled in
the range [−0.04, 0, 04].

Figure 10. Distribution functions of the absolute RM for different seeding
models. The dotted lines show the contribution to the total PDF from the
regions excluding galaxy clusters while the filled histograms represent
contributions from galaxy clusters (ρ/〈ρ〉 � 1.3 × 102).
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do not only decrease in these regions, as is expected by the
expansion of the universe, but are subject to amplification.

Recently, Vernstrom et al. (2019) and O’Sullivan et al.
(2020) presented a new approach in order to isolate the
extragalactic RM variance. The method relies on comparing
pairs of extragalactic radio sources and computing the RM
difference between them. Following O’Sullivan et al. (2020),
the statistical results come from comparing the RM from
sources at the same redshift (named as physical pairs), e.g.,
double-lobed radio galaxies, and from sources at different
redshifts (named as random pairs). In order for us to analyze
our simulations and compare to these recent work, we would
have to carry out a careful study of stacking cosmological
boxes (see Thomas & Carlberg 1989 and Scaramella et al.
1993, for pioneering work) and defining light cones before
integration (see Akahori & Ryu 2011 and Vazza et al. 2021, in
the context of RM). Such a study is out of the scope of this

paper and we leave it for future work. Nevertheless, we can
give a first-order estimate on the RM difference by using the
information in Figure 11. We considered the |RM| distribution
function of the simulation box to be representative of each
redshift. In this way, we select the variance of the distribution
to be the representative value at each redshift.
We analyzed a total of 20 redshift bins up to z= 3, where we

obtained 190 different combinations of redshift pairs. Note that
here we do not take into account the spatial distribution of
possible sources within each simulation box. Instead we
assume the PDF statistics to be representative of the simulation
box at that redshift. We refer the reader to Appendix E for a
word on the distribution of sources as a function of redshift.
We compute the variance in the environment where we

exclude the regions of galaxy clusters (see second column of
Figure 11) and the WHIM environment (see third column of
Figure 11). These two environments are less affected by our
low resolution. We are also interested in these environments
because LOFAR is not expected to detect polarized sources
from intervening clusters (e.g., Stuardi et al. 2020). As a second
step, we compute the average variance between each selected
redshift (random) pair, i.e., taking into account all redshift bins
in between the pair. Once this is done for all 190 pairs, we
compute the rms of all the variances. This procedure yields an
rms upper limit in the WHIM of 0.7, 0.6, 0.3, and 0.2 rad m−2

for the uniform, scale-invariant, nonhelical, and helical cases,
respectively. The environment where we only exclude galaxy
clusters gives similar values: 0.6, 0.5, 0.3, and 0.2 rad m−2,
respectively. These RM values are marginally lower than the
results reported at 144 MHz in O’Sullivan et al. (2020). After
analyzing the difference between physical and random pairs,
the authors concluded that the excess Faraday rotation
contribution between random pairs has an upper limit of 1.9 rad
m−2. This work places an upper limit of 4 nG for a PMF. A
similar analysis at 1.4 GHz and in a redshift range 0< z< 1
was done in Vernstrom et al. (2019), where the authors
obtained an excess contribution between random pairs of

Figure 11. Redshift evolution of the mean and rms statistics of the absolute |RM| for the whole simulating volume (first column), for the regions excluding galaxy
clusters (ρ/〈ρ〉 < 1.3 × 102; second column) and for the regions satisfying the criteria for WHIM (105 � T � 107, ρ/〈ρ〉 < 1.3 × 102; third column). The upper
panels show the mean values and the lower panels show the rms values. Statistics of all these regions exclude the lowest-density regions (satisfying the ρ/
〈ρ〉 < 2 × 10−2 criterion).

Table 3
Fitted Values of |RM|rms ∝ RM0(1 + z)α of Figure 11 for Different

Environments of our Simulations

Model Environment RM0 α

Exc. clusters 0.15 1.12
Uniform WHIM 0.17 1.26

All 0.59 0.31

Exc. clusters 0.11 1.20
Scale-invariant WHIM 0.12 1.36

All 0.34 0.61

Exc. clusters 0.01 2.03
Helical WHIM 0.02 2.21

All 0.03 1.15

Exc. clusters 0.01 2.07
Nonhelical WHIM 0.01 2.22

All 0.01 1.52
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10.3 rad m−2. In this case, the authors placed an upper limit of
∼37 nG. Our rms RM values suggest that an initial magnetic
seed larger than 1 nG for the four different seedings is required
to meet these particular observational RM upper limits. We can
give crude estimates of the initial magnetic field strength by
asking ourselves which initial magnetic field strength is needed
to reach the upper limit of 1.9 rad m−2 for all our models: the
results of the uniform, spatially homogeneous field (the
Mukohyama model) and the scale-invariant, inflationary field
would suggest an initial magnetic field strength of ∼3 nG. This
is comparable to LOFAR results and remains below the upper
limits of O’Sullivan et al. (2020) and Vernstrom et al. (2019).
Nevertheless, this crude approach alone cannot strictly rule out
the ∼1 nG normalization (see discussion below); the phase-
transitional models would allow for an even larger initial
magnetic seed, namely a magnetic field strength of a primordial
stochastic seed (helical or nonhelical) ∼6 nG. These values
could be in agreement with CMB constraints of helical (∼5.6
nG) and nonhelical (∼4.4 nG) PMFs (e.g., Planck Collabora-
tion et al. 2016). Yet these high values conflict with recent
Planck, ACT (Atacama Cosmology Telescope), and SPT
(South Pole Telescope) constraints of a ∼0.05 nG PMF (see
Galli et al. 2022). It is important to stress that a one-to-one
comparison with these recent RM observations is not strictly
possible since the reported upper limits are also influenced by
environmental selection effects. In this sense, we can only
conclude that our first-order approximation RM analysis favors
more inflationary PMFs than phase-transitional PMFs. While
future simulations with a more sophisticated RM analysis could
improve our predictions, future observations that will better
isolate the RM signal from the diffuse WHIM and/or voids and
filaments will play a decisive role in discriminating PMF
models.

We expect great advances with LOFAR in the coming years.
There has been significant progress in overcoming challenges
in observations by using the ionospheric RM error correction
techniques (e.g., Sotomayor-Beltran et al. 2013). These
techniques have significantly improved and will be crucial
for the accurate calibration of not only the next LOFAR
surveys but also for the Square Kilometre Array (SKA).
Indeed, the SKA-Low and SKA-Mid (Braun 2015, and
references therein) is expected in coming years to provide
stronger constraints on the magnetization of the universe. The
increased expected number of polarized sources and knowledge
of spectroscopic redshifts will enable us to make better
comparisons with cosmological simulations. We expect that
these advances can further help us to distinguish between the
possible origins of cosmic magnetism. The present work shows
that scale-invariant and phase-transitional helical and non-
helical models still cannot be rejected. In future work, we will
study a more extended range of initial conditions in parallel
with the stacking technique and definition of light cones to put
more stringent constrains.

5. Numerical Aspects

The spatial resolution adopted in the present simulations
place limitations on our results. Our resolution is not sufficient
to resolve, for example, the additional magnetic amplification
within galaxy clusters (Xu et al. 2009; Vazza et al. 2018;
Steinwandel et al. 2021). Nevertheless, in Appendix B we
show that our results are robust at least on scales 1Mpc h–1.
We have checked the convergence of the magnetic energy

power spectrum in the whole simulation box with increasing
resolution (see Figure 12 in Appendix B). As expected,
increasing the resolution results in higher power at higher
wavenumbers. On the other hand, we have also checked the
trends of the magnetic field compared to the density for the
phase-transitional helical and inflationary uniform cases at
different resolutions (see Figure 13 in Appendix B and
corresponding discussions). In the uniform scenario, there is
no substantial change in the overall trends at higher resolution.
On the other hand, the phase-transitional helical case shows
subtle differences in filaments and voids, while the main
differences are observed in the overdensity regions corresp-
onding to galaxy clusters. This seems to indicate that our
results on the global properties of the filament and void regions,
as well as the differences between the primordial models in
those regions, are robust for the present goal of this work.
Simulations with adaptive mesh refinement (AMR) are needed
to fully assess the discrepancies between primordial seeds
within galaxy clusters.
We also tested the dependence of our RM results on the

adopted spatial resolution in Appendix B. We show the
distribution of RM at z= 0.02 at different resolutions for
the uniform scenario in Figure 14. At double resolution,
the |RM| values converge for the environment excluding
clusters, while for the cluster environments we still see higher
(lower) RM values at the high-end (low-end) tail of the
distribution. We expect the same follows for the stochastic
scenarios.
We used the Dedner cleaning algorithm to impose the

∇ ·B= 0 condition (Dedner et al. 2002). The main limitation
of this method compared to constrained-transport schemes is

Figure 12. Magnetic energy power spectrum with increasing resolutions
(comoving: 264 h−1 kpc, 132 h−1 kpc, 105 h−1 kpc, 66 h−1 kpc) for the
uniform (top panel) and helical cases (bottom panel) at z = 0.02.
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the intrinsic dissipation of the scheme by cleaning waves,
which reduces the magnetic spectral bandwidth to keep the
numerical divergence under control (see Kritsuk et al. 2011).
The Dedner formalism has been tested to be robust, accurate,
and to converge quickly to the right solution for most idealized
test problems (e.g., Wang & Abel 2009; Wang et al. 2010;
Bryan et al. 2014) and for other more realistic astrophysical
applications (Hopkins & Raives 2016; Tricco et al. 2016;
Barnes et al. 2018), as long as the resolution is conveniently
increased.

As mentioned in Section 2, we neglected physical processes
associated with radiative gas cooling, chemical evolution,
stellar and active galactic nuclei feedback. In this way, we can
solely focus on the effects of different primordial magnetic
seeding through LSS formation. However, these unaccounted
for processes are known to pollute the rarefied regions of the
cosmic web and, thus, they can potentially lower the possibility
of detecting the imprints of different PMFs (see, e.g., Marinacci
et al. 2015). We refer the reader to Vazza et al. (2017) for a
comparison between the predictions of primordial and astro-
physical seeding scenarios of magnetic fields with the
Enzo code.

In addition, as an important caveat, we note the effect of
different Riemann solvers on our results. The most diffusive
Riemann solver (local Lax–Friedrichs, LLF; Kurganov &
Tadmor 2000) of ENZO affects the evolution of magnetic
energy in the tested nonhelical case and decreases it by factor
of 2 at final redshifts (see Appendix C for more details).
Consequently, the magnetic field and temperature distributions
in the void regions also show lower values at z= 0.02 for the
phase-transitional cases. In the uniform case, on the other hand,
we do not observe changes in temperature and magnetic fields
due to the LLF solver. We also checked the effect of the DEF
used in our simulations, which controls thermal energy in
highly supersonic bulk flows. We verified that the DEF does
not affect the magnetic field distribution neither in the uniform
case nor in the stochastic, nonhelical case. This holds for both
Riemann solvers, LLF and HLL. Nevertheless, the DEF affects
the temperature distribution, as expected. We caution the reader
on the interpretation of the regions where shocks and
discontinuities are created by the extreme gravitational forces.

However, we do not expect these regions to be statistically
significant to modify the obtained trends from our simulations.
The initial conditions used in the simulations do not account

for the effect of magnetized perturbations on the initial matter
power spectrum (as in, e.g., Kahniashvili et al. 2013, Sanati
et al. 2020, and Katz et al. 2021), which would give us a self-
consistent view of the cosmological initial conditions. Never-
theless, it has been recently shown that such effects will only
have an impact on smaller haloes and on scales ∼k> 1 h
Mpc–1 (see Katz et al. 2021). Therefore, we would not expect
significant changes in our results at the largest and most
massive components of the cosmic web.
Finally, in our work we have excluded the nonideal MHD

processes, meaning that the viscous and resistive dissipation are
not modeled realistically and, therefore, the magnetic Prandtl
number, i.e., the ratio of kinematic viscosity and magnetic
diffusivity, is effectively unity. This approach is reasonable
enough given the existing uncertainties and the difficulties in
the characterization of galaxy clusters (see, e.g., Schekochihin
et al. 2004; Beresnyak & Miniati 2016) and larger cosmolo-
gical scales. Furthermore, the ideal MHD description allows us
to easily compare our work with previous work (see, e.g.,
Alves Batista et al. 2017; Marinacci et al. 2018; Vazza et al.
2021). Studying higher Prandtl numbers is out of the scope of
this work.

6. Conclusions

In this work we have investigated the evolution of PMFs
through the formation of LSS. For the first time, we have
compared inflationary and phase-transitional initial seed
magnetic fields with cosmological MHD simulations. We have
explored four types of initial magnetic seeds: (i) spatially
homogeneous (uniform) and (ii) statistically homogeneous
(scale-invariant) magnetic fields generated in an inflationary
epoch, and (iii) helical and (iv) nonhelical magnetic fields
representing a phase-transitional scenario. In the latter three
models the initial magnetic spectra reflect the physics of the
early universe when the magnetic seed develops Kolmogorov-
like turbulent spectra through its MHD decay, while the former
case mimics a primordial magnetogenesis according to the
Mukohyama model (Mukohyama 2016).

Figure 13. The median magnetic field vs. overdensity profile for increasing
grid points (256, 512, 640, 1024) at z = 0.02. Solid lines: uniform seeding case;
dashed lines: helical case.

Figure 14. |RM| distribution function dependence on resolution (comoving:
264 h−1 kpc, 132 h−1 kpc, 105 h−1 kpc, 66 h−1 kpc) at z = 0.02 for the
uniform seeding. The solid lines represent regions excluding galaxy clusters,
while the shaded areas show distributions only for galaxy clusters.
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The main results of our work can be summarized as follows:

1. The role of the initial magnetic field strength. A higher
normalization of the initial magnetic field leads to higher
magnetic field values at later redshifts. However, the
overall trend of the distribution of final magnetic fields in
different cosmic environments is not affected by the
amplitude of the initial seed field. Regarding the temper-
ature distribution, we note that phase-transitional seedings
(nonhelical case) may lead to extra heating in the void
regions as a result of possible turbulent decay of these
fields. In addition, the higher (initial � 0.5 nG) magnetic
field realization reveals larger differences between the
inflationary and phase-transitional models. This suggest
that an impact of the stronger initial seed fields will be
imprinted on rarefied cosmic regions. Hence, both the
strength and topology of the seed fields will be of notable
relevance for studies accounting for the effects of magnetic
fields on the reionization history of the universe (Sethi &
Subramanian 2005; Minoda et al. 2017).

2. Traces in the cosmic web. Phase-transitional and
inflationary scenarios lead to variations in the final
magnetic field distribution of the cosmic web. The
magnetic amplification in the inflationary models tends
to follow the law of adiabatic gas contraction in voids
(partially) and filaments, while a deviation from this law
is evident in the phase-transitional models. The overall
magnetization of galaxy clusters and bridges as well as of
voids in the inflationary models can be orders of
magnitude higher than in the phase-transitional scenarios,
although the differences between the models on the
galaxy clusters’ and bridges’ scales will be a subject of
our future study (and should be confirmed with higher-
resolution runs). Discernible differences (with a lower
magnitude) between the seeding scenarios are also
observed in filamentary structures, where again infla-
tionary seed fields show the largest magnetic
amplification.

3. Possible inverse cascade. The characteristic peak of the
magnetic power spectra in the phase-transitional helical
and nonhelical cases shifts toward small scales at late
redshifts, z< 6. This means that, during this epoch,
preferred scales due to structure formation would initially
quench the energy transfer from small to large scales. At
later stages, z< 3, we observe a shift of the peak
spectrum from small to large scales in the nonhelical case
without an increase of correlation length, though. There-
fore, our results cannot unambiguously confirm the
existence of an inverse cascade.

4. Magnetic correlation length. The final correlation length
in the inflationary seedings is larger than that in the
phase-transitional seedings (reaching ∼3, 4, 1, and
0.8 Mpc h–1 in the uniform, scale-invariant, helical, and
nonhelical models, respectively). Previous modeling of
PMFs in the early universe (in the radiation-dominated
epoch) showed the same trend: inflationary, scale-
invariant scenarios lead to coherent magnetic structures
on larger scales than in the phase-transitional cases
(Brandenburg et al. 2017, 2018, 2020). We found that the
final magnetic correlation length in the phase-transitional
cases is strongly correlated with the initial peak spectrum,
limiting the magnetic growth at selected scales of the
cosmic web.

5. Uniform versus stochastic inflationary models. The late
(z> 6) evolution of spectral magnetic energy of an
inflationary, scale-invariant case at scales 10Mpc h–1

shows similar amplification as the inflationary uniform
case. A uniform, homogeneous seed magnetic field that is
customary to use in cosmological MHD simulations is a
good representation of a scale-invariant magnetic field on
scales smaller than ∼29Mpc h–1 at z= 0.02.

6. Nonhelical versus helical phase-transitional models. The
spectral evolution of the phase-transitional helical and
nonhelical models are similar at all wavenumbers.
However, the helical model exhibits more amplification
as a result of larger initial correlation length and power on
a characteristic scale than in the nonhelical scenario. We
have shown that, within the limitations of our modeling,
it will be hard to distinguish observationally between
helical and nonhelical scenarios.

7. RM predictions. Significant differences are observed in
Faraday rotation measure maps for different PMF models.
These differences arise both in the collapsed objects and
in the low-density regions of the cosmic web. We
computed the rms |RM| excess coming from random
redshift pairs (z� 3) for the regions excluding galaxy
clusters and the WHIM. RM values for all the models are
lower than expected from the recent observations
reported at 144 MHz (O’Sullivan et al. 2020). Our RM
analysis favors inflationary seed fields with larger
magnetization levels in filamentary structures.

8. Non-Gaussianity. We find non-Gaussian trends in the
magnetic field PDFs for both inflationary and phase-
transitional seedings. This is also imprinted on the
distribution functions of the absolute RM, where all
models show deviation from a log-normal distribution.
The low-end tail (10−12

–10−10 G) of the magnetic field
PDFs is similar for all models; on the contrary, we
observe larger differences between the models in the RM
distribution function for both the low- (10−8

–10−5 rad
m2) and high-end tails (10−1

–102 rad m-2) of the PDFs.

In summary, our results indicate that phase-transitional and
inflationary PMFs lead to different realizations of the
magnetized cosmic web (retaining the information of magnetic
initial conditions on the largest scales of the universe). The
differences can potentially be probed observationally. The
Faraday rotation measures from our simulations manifest the
traces of the initial magnetic seeding. A stronger and more
correlated RM signal is expected from inflationary scenarios as
a result of larger initial correlation lengths and higher final
magnetization levels in filaments from these scenarios. In
future work we will complement our analysis by stacking the
cosmological boxes and producing light cones to give more
realistic estimates of RMs. Future observations (e.g., the SKA)
will detect RM signals over a large extent of the sky and have
the potential of unraveling the origin of magnetic fields on
filamentary scales. Then the results of future work can be
readily compared to those observations probing the large-/
small-scale nature of the seed magnetic fields.
Finally, future numerical work related to high-energy

gamma-ray propagation in cosmic voids (for relevant studies,
see, e.g., Dolag et al. 2011, Alves Batista et al. 2017, Vazza
et al. 2017, and Bondarenko et al. 2021 for a recent work) will
be relevant to probe the seed magnetic fields studied in our
work. It is not clear a priori what kind of topology of void
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magnetic fields is responsible for the suppression of the
secondary gamma-ray flux (Neronov & Vovk 2010). There-
fore, studying inflationary and phase-transitional scenarios in
the context of the magnetization of cosmic voids could help to
more stringently discriminate between the competing magne-
togenesis scenarios. This, in turn, will help us understand the
effects of such fields on the reionization history of the universe
and first structure formation (see, e.g., Koh et al. 2021). Our
work gives a first step and a novel approach in the search for
the origin of cosmic magnetic fields. Future effort in combining
state-of-the-art MHD cosmological simulations and more
realistic initial magnetic field conditions will be needed to
explore the role of the primordial fields on galaxy-cluster scales
and down to smaller scales.
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Appendix A
PENCIL CODE Initial Conditions

We use different initial magnetic fields in our four sets of
simulations. First, we use a uniform magnetic field, which was
already implemented in the Enzo code. Second, a stochastic
magnetic field requires a special treatment as it is the result of
an MHD simulations with the PENCIL CODE (Pencil Code
Collaboration et al. 2021). In this code, we solve the
compressible resistive MHD equations (Brandenburg et al.
1996), in which we advanced the magnetic vector potential. We

adopt an ultrarelativistic equation of state, appropriate during
the radiation era. The initial condition consists of a Gaussian-
distributed spatially random field such that the magnetic energy
spectrum has a certain shape: proportional to k−1 for the scale-
invariant spectrum and proportional to k4 for wavenumbers
k< k* and proportional to k−5/3 for k> k* in the case of a
phase-transitional initial magnetic field. The simulation domain
is triply periodic and normalized such that its volume is (2π)3,
and so the smallest wavenumber in the domain is then k1= 1.
We choose k* = 120 for the runs with phase-transitional initial
magnetic fields. The sound speed cs and the mean density are
normalized to unity. The rms magnetic field, and thus the initial
rms Alfvén speed, is vA= 0.1,K,0.2. We solve the equations
for a time interval Δt such that csk1Δt= 10, corresponding to
vAk*Δt≈ 200.
We generate the magnetic field components as eigenfunc-

tions of the curl operator, but for helical fields the sign of the
eigenvalue is the same for all wavevectors; see Equation (23) of
Brandenburg et al. (2017). Helical magnetic fields are still
random and isotropic, but they have the same systematic swirl
of field lines everywhere in the domain, just like a box with
randomly oriented screws which all have the same sense of
winding.
The use of a stochastic initial magnetic field requires a

modification of Enzo where the field is normalized such that
for each component Bs,i, the input (proper) magnetic field is

s
= +B

B
B z1 , 6s i

P

P
i, com, ini

2( ) ( )

where BP is the input from the PENCIL CODE, σP is its standard
deviation, and zini is the initial redshift (z= 50). We set
Bcom,i= 1 nG and take Bu,i=RMS[Bs,i] for the B-field
components in the case of a uniform initial field. In this way,
we normalize all the initial conditions to have the same
magnetic energy, ∫(B2/8π) dV.

Appendix B
Resolution Tests

In order to test the convergence of our simulations, we
compared our setup with the higher-resolution runs including
uniform and helical magnetic seeding only (as the evolution of the
power spectrum seems to be similar toward smaller scales in the
uniform and scale-invariant cases and helical and nonhelical
cases). These runs used the same set of cosmological parameters
and box size as is used in the main paper. Since the initial
stochastic magnetic field distributions are obtained from the
PENCIL CODE, in the helical case we used the AMR technique of
the Enzo code (Bryan et al. 2014) to reach the same resolution
(132 h−1 kpc) as in the uniform case with 10243 grid points. In
Figure 12 we show the growth of the magnetic field power
spectrum as a function of spatial resolution. As we can see, for our
case (i.e., the run with 5123 grid points, Δx= 132 h−1 kpc
resolution), the magnetic energy in Fourier space for the uniform
seeding (solid lines) would be underestimated on scales
∼k> 0.5 hMpc−1 (cluster scales), while in the helical case
(dashed lines) only a minor difference is expected when doubling
the resolution. As we can also see, the larger scales
k 0.5 hMpc−1 are well converged in our simulations.
Conversely, we can see in Figure 13 that the median profiles

show no differences in the trends when the higher-resolution
simulation is seeded by the uniform magnetic field. On the other
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hand, in the case of helical seeding (dashed lines), higher B-field
strength is achieved in the filaments’ and clusters’ regions and
lower strengths in the voids for the higher-resolution run.
Therefore, we would expect the differences between the
inflationary and phase-transitional models to be decreased in
these regions as a result of higher resolution.

In Figure 14 we also show the resolution dependence of the
PDF of absolute RM. We see that RM values show convergence
in the regions where we exclude galaxy clusters, while RMs in
galaxy clusters are mostly affected at the high-end and low-end
tail of the distribution. This means that our analysis of Section 4.4
will be more affected in galaxy-cluster regions.

Appendix C
Testing the Riemann Solver

An important aspect of our work is also to determine the
dependencies of our results on the adopted numerical methods. As
discussed in Section 4.2, PMFs are expected to heat the IGM at
high redshifts. Nevertheless, the absence of heating and cooling
physics in our simulations poses a challenge for the interpretation
of large thermal energies observed in the turbulent helical and
nonhelical models at redshifts z> 10 (see Figure 5). In order to
check the energy evolution, we have tested our setup with two
different Riemann solvers, the LLF and the HLL. Note that the
LLF scheme is considerably more diffusive than the HLL scheme.
In Figure 15 we show the evolution of thermal, kinetic, and
magnetic energies obtained from these two setups. Additionally,
we show the evolution of thermal and kinetic energies for a B= 0
case using the HLL Riemann solver. As we can see, the pure
hydrodynamical setup shows the lowest thermal energy at high
redshifts in comparison to the MHD cases. On the other hand, the
evolutionary trends of the thermal and kinetic energies in the
MHD cases are not affected by the change of Riemann solvers.
This shows that the already observed differences between
turbulent, nonhelical, and uniform models in thermal energy
(see discussion in Section 4.2) are not dependent on the selection
of the Riemann solver. However, the LLF scheme substantially
affects the evolution of the magnetic energy in the nonhelical case.
The stronger numerical diffusion completely suppresses the
magnetic field amplification at lower redshifts, suggesting that
this method may not be optimal for the study of stochastic PMFs.

Appendix D
Tangling of a Homogeneous Field

In Section 4.3, we noted the rather different response to an
imposed (uniform) magnetic field in the present simulations
(see the first panel of Figure 6) and those of Brandenburg et al.
(2020), where magnetic fields at the scale of the domain began
to grow only after smaller-scale magnetic fields have grown
first. An important difference, however, is that our present
cosmological simulations always possess a large-scale velocity
field, which was not present in the simulations of Brandenburg
et al. (2020). The large-scale velocity field in the cosmological
simulations leads to tangling of the uniform imposed magnetic
field, which leads to the instantaneous growth immediately at
the beginning of the simulation.
To verify our reasoning above, we now repeat the

simulations presented in Figure 5 of Brandenburg et al.
(2020) with a weak imposed field, but now with a random
initial velocity field with an initial kinetic energy spectrum
proportional to k−2. The result is shown in Figure 16, where we
show the resulting magnetic and kinetic energy spectra. Note
the increase of spectral magnetic energy at all wavenumbers
already occurs from early times onwards. This is caused by the
tangling of the homogeneous magnetic field by the initial large-
scale velocity field with a k−2 spectrum. This therefore
confirms our reasoning in Section 4.3 concerning the rather
different response to an imposed magnetic field in the present
simulations and those of Brandenburg et al. (2020).

Figure 15. Evolution of magnetic, thermal, and kinetic energies for the uniform
and nonhelical cases when using HLL (solid, dashed, dashed–dotted lines,
where the latter corresponds to the B = 0 case) and LLF (dotted and dashed–
dotted lines) Riemann solver schemes.

Figure 16. MHD simulations with an initial kinetic energy spectrum
proportional to k−2 in the presence of a weak homogeneous magnetic field.
Panels (a) and (b) show the early and late evolution for magnetic energy spectra
(red) and kinetic energy spectra (blue).
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Appendix E
RM Sources

As we mentioned in Section 4.4, our statistical RM analysis
does not take into account the spatial distribution of sources at
each redshift. Nevertheless, we show the expected redshift
distribution of sources in Figure 17 for completeness. For this
figure, we used the yt halo finder (Skory et al. 2011), which
identifies the groups of linked DM particles based on the
Eisenstein & Hut (1998) algorithm, for each redshift in order to
find a selected number of haloes with a baryonic mass range
107 Me�M� 1010 Me. This range resembles the masses of
FRII galaxies, which are the typical type of polarized sources
found in large catalogs (e.g., Taylor et al. 2009; Van Eck et al.
2018).
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